Time Rate of Consolidation Settlement

We know how to evaluate total settlement of primary
consolidation S. which will take place in a certain clay layer.

However this settlement usually takes place over time, much
longer than the time of construction.

One question one might ask is in how much time that
magnitude of settlement will take place. Also might be
interested in knowing the value of S, for a given time, or the
time required for a certain magnitude of settlement.

In certain situations, engineers may nheed to know the
followings information:
1. The amount of settlement S (t) ~ at a specific time, t,
before the end of consolidation, or
2. The time, t, required for a specific settlement amount,
before the end of consolidation.



How to get to know the rate of consolidation?

From the spring analogy we can see that S, is directly related to how
much water has squeezed out of the soil voids.

How much water has squeezed out and thus the change in void ratio e is
In turn directly proportional to the amount of excess p.w.p that has
dissipated.

Therefore, the rate of settlement is directly related to the rate of excess
p.w.p. dissipation.

What we need is a governing equation that predict the change in p.w.p.
with time and hence e, at any point in TIME and SPACE in the
consolidation clay layer.

In other words, we need something to tell us how we get from the moment
the load is entirely carried by the water to the point the load is completely
supported by the soil.

It is the THEORY OF CONSOLIDATION which tells us that.



Spring Analogy

Ao, the increase in total stress remains the same during consolidation,
while effective stress Ao ’increases.

O Au the excess pore-water pressure decreases (due to drainage)
transferring the load from water to the soil.

Excess pore pressure (Au)
Is the difference between the current pore pressure (u) and the steady state

pore pressure (U,).

Au=u - u,
Ac
uniformly distributed pressure Au
q
Ac’

M&M&M A
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saturated clay T
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1-D Theory of Consolidation

Terzaghi developed a theory based on the assumption that an
iIncrement of load immediately is transferred to the pore water
to create excess pore water pressure (p.w.p).

Then as the pore water squeezed out, the excess p.w.p.
relaxes gradually transferring the load to effective stress.

He assumed that all drainage of excess pore water is vertical
toward one or two horizontal drainage faces. This is described
as ONE-DIMENSIONAL CONSOLIDATION.

3-D consolidation theory is now available but more
cumbersome.

However 1-D theory is useful and still the one used in
practice, and it tends to overpredict settlement.



ASSUMPTIONS
L

v' The soil is homogeneous.

v' The soil is fully saturated.

v' The solid particles and water are incompressible.

v Compression and flow are 1-D (vertical).

v' Darcy’s law is valid at all hydraulic gradients.

v' The coefficient of permeability and the coefficient of volume
change remain constant throughout the process.

v Strains are small.
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where V = volume of the soil element
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Mathematical Derivation
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Solution of Terzaghi’s 1-D consolidation equation

Terzaghi’s equation is a linear partial differential equation in one
dependent variable. It can be solved by one of various methods with the
following boundary conditions:

A u | 270 =0

- = C, 5 z=2H;, u=20

ot azz =0, u=u,

- "S 2o (Mz\] ey
The solution yields H = sin| — | | = 1 (®
m=1 M Hl:lr

Where
U = excess pore water pressure
u, =initial pore water pressure Cyl .
0 o T, = — = time factor
M =n/2 (2m+1) m = an integer H;,

z =depth
Hy = maximum drainage path



Remarks

O The theory relates three variables:

= EXCcess pore water pressure u ou _ 82u
= The depth z below the top of the clay layer ﬁ_cv 2
= The time t from the moment of application of load 0z

Or it gives u at any depth z at any time t

O The solution was for doubly drained stratum.

O Finding degree of consolidation for single drainage is exactly the
same procedure as for double drainage case except here H = the
entire depth of the drainage layer when substituting in equations
or when using the figure of isochrones.

O Eq. (*) represents the relationship between time, depth, p.w.p for
constant initial pore water pressure u, .

4 If we know the coefficient of consolidation C, and the initial p.w.p.
distribution along with the layer thickness and boundary
conditions, we can find the value of u at any depth z at any time t.



Degree of Consolidation

O The progress of consolidation after sometime t and at any depth z in
the consolidating layer can be related to the void ratio at that time and

the final change in void ratio.

O This relationship is called the DEGREE or PERCENT of
CONSOLIDATION or CONSOLIDATION RATIO.

O Because consolidation progress by the dissipation of excess pore
water pressure, the degree of consolidation at a distance z at any time

tis given by:
__excess pore water pressure dissipated
Z  initial excess pore water pressure
Uy, — U, U,
U, = =1—-—— | ... (**)
H-l'.'-' uﬂ

u, = excess pore water pressure at time f.
u, = initial excess pore water pressure




Degree of Consolidation

Substituting the expression for excess pore water pressure, i.e.

m—oo 2, AT 2
H = 2 [ LY sin Hj)]e_‘" T,

into Eq. (**) yields

« The above equation can be used to find the degree of consolidation
at depth z at a given time t.

« At any given time excess pore water pressure u, varies with depth,
and hence the degree of consolidation U, also varies.

 If we have a situation of one-way drainage Eqg. (***) is still be valid,
however the length of the drainage path is equal to the total
thickness of the clay layer.



Degree of Consolidation
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Remarks
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Variation of U, with T, and z/H,

« All you need to know is the C, for the particular soil deposit, the total
thickness of the layer, and boundary drainage conditions.

 These curves are called isochrones because they are lines of equal times.

« With the advent of digital computer the value of U, can be readily
evaluated directly from the equation without resorting to chart.



Length of the drainage path, H,,

* During consolidation water escapes from the soil to the surface or to a
permeable sub-surface layer above or below (where Au = 0).

« The rate of consolidation depends on the longest path taken by a drop of
water. The length of this longest path is the drainage path length, Hy,

/ f
H Hy H
Permeable layer ar H Clay | Ha dr e
\ Hdr l
— | —

« Typical cases are:
— An open layer, a permeable layer both above and below (H,, = H/2)

— A half-closed layer, a permeable layer either above or below (Hy, = H)
— Vertical sand drains, horizontal drainage (H,, = L/2)



Degree of Consolidation
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Example

A 12 m thick clay layer is doubly drained (This means that a very pervious layer
compared to the clay exists on top of and under the 12 m clay layer. The
coefficient of consolidation C, = 8.0 X 108 m?/s.
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Average Degree of Consolidation

o In most cases, we are not interested in how much a given point in a
layer has consolidated.

o Of more practical interest is the average degree or percent
consolidation of the entire layer.

o This value, denoted by U or U, , is a measure of how much the
entire layer has consolidated and thus it can be directly related to
the total settlement of the layer at a given time after loading.

o Note that U can be expressed as either a decimal or a percentage.

o To obtain the average degree of consolidation over the entire layer
corresponding to a given time factor we have to find the area under

the T, curve.




Average Degree of Consolidation

The average degree of consolidation for the entire depth of clay layer is,
u

0]

Substituting the expression of
u, given by

m=oo 2”0 . Mz .
- 2

Into Eg. (1) and integrating, yields \

2 Hy,

N

Degree of consolidation

U=1— E{}E e MT,




Summary

O Because consolidation progress by the dissipation of excess pore water
pressure, the degree of consolidation at a distance z at any time t is given

by:
U excess pore water pressure dissipated
" initial excess pore water pressure
W, — U, U,
U, = =17 — o
H-L'-' HD = 1 -
m=ocol Ygg ME
u = [ =~ sin —)]E_MET'
m =10 M Hdr
‘ M=o 2 M‘E):l
— 1. —— sin e MT.
U,=1 g‘{}[ M Hy,

Degree of
consolidation

Average Degree of
consolidation



Average Degree of Consolidation
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— S. = UpS,

Sc = Settlement at any time, t

S. = Ultimate primary consolidation settlement of the layer.



Average Degree of Consolidation

Table 11.7T Vanation of T, with I7

U (%) T, L7 (%) T, U (%) T, U (%) T,
0 i 26 0.0531 52 0.212 T8 0.529
1 000008 27 0.0572 53 0.221 79 0.547
2 [LO003 28 00615 54 0.230 80 0.567
3 000071 29 00660 55 0.239 81 0.588
4 000126 30 0.0707 56 0.248 52 0.610
5 000196 31 0.0754 57 0.257 3 0.633
6 0.00283 32 0.0803 58 0.267 84 0.658
7 000385 33 00855 59 0.276 85 0.684
] 000502 34 00907 60 0.286 86 0.712
g 0LO0G36 35 00962 61 0.297 87 0.742

10 000785 36 0.102 62 0.307 RR 0.774
1 (095 37 0.107 63 0.318 59 0,309
12 00113 I8 0.113 4 0.329 %) 0.848
13 00133 39 0.119 65 0.340 91 0.891
14 00154 40 0.126 L 0.352 92 0.938
15 00177 41 0.132 7 0.364 93 0.993
16 00201 42 0.138 68 0.377 94 1055
17 00227 43 0145 69 0.390 95 1.129
18 00254 44 0.152 70 0.403 96 1.219
19 (0283 45 0.159 T 0.417 97 1336
20 00314 46 0.166 T2 0431 U8 1.500
21 (L0346 47 0173 73 0.446 99 1.781
72 (38D 48 0181 74 0461 100 =
73 (L0415 49 0188 75 0477

24 00452 50) 0.197 76 0.493

25 00491 51 0204 T 0.511




Approximate relationships for Uvs. T,
L

Many correlations of variation of U with T, have been proposed.

Terzaghi proposed the followings:

ForU = 0to 60%

T_W(U%)z U 4T,
v 4\100/) °

ForU > 60%
T, = 1.781 — 0933 log(100 — U%)

or Ty—1.781
U=100—-10" 0933




Approximate relationships for Uvs. T,

U% (4T, /m)>
100 [1 + (4T, /m)>*]17
or: Scty = UwpSc
(m/4)(U %/100)?

v

[1 — (U%/100)>°]>>7

Note

These equations can be applied for all ranges of U value with small
errors .

Error in T, of less than 1% for 0% < U < 90% and less than 3% for
90% < U < 100%.



Example

A soil profile consists of a sand layer 2 m thick, whose top is the ground surface,
and a clay layer 3 m thick with an impermeable boundary located at its base. The

water table is at the ground surface. A widespread load of 100 kPa is applied at the
ground surface.

100 kPa

AR REEEEEREERN’
What is the excess water pressure, Au =

corresponding to:

Sand

« t=0(.e. immediately after applying the 2m
load)
« t=oo(very long time after applying the T
load)
Clay
3m

Determine the time required to reach 50%

consolidation if you know that C = 6.5 m2/year. T e I




Solution

(i) Immediately after applying the load, the degree of consolidation U,= 0% and the
pore water would carry the entire load:

=0 ° Au,=Ac =100 kP 100 kPa
ol Hom e 2 A R

On contrary, after very long time, the degree of
consolidation U= 100% and the clay particles would carry
the load completely: - Sand om

at t=wo > Au, =0

The time required to achieve 50% consolidation can t t _ t
be calculated from the equation: One-way drain
3m
C,t
= v2 — Clay
Hdr

« ¢, =coefficient of consolidation (given) = 6.5 m?/year Impermeable layer

 Hy =the drainage path length = height of clay = 3m (because the water drain away from the sand
layer only)
- T, =isthe time factor for U=50%, and can approximately be calculated from:

v 4

7 (U% ~ Can also be obtained from the
~(0.197 < : ) :
100 theoretical relationship or graph

Substitution of these values in the above equation of t:
t=0.27 year

t=Hy2T,/c,



Example

An open layer of clay 4 m thick is subjected to loading that increases the average
effective vertical stress from 185 kPa to 310 kPa. Assuming m,= 0.00025 m?/kN,
C,= 0.75 m?/year, determine:

I. The ultimate consolidation settlement

11.The settlement at the end of 1 year,

11i. The time in days for 50% consolidation,

Iv.The time in days for 25 mm of settlement to occur.

Solution
The consolidation settlement for a layer of thickness H can be represented
by the coefficient of volume compressibility m, defined by:

S.=m,H Ac’,
= 0.00025 * 4 * 125 = 0.125m = 125mm.




Example

The procedure for calculation of the settlement at a specific time includes:

.Calculate time factor: T, =—7> = ....... =0.1875

O =0.49
Calculate the consolidation settlement at the specific time (t) from:
Si= U S, = vieeer veiee, =61 mm
t t c I C‘U t

For 50% consolidation T,= 0.197 |, therefore from Tv = E
r

........................... >  t=1.05year =384 days
ForS;=25mm U,= 0.20 , therefore
........................... -  t=0.1675 year = 61 days



Example

The time required for 50% consolidation of a 25-mm-thick clay layer
(drained at both top and bottom) in the laboratory is 2 min. 20 sec.

How long (in days) will it take for a 3-m-thick clay layer of the same clay in
the field under the same pressure increment to reach 50% consolidation?
In the field, there is arock layer at the bottom of the clay.

Laboratory
_ \V4

Porous stone

(permeable) T 25mm

How long (in days) will it take in the
field for 30% primary consolidation
to occur? Assuming:

T - 1'r(U%)2
4\ 100

Field

Clay

A\ 4

3m

Rock (impermeable) i



Solution

(1) As the clay in lab and field reached the same consolidation degree (U=50%), Thus, The
time factor in the lab test = The time factor for the field

!'Il h Colfield
Ty, = 12 — = lz—w From Lab.
Higqany  Higriew) At U=50% .....> T, = 0.197
or fuo  __ Inew From T,=C,t/H? ..>C,=2.2X107 m?/S
Hgt(lab) ng(ﬁeld) In thefi
140sec lfield 0.197 =2.2 X 107*t
2 2 (3)?
12.5mm ( 3 ) B
/1000 m t = 93.3 days
lheg = 8,064,000sec = 93.33 days
(i) 7 (U% \?
T, =
4\ 100 T,= C,*t 0.071 = 2.2X107 * t
Hy? (3)?

= 2 =
T, 3.14x4(o.3) 0.071 =335 davs




Example 11.13
L

I Example 11.13 I

The time required for 50% consolidation of a 25-mm-thick clay layer {drained
at both top and bottom) in the laboratory is 3 min 15 sec. How long (in days)
will it take for a 3-m-thick clay laver of the same clay in the field under the
same pressure increment to reach 50% consolidation? In the field, the clay

layer is drained at the top only.
Solution
T Cy lam . Col e
- Hopwy  Hipoa)
ar
tIl'.l — I.I:'I:l
Moy Hapan
195s8C Iy
(I].D:ES m)I (3 mpP
2

I fpes = 11,232,000 sec = 130 days I



Example 11.14

I Example 11.14 I

Refer to Example 11.13. How long (in days) will it take in the field for 70%
primary consolidation to occur?
Solution
et
T"_E

From Table 11.7 for U = 50%, T, = 0.197 and for I/ = 70%, T, = 0.403. S0,

)




Example 11.15

I Example 11.15 I

A 3-m-thick layer (double drainage) of saturated clay under a surcharpe load-
ing underwent 90% primary consolidation in 75 days. Find the coefficient of
consolidation of clay for the pressure range.

Solution

Lol
T, = —
11 fﬁ-

Because the clay layer has two-way drainage, i, = 3 m/2 = 1.5 m. Also,
Ty, = (.B48 (see Table 11.7). 5o,
C (73 = 24 x 60 x 60)

(1.5 > 100y

0.848 % 2.25 % 10
=S x2ax o0 x oo  OUZMamisec

I —

(848 =




Example 11.16

I Example 11.16 I
For a normally consolidated clay,
* o, = 200 kN/m® * e=¢g,=122
* o+ Ac = 400 kN/m? * =098

The hydraulic conductivity, &, of the clay for the loading range is 0,61 = 10 m/day.
How long (in days) will it take for a 4-m-thick clay layer (drained on one side)
in the field to reach 6% consolidation?

Solution
The coefficient of volume compressibility is
(&)
i, Aer’
T re, 1
Eav + &y
Ae =122 — 098 = 0.24
Ag' = 400 — 200 = 200 kN/m*
e — 122 + 0.98 _ 11
2
S0,
024
200
m.= 111 = (L0357 mYkN

-

061 x 10 m/day

Co = Meye  (0.00057 miKN)(9.81 khiimy) 00108 m/day
Cylvn

To=F5
Tl

Ieg = c.

From Table 117 for U = 60%, T,, = 0.286, 50
| (0.286)(4F
Iy = o109 419.5 days




Example 11.17

Example 11.17

For a laboratory consolidation test on a soil specimen (drained on both sides),
the following results were obtained.

= Thickness of the clay specimen = 235 mm

* o) = 50 kN/m?*
= o) = 120 kN/m?
= g =092

= e, =078

-

Time for 50% consolidation = 2.5 min
Determine the hydraulic conductivity of the clay for the loading range.

L ®

T 14e, 1+e,

Solution

0.92 — 0.78

120 — 50

- = 2
9 T o5 = 00108 mYkN

14— ———
2
_ L
" L
From Table 11.7 for &/ = 50%, T, = 0.197 50

[0.197)(@)’
€, =

2.5 min

=1.23 % 10 * m¥min
k= com oy, = (123 % 107 ¥)(0.00108)(9.81)

= 1.303 = 10 "mumin




Example

For a normally consolidated |laboratory clay specimen drained on both
sides, the following are given:

o’y = 150 kN/m?, e, =11

o’y +Ac’ =300KkN/m?, e=0.9
Thickness of clay specimen =25 mm
Time for 50% consolidation =2 min

For the clay specimen and the given loading range, determine the
hydraulic conductivity (also called coefficient of permeability, k)
estimated in: m/min.

How long (in days) will it take for a 3 m clay layer in the field
(drained on one side) to reach 60% consolidation?



Solution

. The hydraulic conductivity (coefficient of permeability, k) can be
calculated from:

. = ko _ kﬂ =
Yl T-w( - ) = CMyYw
1 +e,
mv B m-‘_-: Ae
Ac'(l+e)
m, = Ae/ (1+e,) / Ac' = 0.00063  m2/kN
~ for U=50%, T, can be calculated from:
_m(U% N\ ., T1,=..0197
N " 4\ 100
T = Col , C,=Hg2T, /t =(0.0125)2x 0.197/2 = 0.000015 m?2/min
v -
dr

k = c,m,y, = 0.000015x 0.00063 x 9.81 = 9.27 X 108 m/min



Solution

1. Time factor relation with time:

2
Cvt60 T60Hdl'
T T o=
Hj, 2.

Because the clay layer has one-way drainage, Hy,, =3 m

T'eo =

for U=60%, T4, can be calculated from:

_W(U%
! 4\ 100

y

_ Hg2T,/c,=(3)>x0.286 / (0.000015) = 171600 min
= 119.16 days

Leo



Determination of coefficient of consolidation (C,)

 In the calculation of time rate of settlement, the coefficient of consolidation C, is
required. T .Gt
Vv H2
dr

d C, is determined from the results of one-dimensional consolidation test.

J For a given load increment on a specimen, two graphical methods are commonly
used for determining C, from laboratory one-dimensional consolidation tests.

o Logarithm-of-time method - by Casagrande and Fadum (1940),
o Square-root-of-time method - by Taylor (1942).

(J The procedure involves plotting thickness changes (i.e. settlement) against a
suitable function of time (either log(time) or time) and then fitting to this the
theoretical T,: U; curve.

(d The procedure for determining C, allows us to separate the SECONDARY
COMPRESSION from the PRIMARY CONSOLIDATION.

The procedures are based on the similarity between the shapes of the theoretical
and experimental curves when plotted versus the square root of T, and t.



Logarithm-of-time method (Casagrande’s method)

1. Extend the straight line portion of primary > Parabola portion
and secondary consolidation curve to t Page 448
intersect at A. A is d,,,, the deformation at 3 _{
the end of consolidation

2. Select times t, and t, on the curve such
that t, = 4t,. Let the difference is equal to
X

3. Draw a horizontal line (DE) such that the

vertical distance BD is equal to x. The
deformation of DE is equal to d

4. The ordinate of point F represents the
deformation at 50% primary consolidation,
and it abscissa represents t.,

— Deformation { increasing)

S

_0.197H,

f
30
Note: This is only for the case of constant or linear u,,. Time (log scale)

C}'

where H;, = average longest drainage path during consolidation.

For specimens drained at both top and bottom, H;, equals one-half the average height
of the specimen during consolidation. For specimens drained on only one side. H; equals

the average height of the specimen during consolidation.




EXAMPLE 11.19

| Example 11.19 | Solution

The semilogarithmic plot of dial reading versus time is shown in Figure 11.38.

During a laboratory consolidation test, the time and dial gauge readings obtained For this, ¢, = 0.1 min, t, = 0.4 min have been used to determine d,. Following
from an increase of pressure on the specimen from 50 kN/m? to 100 kN/m’ are the procedure outlined in Figure 11.34, 1, = 19 min. From Eq. (11.72),
given here.
22442
Dial gauge Dial gauge 0ASTEE, "‘“”(T) _
reading reading L= = = (013 cm’min = 2.17 x 10 * em*/sec
Time{min)  {m % 10 Time (min)  (cm % 10 by 19
0 W75 160 4572 040
0.1 4082 300 4737 e N ' | '
025 4102 6.0 w13 042
0.5 4128 1200 S080
10 4166 2400 5207 o
20 4124 4500 5283
40 4298 960.0 534 § e
80 4420 1400 5364 g T |
E oo | -
Using the logarithm-of-time method, determine ¢, The average height of the 2 i :
specimen during consolidation was 2.24 cm, and it was drained at the top and 0.50 | |
bottom. | I
dyy !
082 f—-—— Lo e 4
' i m [
U T . LY | 1
00304 W00 3 W W 0 3 1o
l1me {mun}—log scale

I Figure 11.38 I




Square-root-of-time method (Taylor’s method)

Page 449

1. Draw the line AB through the early
portion of the curve

2. Draw the line AC such that OC = 1.15 AB.

Find the point of intersection of line AC A

with the curve (point D). g
3. The abscissa of D gives the square root E

of time for 90% consolidation. E

&

4. The coefficient of consolidation is }

therefore:

0 :

2 2
_ TooH%, _ 0.848 HJ,

[T lgo

v



Remarks

O For samples drained at top and bottom, H,; equals one-half of the AVERGAE
height of sample during consolidation. For samples drained only on one side, H
equals the average height of sample during consolidation.

O The curves of actual deformation dial readings versus real time for a given load
increment often have very similar shapes to the theoretical U-T, curves.

0 We take advantage of this observation to determine the C, by so-called “curve
fitting methods” developed by Casagrande and Taylor.

0 These empirical procedures were developed to fit approximately the observed
laboratory test data to the Terzaghi’s theory of consolidation.

d Often C, as obtained by the square time method is slightly greater than C, by the
log t fitting method.

O C, is determined for a specific load increment. It is different from load increment
to another.

0 Taylor’s method is more useful primarily when the 100 percent consolidation
point cannot be estimated from a semi-logarithmic plot of the laboratory time-

settlement data.



EXAMPLE 11.22

I Example 11.22

Calculate the settlement of the 10-ft-thick clay laver (Figure 11.40) that will
result from the load carried by a 5-fi-square foundation. The clay is normally
consolidated. Use the weighted average method [Eq. (11.76)] to calculate the
average increase of effective pressure in the clay layer.

Solution
For normally consolidated clay, from Eq. (11.35),
200 kips
* Foundaticn sk
Sfix5i

¥
SR

Y = 110 I3
g, = L0
L = 40

[] urysand [] sana [ clay
Figure 11.40

_cn

o, + Al
tT 1+,

o,

log

C, = 0.009(LL — 10) = 0.00%40 — 10) = 0.27
H=10x12 = 120 in.
e, =10

10
oy =101t X Yappamey + 10 ] Yogyuangy — 624] + ER [Yostieayy — 62:4]
=10 100 + 10120 — 62.4) + 5(110 — 62.4)
= 1814 Ivft*
From Eq. (11.78),
A + 4Ao, + Aoy
II'= E-
Aer;, Ao, and Aoy below the center of the foundation can be obtained from
Eq. (10.36).
Mow we can prepare the following table (Nower L/B = 55 =1):

m__z()  b-BR(W) _m-o/b___gqkipht) I, A = gl,(kiph)

1 15 25 3 20 ¢ oos 0.408 = A

X5

1 20 25 8 8 0.009 0232 = Ao

1 25 25 10 8 0019 0152 = Aaf
h?

0408 + (4)(0.232) + 0.152 i
' = = = 0.248 Kip/ft = 248 Ib/f2
Hence,
027)(120) 1814 + 248
_ @27020) | = 0.9 in.

1+1 1814







