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[ONA BEKTOPHbIX Kpocc-npoaykToB AP-34 A.9 CmellaHHasi NnpousBogHas TeopemMa v npupatlieHne teopemMbl AP-35 OTBeThl Ha HedeTHble The Number Exercise A-1 Applications Index Al-1 Theme Index I-1 A Brief Table of T-1 Credits T-1Preface Credits C-1Preface, the fourteenth edition, provides a modern introduction to calculus that fo-cuses on the development
of conceptual understanding of basic mathematical ideas. This new to this edition text supports the calculus sequence typically accepted by students in STEM fields over several semesters. Intuitive and accurate explanations, thoughtfully selected examples, excellent fig urets and time-tested exercise sets are the basis of this text. We continue to improve this text
in line with the shifts in both the preparation and the purpose of today's students, as well as in the application of calculus in a changing world. Many of today's students were subject to calculus in high school. For some, this leads to a successful calculus experience in college. For others, however, the result is self-confidence in their computational abilities
combined with fundamental gaps in algebra and trigonometry of mastery, as well as poor conceptual understanding. In this text, we seek to meet the needs of an increasingly diverse population in calculating consistency. We have taken care to provide enough review material (in text and appen-dice), detailed solutions, as well as various examples and exercises
to support a full understanding of calculus for students at different levels. In addition, the MyMathLab course, which accompanies the text, provides adaptive support to meet the needs of all the knock-ons. In the text, we present the material in such a way that maturity goes beyond memorizing formulas and routine procedures, and we show students how to
generalize key concepts as soon as they are introduced. Links are made throughout, linking new concepts to related concepts that have been studied before. After studying-ing calculus from Thomas, students will be developed problem solving and reasoning abilities that will serve them well in many important aspects of their lives. Mastering this beautiful and
creative theme, with its many practical applications in many areas, is its own reward. But the real gifts of calculus study acquire the ability to think logically and accurately; Understanding what is defined, what is intended and what is deduced; and learn to generalize conceptually. We intend to encourage and support these goals. We welcome a new co-author,
Christopher Hale of the Georgia Institute of Technology, in this edition. He has been teaching calculus, linear algebra, analysis and abstract algebra at Georgia Tech since 1993. He is an experienced author and worked as a consultant in a previous edition of the text. His studies, in harmonic analysis, include-ing frequency analysis, wave, and operator theory. This
is a significant revision. Each word, symbol and figure has been revised to make sure of clarity, consistency and brevity. In addition, we have made the following text updates: ixx Preface - Updated graphics to bring out clear visualization and mathematical correctness. Examples (in response to user feedback) are added to overcome conceptual obstacles. See
example 3 in section 9.1. Added new types of homewaork throughout, including many with nature's geomet-rick. New exercises are not just more of the same, but rather give different perspectives and approaches to each topic. We also analyzed aggregated student and MyMathLab performance data for the previous edition of this text. The results of this analysis
helped to improve the quality and quantity of exercise. Added short URLSs to historical links that allow students to go directly to online information. Added new marginal notes throughout to guide the reader through the process of prob-lem decision and emphasize that every step in the mathematical argument is strictly justified. New to MyMathLab® Many
improvements have been made in the overall functionality of MyMathLab (MML) from the previous edition. In addition, we have also increased and improved content specific to this text. Instructors now have more exercise than ever to choose from in a homework assignment. There are about 8,080 designated exercises in the MML. The MML exercise scoring
engine has been updated to provide more reliable coverage of certain topics, including differential equations. Added a full set of interactive shapes support for teaching and learning. The numbers are meant to be used in lectures as well as by students of their own. The numbers are edited using free-to-air GeoGebra software. The figures were created by Mark
Reno (Shippensburg University), Kevin Hopkins (Southwest University B aptist), Steve Phelps (University of Cincinnati), and Tim Brzezinski (Berlin School, CT). Improved sample assignments include just-in-time pre-review, help keep skills fresh with distributed practice key concepts (based on research by Jeff Hib, Keith Lyle, and Pat Ralston of the University of
Louisville), and provide opportunities to work exercises without teaching aids (to help students develop confidence in their abil-ity to solve problems on their own). Additional conceptual questions complement text exercises to focus on a deeper theoretical understanding of key concepts in calculus. These questions were written by Cornell University professors as
part of an NSF grant. They are also assigned through catalytic training. The integrated review version of the MML course contains ready-made quizzes to assess the required skills for each chapter, as well as personalized fixes for any skills gaps that are identified. Solve settings and exercises are now displayed in many sections. These exercises require
students to show how they created problems, and a better solution to mirror what students re-asked on the tests. More than 200 new instructional videos by Greg Wisloski and Dan Radelet (both from Indiana University in Pennsylvania) increase the already reliable collection as part of the course. These videos support the overall approach of the text, in particular,
they go beyond routine procedures to show students how to generalize and connect key concepts. Foreword xi Content Improvement Chapter 5 Chapter 1 - Improvement Discussion in 5.4 and added a new figure of 5.18 k - Shortened 1.4 to focus on the issues arising in the use of mathematics- illustrate the theorem of average value. matte software and potential
pitfalls. Removed peripheral - Added new exercises: 5.2: 33-36; PE: 45-46. regression material, along with accompanying exercises. Chapter 6 - Added new exercises: 1.1: 59-62, 1.2: 21-22; 1.3: 64-65, - refined cylindrical method of the shell. PE: 29-32. Converted 6.5 Example 4 into metric units. Added an introductory discussion of mass distribution on chapter 2,
with a figure, at 6.6. Added the definition of an average speed of 2.1. A refined definition of the limits that allow arbitrary domains. Added new exercises: 6.1: 15-16; 6.2: 45-46; 6.5: 1-2; The definition of limits is now consistent with the definition - 6.6: 1-6, 19-20; PE: 17-18, 35-36. tion in multivariate later in the text and with more general mathematical use. Chapter
7 - Changed limitations and succession definitions to remove implied implied explain the terminology of vague symbols of cations and improve understanding. Form. - Added a new example 7 in 2.4 to illustrate the limits of the ratio - a refined discussion of individual differential equations in 7.4. Replaced sin-1 notation to the reverse function of the sinuses with
trigger functions. arcsin as default notation at 7.6, and similar to other triggers and rewrote 2.5 Example 11 to solve the equation by finding function. zero, according to the previous discussion. Added new exercises: 7.2: 5-6, 75-76; 7.3: 5-6, 31-32, - Added new exercises: 2.1: 15-18; 2.2: 3h-k, 4f-i; 2.4: 123-128, 149-150; 7.6: 43-46, 95-96; AAE: 9-10, 23. 19-20,
45-46; 2.6: 69-72; PE: 49-50; AAE: 33. Chapter 8 Chapter 3 - Updated 8.2 Integration into parts of the discussion to emphasize - Refined slope link and change rate. u(x) y' (x) dx form, not u dy. Rewrote Examples 1-3 - Added a new 3.9 pattern using the square root function accordingly. illustrate vertical tangent lines. Removed discussion of tablicular integration
and its associated figure x sin (1'x) in 3.2 to illustrate how oscilla-exercise. tion can lead to a non-existent derivative of continuous and updated discussion in 8.5 on how to find constants in function. partial factions. Revised product rule to make the order of factors consistent - Updated notation at 8.8 to align with standard use in sta- throughout the text, including
later dot product and cross prod-uct formulas. tistics. Added new exercises: 3.2: 36, 43-44; 3.3: 51-52; 3.5: New exercises added: 8.1: 41-44; 8.2: 53-56, 72-73; 8.3: 43-44, 61bc; 3.6: 65-66, 97-99; 3.7: 25-26; 3.8: 47; 75-76; 8.4: 49-52; 8.5: 51-66, 73—74; 8.8: 35-38, 77-78; AAE: 24-25. PE: 69-88. Chapter 4 Chapter 9 - Added summary to 4.1. Added a new
example 3 with a 9.3 pattern to illustrate how to add a new example 3 with a new 4.27 pattern to give a basic sloped field design. and advanced e xamples of concave. Added new exercises: 9.1: 11-14; PE: 17-22, 43-44. Added new exercises: 4.1: 61-62; 4.3: 61-62; 4.4: 49-50, 99-104; 4.5: 37-40; 4.6: 7-8; 4.7: 93-96; PE: 1-10; AAE: 19-20, 33. Moved
Exercises 4.1: 53-68 to PE.xii Foreword Chapter 10 Chapter 13 - Refined Differences Between Sequence and Series. Added side panels on how to pronounce Greek letters such as - Added a new drawing 10.9 to illustrate the amount of the series, how to square the kappa, tau, etc. histograms. Added new exercises: 13.1: 1-4, 27-36; 13.2: 15-16, Added to 10.3
discussion of the importance of the border 1 9-20; 13.4: 27-28; 13.6: 1-2. errors in approximations. Chapter 14 - Added a new drawing 10.13, illustrating how to use integrals, to - Developed a discussion of open and closed regions in the remainder of the partial amounts. Standardized notation to evaluate partial derivatives, gra-- rewrote theoreum 10 at 10.4 to
deduce similarities with dients, and directed derivatives at a point throughout the chapter. a one-on-one comparison test. Renamed twig charts in dependency charts, a new 10.16 pattern has been added to illustrate the different behaviors that explain that they capture the dependency of variables. harmonic and alternating harmonic rows. Added new exercises:
14.2: 51-54; 14.3: 51-54, 59-60, - Renamed nth-Term Test in nth-Term Test for Diver- 71-74, 103-104; 14.4: 20-30, 43-46, 57-58; 14.5: 41-44; to emphasize that he says nothing about convergence. 14.6: 9-10, 61; 14.7: 61-62. Added a new chart 10.19 to illustrate the convergence of polynomies- Chapter 15 ING to In (1 x), which illustrates convergence at half
- Added new figure 15.21b, to illustrate the setting of open interval limits (-1, 14 . double integral. - Red dots and intervals are used to indicate intervals and points - Added new 15.5 Example 1, modified examples 2 and 3, and where the divergence occurs, and blue to indicate convergence , throughout Chapter 10. new figures 15.31, 15.32 and 15.33 have been
added to give the basic ex-wide possibilities of setting integration limits for triple integration. Added a new drawing 10.21 to show six different possibili- - Added new material about the joint distribution of probabilities as connections for the convergence interval. multivariate integration. Added new exercises: 10.1: 27-30, 72-77; 10.2: 19-22, new examples 5, 6 and 7
added to Section 15.6. 73-76, 105; 10.3: 11-12, 39-42; 10.4: 55-56; 10.5: 45-46, New Exercises Added: 15.1: 15-16, 27-28; 15.6: 39-44; 65—-66; 10.6: 57-82; 10.7: 61-65; 10.8: 23-24, 39-40; 10.9: 11-12, 37-38; PE: 41-44, 97-102. 15.7: 1-22. Chapter 11 Chapter 16 - Added a new example 1 and drawing 11.2 in 11.1 to give a new 16.4 pattern to illustrate

the line, an integral part of a simple first example of the parameter curve. f bend. Updated area formulas for polar coordinates to include con- - Added a new 16.17 pattern to illustrate the gradient field. Added a new drawing 16.18 to illustrate the line, an integral part of ditions for positive r and neoclassic u. v ector field. New examples 3 and figure 11.37 in 11.4 are
added to illustrate the refined notation for linear integrations in 16.2. intersections of polar curves. Added discussion of the sign of potential energy in 16.3. - rewrote the decision Example 3 in 16.4 to clarify the connection - Added new exercises: 11.1: 19-28; 11.2: 49-50; 11.4: 21-24. Greene's theorem. Chapter 12 - Updated discussion of surface orientation at
16.6 along with new figure 12.13 to show the scaling effect 16.52. vector. Added new exercises: 16.2: 37-38, 41-46; 16.4: 1-6; 16.6: Added new examples 7 and figure 12.26 at 12.3 to illustrate 49-50; 16.7: 1-6; 16.8: 1-4. vector projection. Apps: Rewrote the A7 app into complex numbers. Added discussion of common quad surfaces at 12.6, with a new Sample
4 and a new figure of 12.48, illustrating the de-scenario of an ellipsoid not focused on origin through the com-pleting square. Added new exercises: 12.1: 31-34, 59-60, 73-76; 12.2: 43-44; 12.3: 17-18; 12.4: 51-57; 12.5: 49-52.Preface xiii Continuation features Rigor Level of Rigor Level corresponds to the level of previous editions. We continue to divide between
official and informal discussions and to share their differences. Starting with a more intuitive, less formal approach helps students understand a new or difficult concept so that they can appreciate its full mathematical accuracy and results. We will pay close attention to the definition of ideas and to prove theorems suitable for the calculation of the knock-ons, while
mentioning the deeper or subtler issues they will study in a more advanced course. Our organization and the differences between informal and formal discussions give the instructor a degree of flexibility in the amount and depth of coverage of the various topics. For example, while we do not prove an intermediate theorem or Ex-treme Value theorem for
continuous functions with a closed end interval, we will accurately provide these theorems, illustrate their meanings in numerous examples, and use them to prove other important results. In addition, for those instructors who want greater depth cov-erage, in annex 6 we discuss the dependence of these theorems on the fullness of real numbers. Writing Exercise
Writing exercises posted throughout the text ask students to study and explain different calculus concepts and applications. In addition, each chapter contains a list of questions for students to review and summarize what they have learned. Many of these exercises do good writing assignments. In addition to the problems that arise after each section, each
chapter concludes with a review of the questions, practical exercises covering the entire chapter, and a series of additional and extended exercises with more complex or synthesized problems. Most chapters also include descriptions of several technology projects that can be worked out by individual students or groups of students over a longer period of time.
These projects require the use of Mathematica or Maple, as well as finished files that are available for download in MyMathLab. Writing and app this text is still easy to read, conversational, and mathematically rich. Each new theme is motivated by clear, easy-to-understand examples and then reinforced by its application to real-world issues of immediate interest
to students. A distinctive feature of this book was the application of calculus to science and engi-neering. These applications have been constantly updated, improved and extended over the past few editions. Technology In the course of using text, the technology can be turned on according to the taste of the instructor. Each section contains exercises that require
the use of technology; they are labeled T if suitable for calculator or computer use, or they are labeled Computer Research if a computer system of algebra (CAS such as maple or math-ematic) is required. Additional Resources MyMathLab® Online course (required access code) Built around Pearson's bestseller, MyMathLab is an online homework, tutorial and
score program designed to work with this text to engage students and improve results. MyMathLab can be successfully implemented in any learning environment - laboratory, hybrid, fully online, or traditional.xiv Foreword Used by more than 37 million students worldwide, MyMathLab provides consistent, m easurable benefits in student learning outcomes,
retention, and subsequent course success. Visit www.mymathlab.com/results to find out more. Readiness Is one of the biggest challenges in calculating courses making sure stu-dents are properly prepared with the necessary skills needed to successfully complete their coursework. MyMathLab supports students through accurate recovery time and key review
concepts. An integrated review course can only be used in time for a preliminary review. These courses contain ready-made quizzes to assess the necessary skills for each chapter, as well as personalized fixes for any skills gaps that are identified. Motivation Students are motivated to succeed when they are engaged in learning ex-peripherals and understand
the relevance and power of mathematics. MyMathLab's online homework offers students immediate feedback and tutorial help that motivates them to do more, which means they retain more knowledge and improve their test results. Exercises with immediate feedback- more than 8080 assigned exercises for this text to regenerate algorithmically to give students
unlimited opportunities to practice and mas-leri. MyMathLab provides useful feedback when students enter incorrect answers and includes additional tutorials such as Help Me Solve This, Sample View, Video and eText. Set up and solve exercises to ask students first to describe how they will be created and ap-prohami problems. This strengthens students'
conceptual understanding of the process they are applying and contributes to retention of skills. Foreword XV - Additional conceptual questions focus on a deeper theoretical understanding of key concepts in calculus. These questions were at Cornell University's Faculty of NSF Grant, and are also appointed through catalytic training. Learning catalytics™ is a
student response tool that uses students' smartphones, tabs, allows, or laptops to engage them in more interactive tasks and thinking during a lecture. Learning gurneys helps engage students and peer-to-peer learning through real-time analytics. Catalytic training is available to all MyMathLab users. Learning and Learning Tools - Interactive figures illustrate key
concepts and allow manipulation to be used as learning and learning tools. We also include videos that use interactive figures to explain the key concepts.xvi Foreword and instructional video-hundreds of videos available as tutorials in exer-cises and for self-study. The video destination guide makes it easy to mark a video for your homework, showing which
MyMathLab exercises fit each video. Full eText is available to students through their MyMathLab courses throughout the duration of publication, giving students unlimited access to eText within any course using this edition text. Improved Selective Assignments These assignments include just-in-time previews, help keep skills fresh with distributed practice key
concepts, and provide oppor-setting to work exercises without tutorials so students can test their understanding. PowerPoint presentations that cover every section of the book are available for download. - Mathematica's guide and projects, Maple's guide and projects, Tl Graphing Cal-culator guide - These guides cover Maple 17, Mathematica 8 and TI-84 Plus
and TI-89, respectively. Each contains detailed recommendations for integrating a software package or graphing calculator throughout the course, including syntax and commands. Accessibility and achievement go hand in hand. MyMathLab is compatible with the JAWS screen reader, and it allows students to read and interact with multiple types of choice and
free response issues using keyboard controls and math notation inputs. MyMathLab also works with larger screens, including zoomtext, MAGic and SuperNova. And, all myMathLab videos have private subtitles. More information is available on . A comprehensive classroom book with improved reporting functionality allows you to effectively manage your course.
The reporting dashboard offers a view when viewing, analyzing, and reporting on learning results. Student performance data are presented at the class level, section and program in an accessible, visual way, so that you'll have the information needed to keep your in the right direction. The analysis of subjects tracks the class's understanding of specific exercises,
so you can refine your lecture class or customize the course/department curriculum. Just-in-time learning was never there MyMathLab comes from an experienced partner with educational experience and a vision for the future. If you're just starting out with MyMathLab, or you have a question along the way, we're here to help you learn about our technologies and
how to incorporate them into your course. To learn more about how MyMathLab helps students succeed, visit www.mymathlab.com or contact your Pearson representative. Foreword 17 Instructor Solutions Guide (downloadable) ISBN: 0-13-443918-X 978-0-13-443918-1 The Instructor's Guide to Solutions contains complete elaborate solutions for all exer-cises
in Thomas's calculus. It can be downloaded from MyMathLab or Pearson Instructor Resource Center, www.pearsonhighered.com/irc. Student Solutions Guide Single Variable Calculus (Chapter 1-11), ISBN: 0-13-443907-4 978-0-13-443907-5 Multivariate Calculus (Chapter 1 0-16), ISBN: 0-13-443916-3 978-0-13-443916-7 The Student Solutions Guide provides
elaborate solutions for all the odd exercises in Thomas's calculus. These guides are available in print and can be down downloaded from MyMathLab. Simply-in-time algebra and trigonometry for calculus, Fourth edition of ISBN: 0-321-67104-X 978-0-321-67104-2 Acute algebra and trigonometry skills are crucial for the mastery of calculus, and only at that time
algebra and trigonometry to calculus Guntram Muller and Ronald I. Brent de-signed to strengthen these skills while students study calculus. As students make their way through calculus, this brief additional text is with them every step of the way, show-ing their necessary algebra or trigonometry themes and pointing to potential problem areas. An easy-to-use
content spreadsheet has topics located in an order in which students will need them as they study calculus. This supplement is only available in print (note that MyMathLab contains separate diagnostic and recovery systems for gaps in algebra and trigonometry skills). Technology Guides and Projects (downloadable) Maple Guide and Projects by Marie Vanisko,
Carroll College Mathematica Guide and Projects by Marie Vanisko, Carroll College TI-Graphing Calculator Guide by Elaine McDonald-Newman, Sonoma State University These guides and projects cover Maple 17, Mathematica 9, and TI-84 Plus and TI-89. Each guide provides detailed recommendations for integrating a specific software package or chart
calculator throughout the course, including syntax and commands. Projects include instructions and ready-made application files for Maple and Mathematica. These materials are available for download at MyMathLab. TestGen® ISBN: 0-13-443922-8 978-0-13-443922-8 TestGen® (www.pearsoned.com/testgen) allows instructors to create, edit, print and ad-
minister tests with computerized bank issues designed to cover all the purposes of the text. TestGen is a based, allowing instructors to create multiple but equivalent versions of the same question or test at the touch of a button. Instructors can also change test banking questions or add new questions. The software and test bank have the ability to download from
the online catalog of Pearson Education, www.pearsonhighered.com. PowerPoint® Lecture Slides ISBN: 0-13-443911-2 978-0-13-443911-2 These classroom presentation slides were created for the Thomas Calculus series. Key graphics from the book are included to help bring the concept alive in class. These files are available to qualified instructors through
the Pearson Instructor Resource Center, www.pearsonhighered.com/irc, and in MyMathLab.xviii's Foreword Of Confessions We Are Grateful to Dwayne Cube, who created many of the new exercises. We would also like to express our gratitude to the people who have made many valuable contributions to this electronic dition as it has evolved at various stages:
Precision Checkers by Thomas Wegleitner Jennifer Blue Lisa Collett Reviewers for the fourteenth edition of Nils Martin Mueller, Princeton University Alessandro Arcy, University of Toledo James G. O'Brien, Wentworth Institute of Technology Doug Baldwin, SUNY Geneseo Alan Saleski, Loyola University of Chicago Stephen Heilman, UCLA Alan von Hermann,
Santa Clara University David Horntrop, New Jersey Institute of Technology Don Guyan Wilathgamuwa, University of Montana Eric B. Kahn, Bloomsburg University James Wilson, lowa State University Colleen Kirk, California Polytechnic State University Mark McConnell, Princeton University Following Lecturers Charles Obare, Texas Technical College, Harlingen
Kai Chuang, Central Arizona College Elmira Yakutova-Lorenz, East Florida State College, Vandan Sstava, Pitt Community College C. , SUNY Geneseo Brian Albright, Concordia University Xenia Owens, Napa Valley College Brian Hayes, Triton College Ruth Morta, Malcolm X College Gabriel Cuarenta University of Maryland College Daniel E. Osborne, Florida
ASM University Daniel Pellegrini, Triton College Luis Rodriguez, Miami Dade College Debra Johnsen, Orangeburg Calhoun Technical College Abbas Meigooni, Lincoln Earth Community College Olga zuckernik, Rochester College of Technology quinlan, Hillsborough Community College Sabrina Rippe, Tulsa Community College Shuvre Gupta, University of lowa
Mona Panchal, East Los Angeles College Alexander Casti, Farley Dickinson University Gail llyich, McLennan Community ShardA K. Gudehithlu, Wilbur Wright College Mark Farag, Farley Dickinson University Deanna Robinson, McLennan Community College Selena Mohan, Cumberland County College Of Initiation We regret that prior to writing this edition our
co-author Maurice Weir passed away. Mori was dedicated to achieving the highest standards in the presentation of mathematics. He insisted on clarity, rigor and readability. Mori was a role model for his students, colleagues and co-authors. He was very proud of his daughters Maya Coyle and Renee Vine, as well as his grandchildren Matthew Ryan and Andrew
Dean Vine. It will be sorely missed.1 THE functions of OVERVIEW Functions are fundamental to studying calculus. In this chapter, we'll look at what features and how they are visualized as graphics, how they are combined and converted, and how they can be classified. 1.1 The functions and their graph functions are a tool for describing the real world in
mathematical terms. The function can be represented by an equation, graph, numerical table or oral description; we will use all four submissions throughout this book. This section looks at these ideas. Features The domain and the range of the temperature at which the water boils depends on the altitude above sea level. The inter-est paid for cash investments
depends on the length of time during which investments are made. The circle area depends on the radius of the circle. The distance traveled by the object depends on the past tense. In each case, the value of one variable amount, say y, depends on the value of another variable amount, which we often call x. We say that y is a function x and write it symbolically,
like y g (X) (y equals y x). The symbol represents a function, the letter x is an independent represent-ing input variable to th, and u is a dependent variable or output value th on x. DEFINITION function from set D to set Y is a rule that assigns a unique value (x) to Y to each X to each in D. Set D of all possible input values is called the function area. A set of all



output values x (X) as x varies throughout the D called function range. The range may not include every element in the Y set. (In chapters 13-16, we will encounter features for which set elements are dots in a plane or in space.) Often the function is given by the formula, describing how to calculate the value of output from the variable input. For example, equation
A and pr2 is a rule that calculates the A circle area from its r radius. Chapter 1 features x f f(x) is the largest set of real x-values for which the formula gives real u-values. This is called Input Output natural domain. If we want to somehow limit the domain, we have to say so. Domain y x2 is a whole set of real numbers. To limit the area of func- (domain) tion to, say,
positive x values, we would like to write y x2, x 7 0. FIGURE 1.1 A diagram showing the amusing change in domain to which we apply the formula usually changes the range. tion as a kind of machine. The range of y x2 is 0, ). The range of y x2, x g 2 is a set of all numbers obtained by square numbers, more or equal 2. In the national notation (see annex 1), x f
(a) f(x) range is 5x2 x 26 or 5y |y 46 or 3 4, ). a When the feature range is a set of real numbers, the function is considered real. Domains and ranges of the most real features we look at are intervals or interval combinations. Sometimes the range of features is not so easy to find. A function is like a machine that produces output in its range whenever we feed it
with the input x from the domain (Figure 1.1). The function keys on the calculator give an example of function as a machine. For example, the 2x key on the calculator gives a output value (square root) whenever you enter the non-non-essential number x and press the 2x key. Each associ-ates arrow to the D element is one element in the Y set. Note that func-tion
may have the same output value for two different inputs in the domain (as is the case with no(a) in figure 1.2), but each x input is assigned one output value (x). A set of Y domains and a set containing the FIGURE 1.2 range feature from the D EXAMPLE 1 set Check natural domains and related ranges of some simple func- to the Y set assigns a unique Y tions
element. Domains in each case are x values for which the formula makes sense. to each item in D. Functional domain (X) Range (y) yx2(-q,q) 30,9)y 1'x(-q,0) u (0,9) (9,00 u (0,q)y2x30,0)30,q9)y24-x(q,4430,q) y 21 -x2 3-1, 14 30, 14 Formula Solution y y x2 gives real y value for any real number x , thus, the domain (-q, ). The range y x2 is 3 0,
q), because the square of any real number is not negative, and each non-negative y number is a square of its own square root: y 1 2y22 for y y 0. Formula y g 1'x gives a real y-value for every x except x y 0. For consistency in the rules of arithmetic, we cannot divide any number by zero. y q 1'%, a set of reciprocal all non-zero real real it's a set of all non-zero real
numbers, asy 1 (1'y). That is, for y # 0 number x y 1'y is an entry that is assigned a output value y. Formula y 2x gives a real y-value only if x g 0. The y 2x range is 3 0, q), because each non-non-animal number is a square root of a number (namely, this is the square root of its own square). In y No 24 - x, the number 4 - x can not be negative. That is, 4 - x No 0,
or X ... 4. The formula gives non-indeligive real u-values to all x... 4. Range 24 - x is 3 0, @), a set of all non-non-aggregate numbers. Formula y 21 - x2 gives a real y-value for each x in a closed interval from -1 to 1. Outside of this domain, 1 - x2 is negative and its square root is not a real number. Values 1 - x2 vary from 0 to 1 in a given domain, and the square
roots of these values do the same. The range of 21 - x2 is 3 0, 14 .1.1 Features and their graphics 3 Graphics features If it is a feature with Domain D, its graph consists of points in the plane of the Cartes, the coordinates of which are the entry-exit pairs for . In the set of notations, the graph is 5 (x, X)) . xeD6. The q(x) function graph - x No. 2 - is a set of points with
coordinates (X, y), for which y and x 2. His graph is a straight line sketched in figure 1.3. The function graph is a useful picture of its behavior. If (X, y) is the point on the graph, then y g (x) is the height of the chart above (or below) the point x. Height can be positive or negative, depending on the mark no (x) (Figure 1.4). yy f (1) f (2) y x'2x2 0 12 x f (X) Xx X2 X (X, Y)
-24-20-11FIGURE 1.3 Chart q(x) x 2 FIGURE 1.4 If (X, y) lies on the graph 00 is a set of points (x, y), for which there is 11 of , then the value of y g (x) is the value of height x and 2. graph above point x (or below x 39 24 if th (x) negative). 24 EXAMPLE 2 Schedule functions y and x2 during the interval of 3 -2, 24 . y Solution Make a table of xy-pairs that satisfy
the equation y and x2. The plot of dots (x, y) whose coordinates appear in the table, and draw a smooth curve (marked with its equation) through the built dots (see figure 1.5). How do we know that the y and x2 graph doesn't look like one of these curves? (-2,4) 4 (2,4)yyyx23a32,49b(-1,1)2(1,1) yx2? yy x2? 1-2-1 0 12 x FIGURE 1.5 Xx feature graph
in example 2. To find out, we could build more points. But how would we then connect them? The main question still remains: How do we know for sure what the graph looks like between the points we are building? Calculus answers this question, as we will see in Chapter 4. Meanwhile, we will have to agree to build points and connect them as best we can.4
Chapter 1 Features representing features numerically We've seen how the feature can be presented algebraically and visually on the schedule (Example 2). Another way of presenting a function numerically is through a table of values. Numerical representations are often used by engineers and experimental scientists. You can get a feature graph from the
corresponding value table using a method illustrated in example 2, possibly by a computer. A graph consisting only of dots in a table is called scatterplot. EXAMPLE 3 Musical notes are waves of pressure in the air. Data associated with Figure 1.6 gives a recorded pressure shift compared to the time in seconds of the music note produced by the tuning fork. The
table provides an idea of the pressure function (in micro-shepherds) over time. If we first scatter and then connect the data points (t, p) from the table, we get the graph shown in the picture. Time Pressure Time Pressure p (pressure mPa) 0.00091 - 0.080 0.00362 0.217 1.0 Data 0.00108 0.200 0.00379 0.480 0.8 0.001 0.002 0.003 0.004 0.005 0.006 t (sec)
0.00125 0.480 0.00398 0.681 0.6 0.00144 0.693 0.00416 0.810 0.4 0.00162 0.816 0.00435 0.827 0.2 0.00180 0.844 0.00453 0.749 0.00198 0.771 0.00471 0.581 -0.2 0.00216 0.603 0.00489 0.346 —-0.4 0.00234 0.368 0.00507 0.077 —0.6 0.00253 0.00525 - 0.164 0.00271 0.099 0.00543 - 0.320 FIGURE 1.6 A smooth curve through the plotted points 0.00289 -
0.141 0.00562 - 0.354 gives a pressure function graph provided by 0.00307 - 0.309 0.00579 - 0.248 accompanying data presented (Example 3). 0.00325 - 0.348 0.00598 - 0.035 0.00344 - 0.248 - 0.041 Vertical Line Test for function Not every curve in the coordinate plane can be a function schedule. The feature can only have one value (x) for each x in the
domain, so no vertical line can cross the function graph more than once. If a is in the function domain, the x a vertical line will cross the q graph at one point (a, g(a)). A circle cannot be a function graph, as some vertical lines cross the circle twice. The circle, in the graph in figure 1.7a, however, contains graphs of two functions x, namely the upper semicircle
defined by the function g (x) 21 - x2 and the lower half-circle, defined by the function g(x) - 21 - x2 (figures 1.7b and 1.7c). Piecewise-Defined Features Sometimes the feature is described piece by piece using different formulas on different parts of its domain. One example is the function of the absolute value of 0 x 0 - e-xx, X 00 First Formula x 6 Second
Formulal.l Features and their graphics 5 yyy 1x 1x-11x-1x-10-0100(a)x2-y2-1(b)y-1-x2(c)y - ql - x2 FIGURE 1.7 (a) Circle is not a feature schedule; it does not perform a vertical line test. b) Up-to-semi-circle is the q(x) no 21 - x2. (c) The lower semicircle is a graph of function g(x) - 21 - x2. Y 0x0, the graph of which is shown in figure 1.8. The right
side of the equation means that the y'x function is x if x 0, and equals -x if x 6 0. Parts-defined functions often occur when you model real data. Here are some other examples. 2 1 EXAMPLE 4 Feature -3 -2 -1 0 123 x - X, x60 First formula q(x) - ¢ X2, 0... X... 1 Second formula FIGURE 1.8 The function of the absolute value of x71 The third formula has a domain (q,
q) and 1, range 30, q). is determined on the whole real line, but it matters given by different formulas, depending on y y f (X) position x. Values q given y -x when x 6 0, y x2 when y'x 0... X... 1, and have No.1 when x 7 1. The feature, however, is just one feature whose y'l domain is the entire set of real numbers (Figure 1.9). 2 x 2 1 12 x EXAMPLE 5 Feature,
whose value in any amount x is the greatest whole less or equal x called the greatest function of whole or whole floor functions. This is -2 -1 0 denoted:x; . Figure 1.10 shows the graph. Note that FIGURE 1.9 For the feature graph :2.4; 2,:1.9; 1, :0; 0, :- 1.2 ; 2-.2, :2; 2, :0.2; 0, :-0.3; -1, :- 2; - y q (X) shown here, we apply different formulas to different parts of its
domain EXAMPLE 6 Function, the value of which in any amount of x is the smallest integer more than or equal to x called the least integrative function or integrator ceiling func- (Example 4). Tion. It means x. Figure 1.11 shows the graph. For positive x values, this y function can represent, for example, the cost of parking x hours in the parking lot, which charges
$1 y'x for every hour or part of an hour. 3 2 Increase and decrease 1 y:x; If the function graph rises or rises when moving from left to right, we say that the function -2 -1 123 x increases. If the graph falls or falls when you move from left to right, the function decreases. -2 FIGURE 1.10 Chart of the Greatest DEFINITIONS Let there be a function defined at the |
interval and let x1 and x2 be two different points in the I. integer y:x function; lies on or below the y and x lines, so it provides the integrator 1. If in the case of x1 6 x2, then it is said that on I. the floor for x (example 5) increases by 7 k (example 5). 2. If y (x2) 6 (x1) whenever x1 6 x2, it is said to be reduced to 1.6 Chapter 1 Features u It is important to understand
that the definitions of increase and decrease functions should be satisfied for each pair of x1 and x2 points in | with x1 6 x2. Because we use inequality 3 y'x 6 to compare function values, not ... sometimes say that 2 is strictly increased or decreased by I. Interval which | can be finite (also called limited) or 1 y x infinite (unlimited). -2 -1 123 x EXAMPLE 7 Feature,
on graph on figure 1.9, decreases by 0) and -1 increase by (0, 1). The function does not increase or decrease at the interval of -2 (1, q), because the function is constant at this interval, and therefore the strict disparity in the definition of increase or decrease is not satisfied by (1, q). FIGURE 1.11 Chart of the least even functions and odd functions: the symmetry
of the integrative function y - x lies on or above the charts of even and odd functions have special properties of symmetry. line y X, so it provides the integrator ceiling for X (Example 6). DEFINITIONS Function y (x) is an even function x if q (-x) y (x), odd functions x if q (-x) -y (x), for each x in the function domain. (x, y) y Names even and odd come from forces x. If
you have an oval force x, as in (x, - y) y X2 or y x4, it's an oval function x because (- x)2 and (- x)4 and x4. If you have th x2 odd power x, asiny y y or y x3, it's a strange function x because (x)1 - x and (x, d) (X) 3 - x3. Ox The graph of the highlighted function is symmetrical in relation to the axis. Since g (-x) g (x), a (&) point (X, y) lies on the chart, if and only if the
point (-x, y) lies on the graph (figure 1.12a). The axis reflection leaves the chart unchanged. y y x3 (x, y) The graph of the strange function is symmetrical about the origin. Since g (-x) - q (), the point (X, y) lies on the graph, if and only if the point (-X, -y) lies on the graph (figure 1.12b). Ox Equivalent, the graph is symmetrical about the origin if the rotation of 180
about origin leaves the chart unchanged. Note that definitions mean that both x and -x should be (b) in g. FIGURE 1.12 (a) Graph y x2 EXAMPLE 8 Here are a few features illustrating definitions. (oval function) is symmetrical in relation to the function of x2 Even: (- x)2 and x2 for all x; symmetry about the y-axis. So on the axis. (b) Graph y x3 (odd function) is
symmetrical about origin. W (-3) No 9 th (3). Changing the x sign doesn't change the meaning of the oving function. x (X) - x2 - 1 Oval function: (- x)2 - 1 - x2 - 1 for all x; symmetry about the y-axis (figure 1.13a). x (X) x Odd function: (-x) - x for all x; symmetry about origin. Thus, No (-3) - -3, while No (3) - 3. Changing the x sign changes the sign of a strange function.
X (X) -x10dd: x (x) - x 1, but -ya (x) -x - 1. Two are not equal. Not even: (-x) 1 # x 1 for all x # 0 (figure 1.13b).1.1 Features and their graphics 7y x2y 1yyxx'x'111111110x1yx-0x (a) (b) FIGURE 1.13 (a) When we add the permanent term 1 to the function of y x2, the resulting function y x2 and 1 is still oval and its graph is still symmetrical about y-axis. b)
When we add the permanent term 1 to the y x function, the resulting function y x y 1 is no longer strange, as the symmetry about origin is lost. Teh y y x No 1 also not even (Example 8). Common features Various important types of functions are often found in calculus. Linear function A in the form of g(x) and mx b, where m and b are fixed con-stents, is called
linear function. Figure 1.14a shows an array of q(x) and mx lines. Each of them has b No 0, so these lines run through the origin. The q(x) x function, where m No. 1 and b 0 is called the identification function. Constant functions result in the tilt of m No O (figure 1.14b). m-3y-3m-1m-2yy2y1ly112y1mx2yy3x2xx01012x(b) FIGURE 1.14 (a) Lines
through with a slope m. (b) A permanent funk-tion with a slope of m No 0. DEFINITION Two variables y and x are proportional (to each other) if one of them is always a permanent multiple of the other, that is, if q kx for some non-grain constant k. If the variable y is proportional to the reciprocal 1'%, it is sometimes said that y is inversely proportional x (because 1'x
is the multiplier reverse side x). Power A (x) and xa, where the constant is called a power function. There are several important cases to consider.8 Chapter 1 Features (a) q(x) x with n, positive integer. Figure 1.15 shows graphs No (x) xn, n No. 1, 2, 3, 4, 5. These func-tions are defined for all real x values. Note that as the n power gets larger, the curves tend to
align to the x-axis at the interval (-1, 1) and rise more steeply for 0 x 0 7 1. Each curve passes through the point (1, 1) and through origin. The graphics of functions with oats are symmetrical in relation to the axis; those with the odd powers are symmetrical about origin. Features with a foot decrease at intervals (-g, 04 and increase by 3 0, q); Odd functions are
increased throughout the real line (-, ). YyXyy-x2yyx3yy-x4yyx511111-01x-101x-1x-1x-11x-1x-1101x-101x-10x-1-1-1-1-1-1FIGURE 1.15 Charts q(x) 2, 3, 4, 5, defined for-q 6 x 6 g. (b) q(x) xawith g -1 or g - 2. The g (x) features x-1 and 1'x and g/x' features are shown in 1.16. Both features are defined for all x # 0 (you can nevel
split by zero). Graph y q 1'x is hyperbole xy No. 1, which approaches the xes of coordinates away from the source. The graph y q 1'x2 is also approaching the coordinate theds. Function graph - symmetrical about origin; Decreases at intervals (-q, 0) and (0O, q). The g function graph is symmetrical to the axis; g increases by (-q, 0) and decreases by (0,q).yyyy1l
y 1x2 101 x 1 Domain: x g 0 Range: y 0 01 x Domain: x g 0 Range: y 7 0 (a) (b) FIGURE 1.16 Charts power functions q(x) a) a) a-1,b)a-2. (c)aNo 1, 3, and 2. 2 3 2 3 Features g (x) - x1 and 2x and g/x) - x1 and 23 x are square root and cubic root functions, respectively. The square root function area is 3 0, q), but the cube root function is defined for all real x.
Their graphs are shown in figure 1.17, along with graphs y and x3'2 and x2.3. (Recall that x3'2 (x1'2)3 and x2'3 (x1)3) 2.) Polynomial Function p is polynomial if p(x) - anxn - a - 1xn - 1 g alx a0, where n is a non-non-binding integrator, and numbers a0, al, a2, c, are real constants (so-called polynomial coefficients). All polynomials have a domain (-q, q). If thel.1
Features and their graphics 9yyyyyy!Ixyxx321y!13xyx2'311101x01x01x01x Domain: 0... x6q domain: - q 6 x 6 g Domain: 0 ... x 6 g Domain: -6 x6 q Range: 0...y6 qRange: 0...y 6 gRange: -6y 6 qRange: 0...y 6 qFIGURE 1.17 Power Graphics q(x) y xafory 1, 1, 3, and 2 . 2 3 2 3 leading coefficient # 0, then n is called the degree of
polynomy. Linear functions with m # 0 are grade 1 polynomials. Degree 2 polynomials, commonly written as p(x) and ax2 and bx C, are called square functions. Similarly, cubic functions are polynomial p(x) - ax3 and bx2 - cx and d degree 3. Figure 1.18 shows the graphs of the three polynomias. The methods of the polynomial graph are studied in Chapter 4. y x3
-X2-2x1323y4yyy(x-2)4(x1)3(x-1)yy8x4-14x3-9x2-11x-1162x2x222222224x-1-212x-4-20-4-1012x2-6-6-10-16(c)-4-12 (a) (b) FIGURE 1.18 Charts of three polynomial functions. Rational function Rational function is a coefficient or coefficient q (x) g (X) q (x), where p and q are polynomials. The rational function area is a set
of all the real x for which q(x) # 0. Graphs of several rational functions are shown in figure 1.19. yyy 8 11x2 6 2x3-1yy5x2-8x-3y-23x2-242x2-3547x4-224x-50510x-4-20246 x-2-1-2-4-2 NOT TO SCALE -4 -6 -8 (a) (b) (b) (c) FIGURE 1.19 Charts of three rational functions. The straight red lines that the charts approach are called imptotes
and are not part of the charts. We discuss askiptots in section 2.6.10 Chapter 1 Features of algebraic functions Any function built from polynomials using algebraic operas (supplementation, subtraction, multiplication, division, and roots) lies in the class of algebraic functions. All rational functions are algebraic, but also included more complex functions (such as
those satisfying the equation, such as y3 - 9xy and x3 No. 0, explored in section 3.7). Figure 1.20 shows graphs of three algebraic functions. yy y g x1'3 (x - 4) 3 (x2 1)2'3y x(1-x)254x4y-32y11-101x051x-1-1-27 -3 (a) (a) (b) (c) FIGURE 1.20 algebraic functions. Trigonometry features Six main trigonometry functions are covered in section 1.3. The
blue and oblique graphs are shown in figure 1.21.yy 13p-p13p5px222x-p02p 0p-1p -1 2 (a) f(x) - sin x (b) f (x) - cos x FIGURE 1.21 Charts features sinus and cos. The exponential function of form q(x) and ax, where 7 0 and # 1, is called an exponential function (with base a). All exponential functions have a domain (-q, q) and a range (0, g), so an
exponential function never assumes a value of 0. We develop the theory of exponential functions in section 7.3. The graphs of some of the exhibit-tial features are shown in figure 1.22. Yyyy 10xyy 10-x 12121010886y 3-x6 4y 3x4y2xy2xy2-x2051x1xx1x-1-0.5-1-0.500.50 (a) (b) FIGURE 1.22 Graphics of exponential functions.1.1 Features
and their graphics 11 Logarithmic functions These functions q(x) where the base # 1 is a positive constant. They are the reverse functions of exponential functions, and we define and develop the theory of these functions in section 7.2. Figure 1.23 shows graphs of four logarimic functions with different bases. In each case, the domain (0, g) and range (-d, q). YY Yy
glog2xy-log3x101xy-logsx1-1y-logl0x-101xFIGURE 1.23 Charts four log-FIGURE 1.24 Graph of catenar or rhythmic functions. hanging cable. (The Latin word for catena means chain.) Transcendental Functions Are functions that are not algebraic. These include trigonometry, reverse trigopnometry, exponential and logarithmic functions, as well as
many other functions. The nursery is one example of transcendental function. Its graph is shaped like a telephone line or electric cable, strung from one support to another and hangs loosely under its own weight (Figure 1.24). The graph-defining feature is discussed in section 7.7. Exercise 1.1 Features 8. a. y b. In exercises 1-6, find the domain and range of
each function. 1. W (x) 1and x2 2. x 1 - 2x 3. F (x) 25x and 10 4. g(x) 2x2 - 3x 5. W (t) 34t 6. G(t) t2 2 16 - - In exercises 7 and 8, which of the graphs are graphs of functions x, xx, and which are not? Give reasons for your answers. 00 7. a. y b. y Search for formulas for functions 9. Express the area and perimeter of the equilateral triangle as xx 00 function of
the lateral length of the triangle x. 1 0. Express the side length of the square as a function of the length of the d diagonal square. Then we will express the area as a diagonal length function. 1 1. Let's express the length of the edge of the cube as a function of diagonal length of the cube d. Then express the surface area and volume of the cube as a function of
diagonal length.12 Chapter 1 Features 12. A P B nepBoM KBagpaHTe NexuT Ha rpadnke doyHkumm 31. a. y b. y q(X) 2x. Beipasu KoopavHaTtbl P Kak (yHKLMN HakNoHa MHUK, NpUucoeguHas P K uctouHmky. (- 1, 1) (1, 1) 2 1 13. PaccMmoTpum TouUKy (X, Y), Nexallyto Ha rpaddnke inHnm 2x u 4y i 5. MycTb L 6ygeTt paccTtosHme OT ToUkM (X, Y) A0 X 1X NPOUCXOXAEHUS
(0, 0). HannwwmTe L kak doyHKumio X. 3 14. PaccmoTpum Touky (X, Y), nexatyto Ha rpadmke y 2x - 3. Myctb (- 2, - 1) (1, - 1) (3, - 1) L 6yaeT pacctosiHue mexay Todkamu (X, r) n (4, 0). Hannwwute L kak pyHkumio y. 32.a. yb. y 1 (T, 1) dyHkumm n rpacukm 0 A HaliTn ecTeCTBEHHbI OMeH U rpadiuk dyHKUmiA B ynpakHeHmsax 15-20. 1 5. 3(x) 5 - 2x 16. 3(x) 1 - 2x -
X20TT3T2Tt-A2217.9(x)30x018.9g(x)2-xTxT19. F(t) TOT020. (1) 0T0 2 21. Haliante gomeH y 1 4 x 3 . - 2x2 - 9 BenuuaiiluMe n HaMMmeHee NHTerpaTmBHble oyHKUuuKM 22. Haliante anana3oH y No 2 n 29 u x2. 33. [1na Kakux 3HauyeHuii X 2 3. Ha rpadmke cneaytouime ypaBHEHNS] U 06bACHUTL, MOYEMY OHU He a. :X; 0 eBpo? 6. &lt;x= == 0?= graphs= of=
functions= of= x.= 34.= what= real= numbers= x= satisfy= the= equation= :x;=&gt;&lIt;/x=&gt; &lt;x=? a.= 0= y= 0=x b.= y2=x2 35.= does=&gt;&lt;/x=?&gt; &lt;-x= == -:x;= for= all= real= x?= give= reasons= for= your= answer.= 2= 4.= graph= the= following= equations= and= explain= why= they= are= not= graphs= of= functions= of= x.= 36.= graph= the= function=
a.= 0= x= 0= += 0= y= 0=1 b.= 0= x= += y= 0=1 f(x)=:x;, XU0= e=&gt;&lt;/-x=&gt; &It;x=, x= 6= 0.= piecewise-defined= functions= why= is= f(x)= called= the= integer= part= of= x?= graph= the= functions= in= exercises= 25—-28.= increasing= and= decreasing= functions= 2= 5.= f(x)=x, x,= 0... X... 1= graph= the= functions= in= exercises= 37-46.= what=
symmetries,= if= any,= do= e2= -= 16x... 2= the= graphs= have?= specify= the= intervals= over= which= the= function= is= increasing= and= the= intervals= where= it= is= decreasing.= 2= 6.= g(X)=1 -= x,= 0... X... 1= €2= -= X,= 16X... 2= 1= 37.= y=- Xx3= 38.= y=- X2= 4= -= X2,= X... 1= 27.= f{(X)=e x2= += 2X,= Xx71= 39.= y=- 1x= 40.= y=1 28.= g(X)=1&gt;X, x60
0x0x,0..xe41.y30x042.yq2-x44.y-42x Haitn hopmyny A1 Kaxaoin yHkummn, Ha rpacumke ynpaxHeHns 29-32. 4 3. 1 x3 x846.y (-x)2'329.a. yb. y45.y-x32 1 (1, 1) 2 UeTHble 1 HEYETHbIE (PYHKLMKN B YNpaXKHEHMAX 47-58, CKaxmTe, ABNAETCS /N (PYHKLMA YETHOM, CTPAHHON, nnn HW. Jainte npuynHbl gns Bawero oteeTa. 0 2 x 0 1234t 47. 3(x) No
348.3(x)x-530.a. y49.3(x) x21n150.3(x)x2x2(2,1)26. y51.g(x) x3nx52.g(x)-x4-3x2-1353.g(x)x21154.g(x)x2x1--21x55.h()t-156.h(t)- t3 51-1-12x57.h(t)271/158.h(t)2 1, 1(2,-1)-259. rpex 2x 60. rpex x2 -3 61. cos 3x 62. 1 - cos x1.1 ®yHkuun n nx rpacukm 13 Teopus n npumepbl 7 0. a. yq5xb. yqg5xc. yx56 3.
MepemeHHas s nponopunoHanbHat, n s 25 korgat 75. y Onpegenute t korga s 60. g 6 4. KnuHeTnyeckasa sHeprusa&lt;/x=,&gt;K mass energy is proportional to h to square its speed y. If K 12,960 joules, when 0x at 18 m/sec, what is K when at 10 m/sec? f 65. Variable r and s are inversely proportional, and r No 6 when s 4. Determine when you are No 10. T 71. a.
Graph functions q (x) and x'2 and g(x) No. 1 (4'x) together to determine the x values for which 6 6. Boyle Boyle Act says that the volume of V gas at constant temperature increases whenever the pressure of P decreases, x 4 so that the V and P are inversely proportional. If P is 14.7 pounds in 2 x when V 1000 in3, then what is the V when P 23.4 pounds in 2? 67.
The open-top box should be built from a rectangular piece of cardboard with sizes of 14 inches by 22 inches by cutting out equal side x squares on each corner and then folding the sides as in the picture. Express the volume of the V box as a feature x. 22 7 1 . xx b. Confirm your findings in part (a) algebraically. xx 14 x T 7 2. a. On the q(x) feature graph - 3 (x - 1)
and g/x- - 2 (x- 1) x together to determine the x values for which xx 3 2 - 68. The accompanying figure shows a rectangle inscribed in isos- x 1 6 x 1. celes the right triangle which has a hypotenuse is 2 units in length. B. Confirm your findings in part (a) algebraically. a. Express the y-coordinates P from the point of view of x. (You can start by writing the equation for
the AB line.) 73. In order for the curve to be symmetrical to the x axis, the point (x, y) must lie on the curve if and only if the point (x, y) is on the curve. B. Let's express the rectangle area from x. Explain why the symmetrical curve for the x-axis is not a function graph unless itis ay q O function. y 7 4. Three hundred books sell for $40 each, bringing income B (300)
($40) and $12,000. For each price increase of $5 sold 25 books less. Write Income R as the function number x $5 increases. P(x, ?) 75. The handle in the form of isosceles right triangle with legs length x ft and hypotenuse length h ft to be built. If a -1 Ax fencing costs $5/foot for foot and $10 for hypotenuse, write 0 x1 total cost C construction as a function of am
and 70, match each equation with its schedule. Not 7 6. Industrial Costs Powerhouse sits next to the river where the use of a graphing device, and give reasons for your response. the river is 800 feet wide. Lay a new cable from the plant to the lock- 6 9. a. yand x4 b. y q x7 c. y g x10 tion in a town of 2 mi downstream on the opposite side costs $180 per foot
across the river and $100 per foot along the ground. y 2 mi City g Px h 800 ft 0 x Power Station f NOT TO SCALE A. Suppose the cable goes from plant to point - on the opposite side, which is x feet from P point directly opposite the plant. Write a C(x) feature that gives a cost In terms of distance x. b. Create a table of values to determine whether the least
expensive place for a point g less than 2,000 feet or more than 2,000 feet from point P.14 Chapter 1 Features 1.2 Combining Features; Shift and Scale Graphics In this section we look at the basic ways the feature combines or transforms into new features. Amounts, differences, products and odds How the numbers, features can be added, deducted, multiplied
and divided (except when the denominator is zero) to get new features. If features and g are functions, then for each x that belongs to domains like g (i.e., for xeD (z) g D(g)), we define the functions of th g, q - g, and yg by formulas (i g) (x) Note that the g sign on the left side of the first equation is an operation of adding functions, while the | on the right side of the
equation means the addition of real numbers. At any point D (i) (g) in which g(x) # 0, we can also determine the function of eg by formula g (x) (x) (where g'x) # 0). agb g (x) Features can also be multiplied by constants: If ¢ is a real number, the function c' is defined for all x in the domain g (c) (x) EXAMPLE 1 Features defined by formulas q(x) - 2x and g/x) - 21 - x
have domains D (I) - 3 0, g) and D (g) (-q, 14 . Points common to these domains are points of 3 0, q) g 14 and 3 0, 14 . Next table sfuunmcmtioanrisz.eWs tehaelsfoorwmruiltaes'a’ngd domains for various algebraic com-bandages of two for product function y. Function Formula Domain 30,1414 D (i) d (g) eg (g) (X) 2x21-x30,1430,149g (I-g) (x) 2x-21-x 3
0,1430,1) (x-1excluded) g g-g (g'g) (X)) (X)) - 21 - x - 2x (g/X) g/x 2x (1 - (0, 14 (x 0 excluded) x) (x) - AL x x g(X) - heg (X) g (X) - 1 x x (x) Function graph q g derived from graphs and g, adding the corresponding y-c'oogrdainnadte's (x) and g/x at each point xeD (i) d (g) as in figure 1.25. Graphs g from example 1 are shown in figure 1.26.1.2 Combining
functions; Shift and Scaling Charts 15y 8g (xX) -xyfgf(x)x6g(f) xX) 1ygxygx)12g(a)f(a)g(a 2yfgf(a)yf(x) 0ax0 12341 x 5555 FIGURE 1.25 Graphic addition of two FIGURE 1.26 Feature area. G is the intersection of domains and g, interval 30, 14 on the x-axis where these odfomthaeinfusnocvtieornlap.#Tgh (iEs xinatmerpvlaellis). In this operation,
the exit from one function becomes the input on the second IF functions and g are functions, then the composite function No. o g (com-pose with g) is defined (No o g) (X) Domain no » g consists of numbers x in the G domain for which g(x) is in the domain. Definition implies that o g can be formed when the G range is in the domain. To find (I o g) (X), first find g
(x), and secondly, find (g'x)). Figure 1.27 images o G as a machine figure, and Figure 1.28 shows the composition as an arrow figure. f og f (g(x)) x gf x g(x) f f (g(x) g(x) FIGURE 1.27 Composite function No. o g uses the FIGURE 1.28 CHART for o. If x is in the release of g(x) of the first G function as the G and g(x) input domain is in the th and g domain, G
functions can be made up for formation (No ° g) (x). For the second function. To evaluate the composite function of g o (when it is defined), we find first y (x) and then find g (1)). The g o area is a set of x numbers in the domain, so th (x) is in the g domain. Features No o g and g ° tend to be very different.16 Chapter 1 Functions EXAMPLE 2 If g (x) 2x and g (X)
find (@) (° 9) (@) (g °) (X) (X) (° g) (X) (g ° g) (X). Decision Composition Domain (a) (No ° g) (X) y (g(x)) 2g (x) 2xy 1 3 -1,q) (b) (g ) (X) q) (c) (c) (no o) (X) (X) (X) (X) (q(X) -2xx2xx1x4x40d)(d ~ d) (x), q) To understand why the domain q o g is 3 -1, g), hote that g(x) x No. 1 is defined for all real x but g(x) belongs to the domain only if x x 1 x 0, that is, when
x th -1. Note that if y (x) x2 and g (x) 2x, then (No » g) (x) 1 x x. However, the g e g domain is 3 0, g) and not (g, q) as 2x requires x q 0. Shifting the graph of the function is a general way to get a new function from the existing one, adding a constant to each output of the existing function, or to its input variable. The graph of the new function is a graph of the
original function, sliding vertically or horizontally as follows. Shift Formula Vertical Shifts y y y (x) - k Shifts graph th to units, if k 70y y x 2 y x x 2 x 2 x 1 Shifts it down 0 to O units if to 6 0 x X2 Horizontal shifts y th (x x x) Shifts the graph of the left units if h 7 0 Shifts is the right 0 h O units if h6 0y x 2 - 2 1 unit 2 EXAMPLE 3 1 (a) Adding 1 to the right side of the
formula y x2 to get y x2 y 1 shifts -2 02 x chart up 1 block (figure 1.29). -1 2 units -2 (b) Adding -2 to the right side of Formula y and x2 to get y and x2 - 2 shifts chart down 2 units (figure 1.29). FIGURE 1.29 To move the graph q (x) and x2 up (or down), we add positive (c) Adding 3 x in y x2 to get y (x q 3)2 shifts the three-unit chart to the left, while (or negatively)
constants to the formula for adding -2 shifts the two block to right chart (Figure 1.30). (Examples 3a and b). (d) Adding -2 to x in y 0 x 0, and then adding -1 to the result, gives y 0 x - 2 0 - 1 and shifts graph 2 units to the right and 1 unit down (figure 1.31). Scaling and reflecting the Graphics feature to scale the graphics function y g.x) is to stretch or compress it,
vertically or horizon-counting. This is achieved by multiplying the function, or independent variable x, by the corresponding permanent c. Reflections on Xos coordinates are special cases where ¢ -1.1.2 Combining functions; Shift and Scale Charts 17 Add a positive Add negative in 4 y Ox - 20 - 1 constant x y constantto X. y (x q 3)2y x2y (x-2)211 246 x 246 x 0
12-2-2-1xFIGURE 1.30 Transfer chart y x2 to FIGURE 1.31 Charty 0 x O left , we add a positive constant to x (example has shifted 2 units to the right and 1c 3c). To move the chart to the right, we add down (Example 3D). negative constant x. Vertical and horizontal scaling and reflection of formulas for c No. 1, the graph scales: y c'(x) stretches the graph
upright by the c. y (cx) compresses graph g (X) compresses the graph th vertically by the c. c. q (x'c) stretches the graph For ¢ No.1, the graph is reflected by: y-y (x) y q (-x) reflects the graph q via y-axis. EXAMPLE 4 Here we scale and reflect the graph at th 2x. (a) Vertical: Multiplying the right side of the 2x by 3 to get the 32x stretch chart vertically 3 times, while
multiplying by 1'3 compresses the chart vertically into 3 (Figure 1.32). (b) Horizontal: Graph y 23x is a horizontal compression of the y 2x graph 3 times, and y 2x-3 is a horizontal stretch for the 3rd time (Figure 1.33). Note that y 23x and 232x, so horizontal compression can cor-react to vertical stretching by another scaling factor. Similarly, horizontal stretching can
be consistent with vertical compression by another zoom factor. (c) Reflection: Charty - 2x is a reflection of y and 2x via x-axis, y 2 is a reflection via y-axis (figure 1.34) yyythy5yy 3x 4y 3xy x 4 3 stretch y x X 2 squeeze y -x -3 -2 -1 123 x 2 compressions 1 stretchy x3 -1y 1y 1x 123 3-1 0 -1 0 4x 1234 x figure 1.32 Vertical stretching FIGURE 1.33 Horizontal
stretching and FIGURE 1.34 Reflection and compression of the chart at 1x by compressing the chart y and 1x at a time y 1x via coordinates factor 3 (Example 4a). 3 (Example 4b). Axis (Example 4c).18 Chapter 1 Features EXAMPLE 5 Considering function q(x) x4 - 4x3 No 10 (Figure 1.35a), find formu-las (a) compress the graph horizontally 2 times, and then
reflected on the axis (figure 1.35b). (b) Squeeze the chart vertically by 2 percent and then flip through x-axis (figure 1.35c). yyy - 16x4 - 32x3-10yy f(x) - x4 -4x3-102010y-1x4-2x3-52010210%x-2-11110-10-111101234-201x-101234x-10-20-10 (a) (b) (b) (c) FIGURE 1.35 (a) Original graph (b) Horizontal compression y q (x) partially (a)
in 2 and then reflected through the y-axis. (c) vertical compression of y q(x) partially (a) 2 times, and then reflected on the x axis (Example 5). Solution (a) We multiply x by 2 to get horizontal compression, and to -1 to reflect through the y-axis. The formula is obtained by replacing -2x for x in the right side of the equation for: y q (- 2x) (- 2x)4 - 4 (- 2x)3 and 10 y
16x4 32x3 and 10. b) Formulay - 1 g(x) - 1 x4 - 2x3 - 5. 2 2 Exercises 1.2 Algebraic Combinations of Composition Functions I'n' Exercise 1 and 2, find domains and rangesy, g, g, g, and 5. If g (x) x 5 and g/x x x 3, find the following. g. a. a.a.g (0)) b. g. (1 (0)) 1. H (xX) X, g (X) 2x - 1 c. q (9(x)) d. g. (q(X)) 2. W (X) - 2x - 1, g/x - 2x - 1 e. (I.- 5)) f. g(g(2)) In exercises 3
and 4, find domains and ranges g, 9,9, g.and g. If x (x) - x - x (X) 1 (x X) 1 (x x 1), find the next. 3. W (x) 2, g (X) x2x 1 4. W (x) 1, d (x) 1 and 2x a. w (g(1) b.g. (z(2) c. (9(x) d. g.g. (X(X)) e. (i.9. (2)) f. 9.9.9. (e(X)) h. g.g.g.g.1.2 Shift and Scale Charts 19 In exercises 7-10, write a formula for th o g o h. In exercises 17 and 18 (a) write formulas for e g and g o and

find (b) domain and (c) range of each. 7. x (X) X 1, g (X) 3x, h/x 4 -x 1 8. H (X) 3x 4, g/x 2x - 1, h'xx 2 17.In () 2x 1, g(X) X 9. w () 2x1,9/xx 14, h(x) 1 1 8. xxx2, g (X) 1 -2xxx 10. h(X) xx 2,9 (X) X2 1, h (x) 22 - x 19. Let q (X) x - 2. Find y g(x) so that (I o g) (x) x. 3 - x2 and 20. Let q (x) 2x3 - 4. Find y g(x), so (I = g) (X) x No 2. Let g (x) - X - 3, g/x- - 2%, h/x -
x3, and j/x - 2x. Express each of the functions in exercises 11 and 12 as composition involv- 21. Volume V balloon is given V s2 and 2s 3 cm3, where s ing one or more of g, g, h, and j. ambient temperature in C. The ambient temperature s on time t minutes is givens 2t - 3 C. Towrite 1 1. a. y - 2x - 3 b. y y 22x volume V as a function of time t. c. y and x1'4 d. y 4x
22. Use y and g graphs to sketch outthe y q (g(x) graph.e.y2 (x-3)3f.y(2x-6)3a.b.yy12.a.y-2x-3b.y-x32c.yx9d.yx-644e.y22x - 3f. y2x3 - 32 g 2f 13. Copy and fill the next table. g(x) q (X) (No ° g) (X) No4 No2024x4x224xa.x-72x?No2No2b.x23x?gc.?2x-52x2-5x4?d. xxx1x 1 Shift Graphics - - 2 3. The accompanying
figure shows the chart y g - x2 sliding on e. ? 1 and 1 x two new positions. Write equations for new graphs. xy f. 1 ? x x -7 0 4 14. Copy and fill the next table. g(x) x (x) (e g) (x) a. x 1 1 0x0? - x-1 b. ? x Position (a) y - x2 Position (b) 2x x 1 c. ? 0x0 d. 2x? 0 x 0 24. The accompanying figure shows the graph y x2, moved to two new positions. Write equations for new
graphs. 15. Evaluate each expression using this value table: y Position (a) x-2-1012x(x)10-21yx2g(x)210-103a. G(g(- 1) b.G. (1 (0)) c. (1., 1)) Ox d. g. 9.9(g(2)) e. g. (i (- 2)) f. (g(1)) Position (b) 16. Rate each expression with q (x) 2-x,g/xb-x,1,-2..x60x-0.. X... 2. a. a. a. (g(0) b. g. (1 (3)) c. g(g(- 1) -5 d. (1(2)) e. g(0)) f. (9(1'2)20 Chapter 1
Function 2 5. Compare equations listed piece by piece (a) - (d) with graphs of 39.y x-2 40.y 1-x -1accompanying figure.41.yyland2x-142.yql-2xa.y(x-1)2-4b.y(x-2)2and243.y (xy1)2'344.y (x-8)23c.y(xq2)29g2d.y(xq3)2-245.yN01-x2'346.yy4x2x3y47.y23x-1-148.y(xy 2)3'2-1 Position 2 Position149.yx 12 50.
yNol-2-x51.yNos.1and252. yx12xy353.y(x11)254.yNol1-12-x21(-2,2)(2,2)55.yNos.1and156.y11)2Position3x2x (x-4-3-2-1 01 2 35 7. The accompanying picture shows the schedule of function No (x) with domain position 4 30, 24 and range 30, 14. Find domains and ranges (- 3, - 2) the following functions, and sketch their
graphics. y (1, - 4) 1y f (x) 26. shifted to four new positions. Write an equation for each new graph.y 02x (1,4) (-2,3) (b)a.a.q(xX)-2b.g(X)-1c.2(x)d.-g(X) (2,0)xe.g(x 2)f. (x-1) (-4,-1) g.q (X) h. -y (x 1) 1 (d) 58. The accompanying figure shows the graph of function g(t) with domain 3-4, 04 and range 3-3, 04. Find the domains and ranges of the
following features and draw their graphs. y -4 -2 Ot Exercises 27-36 say how many units and in what directions the graphs y g(t) -3 from these equations should be moved. Give the equation for the shifted graph. Then sketch the original and shifted together, marking each graph with its own equation. 27. x2 - y2 - 49 Down 3, left 2 a. g(-t) b. - g/t) c. g.t. 3d. 1 - g/t)
28.x22225Up 3, leftdeg (-t2)f. g.g(t-2)g. (L-t)h.-g't-4)29.yx3 Left 1, down 13 0.y x2'3 Right 1, down 1 31. y 2x Left 0.81 32. y - 2x Right 3 Vertical and Horizontal Scaling Exercises 59-68 show what factor and direction of graphics 33. y 2x - 7 Up 7 these features should be stretched or compressed. Give an equation for a stretched or compressed
graph. 34.yNo 1 (xy 1) 5 Down 5, right 1 25 9. y x2 - 1, stretched vertically 3 35 times. y g 1'x Up 1, right 1 60. y x2 - 1, compressed horizontally 2 36 times. y 1'x2 Left 2, down 1 1 Schedule Features in Exercises 37-56. 6 1. y 1 x2, compressed vertically 2 37 times. y 2x and 4 38. y No 29 - x1.3 Trigonometry Features 21 62. y Nos. 1 and 1, stretched horizontally
3 75times.y-23x76.y (- 2x)2'3x2 7 7. The graph functionyy 0x2-10.6 3.y 2x y 1, compressed horizontally 4 7 8 times. The function graphis 30x 0.6 4.y 2x y 1, stretched vertically in 3 combining functions 65. y No 24 - x2, stretched horizontally 2 79 times. Suppose it's an even function, g is a strange feature, and both are 66. y q 24 - x2, compressed
vertically by factor 3 and g are defined on the entire real line (-q, q). Which of the following (where identified) are even? Weird? 67.y 1 - x3, compressed horizontally in 3 6 8.y g 1 - x3, stretched horizontally in 2 a. - graph d. 2 g e. g2 and gg i. g. » g In exercises 69-76, the graph of each function, not by building dots, but on g. g. g. © h. o, starting with the graph of
one of the standard features presented in the drawings 1.14-1.17 and applying the corresponding transformation. 80. Can the function be both even and strange? Give reasons for your response. 69. - 22x and 1 70. y No 1 - x T 8 1. (Continuation of example 1.) The function graph g(x) 2x A 2 and g(x) 21 - x along with their (a) amount, b) product, (c) two
differences, (d) two coefficients. 7 1.y (x-1)3and 2 72.y (1-x)3and 27 3.yNo1-174.yNos.2and 1 T 82. Let q (x) - x - 7 and g/x x x2. Graph and G along with 2x x2 and » g and g o 1.3 Trigonometric Functions This section examines radiable measure and basic trigopnometry functions. Angles B' Angles are measured by degrees or radian. The number of
radiants in the central corner of A'KB Within the radius circle of R is defined as the number of radius units contained by B u A in the arc subordinate to this central corner. If we designate this central angle u, when mea- 1 is sure of radans, it means that u s'r (figure 1.36), or the circle of block C r Radius circle r s ru (u in radians). (1) 1.36 Radian measure If the circle
is a unit of the circle having a radius of p No. 1, then with a figure of 1.36 and an equation (1), the central angle of the A'CB is we see that the central angle of the u is measured in the radians only the length of the arc that the number u s'r. For the unit, the angle circle is cut off from the block circle. Since one complete revolution block circle 360 or radius r No 1, u is
the length of the arc AB 2p radians, we have that the central angle of the ACB cuts off from the p radians - 180 (2) circle units. and 1 radian No. 180 (= 57.3) degrees or 1 degree p (= 0.017) radian. p 180 Table 1.1 shows equivalence between degrees and radian measures for some major angles. TABLE 1.1 Angles measured in Degrees and Radian Degrees 180
- 135 N090 No45 0 30 45 60 90 120 135 150 180 270 360 - 3P U (radians) PP O P P 2P 3P 5P P 3P 2P 2P 4 2 4 6 3 2 346 222 Chapter 1 Features Angle in a sis aircraft, as they say, is in a standard position if its top lies on the ori-gin and its original beam lies along the positive x-axis (Figure 1.37). Angles measured counterclockwise from a positive x-axis are
assigned positive indicators; Angles measured clock-wise are assigned negative measures. y Terminal Beams Positive Initial Beam Terminal Initial X-ray Beam x Negative measure FIGURE 1.37 Angles in the standard position in xy-plane. Angles that describe counterclockwise rotations can arbitrarily extend far beyond 2p radii or 360 degrees. Similarly, angles
that describe clockwise rotations can have negatives of all sizes (Figure 1.38).yy 3p - 5p x 2 x 3p x 4 9p - 4 FIGURE 1.38 Nonzero radian measures can be positive or negative and can go beyond 2p. hypotenuse opposite convention angle: Use Radians From Now, this book assumes that all angles u measured in radans, if degrees or any other unit is not
explicitly indicated. When we're talking about angular p-3, we're referring to p-3 radians (which is 60 degrees) rather than the use of radians simplifies many operations and calculations in calculus. sin y and opp csc u - hyp hyp opp Six main trigonometry functions cos - adj sec - hyp u hyp u adj Trigonometry functions of sharp angle are given from the point of view
of the right triangle (figure 1.39). We extend this definition to blunt and negative angles using the first tan u and opp cot u and adj, placing the angle in a standard position in a circle of radius r. Then we define the trigono-adj opp metric functions in terms of the coordinates of point P (X, y), where the terminal angle beam crosses the circle (Figure 1.40). FIGURE
1.39 Trigonometry Acute Angle Ratio. y sine: sin u q yr cosecant: csc u yr P (X, y) y cosine: cos u Xr secant: sec u xr r tang: tan u xy cotangent: cot u q yx u these extended agree with the definitions of right-triangle when the angle is sharp. Xo Xo Note also that whenever the odds are determined, FIGURE 1.40 Trigonometry tan y and sin at the crib at 1 function of
the common angle you cos y tan y determined in terms of x, u, and r. secy and 1 csc y 1 cos in Sin ul.3 Trigonometry Features 23 p P As you can see the tan, you and the sec are not defined if x y and 0. This means that they are not 4 6 determined if you are p.2, 3p 2, c. Similarly, the crib you and csc you are not defined for values No 2 1 2 3 of you, for which y 0,
namely y 0, th, 2p, c. pp the exact values of these trigonometry ratios for some angles can be read from triangles on figure 1.41. For example, page 3242 sinp-1sinp-1sinp-2311422222FIGURE 1.41 Radian angles and lateral cos p 1 cos p 23 cos p - 1 length of two common triangles. 422623 2tanp 1tanp 1 tan p 23 4 6 23 3 Rule ASTC (Figure
1.42) is useful for remembering when the main trigonmetric func-tions are positive or negative. For example, from the triangle in figure 1.43, we see that 2p 23 2p 1 2p 32 3 2 3 sin, cos -, tan - 23. S Acos 2p, sin 23pb - a-12 , No23b sin pos all pos 3y t x tan pos C P cos pos No 3 1 FIGURE 1.42 Rule ASTC, remem- 2 2p bered statement All students take 1 3
calculus, tells what trigonometric func- 2 tiona are positive in each quadrant. x FIGURE 1.43 Triangle for cal-kulculation of sinus and cosina 2p'3 radian. Side lengths come from the geometry of the right triangle. Using a similar method, we get the values of sin u, cos u and tan u, shown in table 1.2. TABLE 1.2 Sin values u, cos u, and tanning u for selected values
you Degrees No 180 - 135 - 90 - 45 0 30 45 60 90 120 135 150 180 270 360 363P 2P 2P U (radians) POPPP22P 3P5PP3P-16432346201SinU0-220-220122231232210-10c0sU-12222222TanU0-22221232210-1-22-23-102222221-10023123-23-1-230 3324 Chapter 1 Features Frequency and Graphics
Trigonometry Functions When the angle of measuring you and the angle of measurement u 2p are in a standard position, their terminal rays match. Thus, the two corners have the same trigonometry values func-tion: sin (u 2p) - sin u, tan (u 2p) and tan u and so on. Similarly, cos (u - 2p) - cos u, sin (u - 2p) - sin u and so on. We describe this repetitive behavior by
saying that the six main trigonometry functions are periodic. Periods Trigonometric Function DEFINITION A function g (x) is periodic if there is a positive number p so that q (x-p) and q (x) for each value x. The slightest such value p is period P: tan (X X p) - tan x period bed (x y r) - crib x (sin x 2p) - sin x functions in the coordinate plane, we usually refer to the
period of 2P: cos (x 2p) 2p) variable on x instead of you. Figure 1.44 shows that tangents and persuasive secs (x 2p) and sec x functions have a period of p and p, while the other four functions have a period of 2p. In addition, the sim-csc (x q 2p) and csc x metries on these graphs show that the functions of cosine and secant are even, and the other four functions
are fuzzy (although this does not prove these results). yyyy-tan xy -cos xy - sinx even cos (-xX) -cos Xx-p03p2px-p3p3p2px-3p-p-pOpp3pxsec(-x)-secx222222-ppp-p0Odd222Sins(-x):-g6x6gDomain:-q6x6qDomain: xq;p, 32p,...csc(-x)-csc x Range: -1 ...Y... 1Range: -1 ... Y... 1 2 cots (-x) - Cat x Period: 2p Period: 2p
Range:-q6y6 qPeriod:p(c) (@) (b)yyyr3px1122-3p-prO0-pO0p3p2px-p0pp3p2px22222domains: x th; p, 3p,...Domain: xNo O, ; p, ; 2p... Domain: xNo 0O, ; p, ; 2p... 2Range:y ...-1ory No 1 Range: - q 6y 6 q Range: y... - 1 ory 1 Period: 2p Period: p Period: 2p (e) (f) (d) FIGURE 1.44 Charts six major trigonometric functions using the
radiant measure. Shading for each trigonometry function indicates its frequency. P (cos u, sin u) x2 and y2 1 Trigonometric Identities 0 sin u 0 u Coordinates of any P point (X, y) in the plane can be expressed in terms of the distance of point r from origin and angle u, which the OP beam does with a positive x-axis 0 cos u 0 O x (figure 1.40). Ever since X'r and cos
you and y'r s sin u, we have 1 x and r cos u, y and r sin u. when there is No 1 we can apply the Pythagoras theorem to the right triangle reference at figure 1.45 and get the FIGURE 1.45 reference triangle for cos2 u and sin2 u 1. (3) The common angle of u.1.3 Trigonometry Features 25 This equation, true to all values of you, is the most commonly used identity in
trigonometry. The division of this identity in turn cos2 you and sin2 u gives 1 g tan2 u and sec2 u 1 g cot2 u g csc2 u The following formulas hold for all angles A and B (Exercise 58). Adding Formula (4) cos (A - B) - cos A cos B - Sin Sin B Sin (A - B) - Sin A cos B, because Sin B There are similar formulas for cos (A - B) and Sin (A - B) (Exercises 35 and 36). All
trigonometry identities required in this book come from equations (3) and (4). For example, Replacing u for both A and B in additional formulas gives Formula Double-Angle (5) cos 2u - cos2 u - sin2 u sin 2u - 2 sin u cos u Additional formulas come from combining equations cos2 u and sin2 u 1, cos2 u - sin2 u and cos 2u. To get 2 sin2 u 1 - cos 2u. This leads to
the following identities that are useful in integral calculations. Half-year-old formulas cos2 u 1 - cos (6) 2 sins2 u 1 - cos 2u (7) 2 Law cosines If a, b, and with are sides of the ABC triangle, and if you angle opposite c, then c2 and b2 - 2ab cos u. (8) This equation is called law cosines.26 Chapter 1 Functions y To understand why the law holds, we position the
triangle in XY-plane with origin on C B (cos y u, sin u) and positive x-axis along one side of the triangle, as in figure 1.46. Coordinates A: (b, 0); coordinates B are (kos u, sin u). Thus, the square of distance between A and B is c2 (cos u - b)2 (sin u)2 a u a2 (c'os-2'u) 0) x 2 x b2 - 2ab cos u. FIGURE 1.46 Square distance Law cosines generalizes the Pythagoras
theorym. if you are p'2, cos u q 0 between A and B gives the law cosines. and c2 - a2 and b2. Two special inequalities For any angle u measured in radians, sinus and cosine functions are satisfying-0y 0 ...siny..0uOand-0yO0...1-cosy .. 0u0. To establish this disparity, we will satur down u as a non-grain angle in the standard P position (Figure 1.47).
The circle in the picture is a young circle, so 0 u 0 is equal to the length of the AP circular arc. The length of the AP line segment is therefore less than O u 0 . 1u sin y triangle APA is the correct triangle with the sides of lengthux x0siny 0, A1 - cos u. cos u A,1, 0) From the Phifagora theorem and the fact that AP 6 0 u 0, we get 1 - cos u2 sin (1 - cos u) 2 (AP) 2
... U2. (9) FIGURE 1.47 From the geometry of the terms on the left side of the equation (9) are both positive, so that each smaller than this figure is drawn for you 7 0, we get their amount and therefore less or equal to u2: inequality sin2 u (1 - cos u)2 ... u2. sin2 u ... u2 and (1 - cos u)2 ... u2. Taking square roots, it is equivalentto that 0 siny 0...0u0Oand 0 1 - cos
u0..0u0,s0-0u0...siny..0u0and-0yO0..1-cosy..0uO0. Thisinequality will be useful in the next chapter. Transformations of trigonometry graphs Rules of displacement, stretching, compression and reflection of the graph function of the sum-marized in the next chart apply to the trigonometry functions that we discussed in this section. Vertical
stretching or compression; Vertical reflection of the shift about y g d if negative y a' (b(x)) d Horizontal stretch or compression; Horizontal reflection of shift x - ¢, if negativel.3 Trigonometry Functions 27 Conversion Rules applied to the function of sinesoids, give a general function of sinesoids or sineoid formula g (x) - sin a2Bp (x - C) b gD, where 0 AQ is
amplitude, 0 B 0 - period, C - horizontal shift, and vertical shift. The graphic interpretation of the various terms is below. y amplitude (A) y - sin a2Bp (x - C)b Line y d. shift (C) D-A Vertical O shift (D) This is the distance x period (B). Exercises 1.3 U -3P,2 qP,3 P.6 P.4 5P.6 Radian and degree sin u 1. On a circle radius of 10 m, how long arc, which subtends cen-
cos u tan u tral angle (a) 4p'5 radian? (b) 110 euros? cot u 2. The central angle in the circle of radius 8 is thought to be an arc of sec at csc u length 10p. Find the radian angle and degree of measures. 3. You want to make a corner 80, marking the arc on the perim- In exercises 7-12, one of the sin x, cos x, and tan x given. Find the other two if x is in the specified
interval. eter disk with a diameter of 12 inches and drawing lines from the ends of the arc to the center of the disk. Up to the nearest tenth of an inch, like 7. Sin x No 3, x € with p, dr 8. tan x No 2, x € ¢ 0, dr long should be an arc? 5 2 2 4. If you roll the wheel 1 m ahead 30 cm above the earth's movel, at what angle will the wheel turn? The answer is in a radius of
9.cosx1,xec-p,0d10.cosx-5,x€cp,pdans (up to the nearest tenth) and degrees (to the nearest degree). 3 2 13 2 Rated trigonometry functions 11. tanningx No 1, x € p, 3pd 12. sinx - 1, x € ¢ p, 3p d 5. Copy and fill out the next feature table. If function 2 2 2 2 is not defined at that angle, enter UND. Don't use graphing trigonometry calculator or table.
The schedule of functions in exercises is 13-22. What is the period of each function? U-P 2P,3 0 P,2 3P,4 13. sin 2x 14. sin (x'2) sin u 15. cos px 16. cos px cos u 17. - sin p3x 2 tan in 18. - cos 2px crib u 1 9. cos ax - p2 b 20. Sin axe y p6 b sec y csc u 6. Copy and fill out the next feature table. If the function is not defined from that angle, enter UND. Don't use a
calculator or tables.28 Chapter 1 Features 2 1. Sin Axe - p4 b No 1 22. cos axe 23pb - 2 Solution trigonometry equations for exercises 51-54, decide for angle u where 0 ... U... 2p. Schedule of functions in exercises 23-26 in ts-plane (horizon t-axis- 51. sin2 u 34 52. sin2 u and cos2 u tal, s-axis vertical). What is the period of each function? What sim-meters do the
charts have? 53. sin 2u - cos u g 0 54. cos 2u and cos u 0 23. s th crib 2t 24. s -tan pt Theory and examples 25. s sec ap2th 26. s s csc a2t b 5 5. The formula is tangential to the standard formula tangent sum of two corners T 2 7. a. Graph y ish x and y sec x together for - 3p'2 ... x tan (A and B) - tan A and tan B. ... 3p'2. Comment on the behavior of sec x in
relation to 1-tan tan B marks and values cos x. b. Graph y sin x and y csc x together for -p ... X... 2p. Get the formula. Comment on csc x behavior in relation to sin signs and values x. 5 6. (Continued exercise 55.) Get a formula for tanning (A - B). 5 7. Apply the law cosines to B conposogutenibHom T 28. 'pacdmk y i 3arap X U 'y KpoBaTku X BMecTe gis - 7 ... X... 7.
Com- ment Ha NoBeAeHUN KPOBaTKM X MO OTHOLUEHWIO K 3HaKaM M 3HaYeHUAM PUCYHKA 415 TOro Y4Tobbl NofyunTb popmyty ans cos (A - b). 3arap x. y 29. 'padmk y - rpex x ny :sin x; Bmecte. Yto Takoe gomeH 1 1 gnanasoH :sin x;? 3 0. paduk y - rpex x n'y 4 u &lt;sin x=together. what= are= the= domain= a= and= range= of=&gt;&lt;/sin&gt; &lt;sin x=? 1= using=
the= addition= formulas= 0= b= x= use= the= addition= formulas= to= derive= the= identities= in= exercises= 31-36.= 1= 3= 1.= cos= ax= -= p2= b=sin x= 32.= cos= ax= += p2= b=-sin x= 3= 3.= sin= ax= += p2= b=cos x= 34.= sin= ax= -= p2= b=- cos= x= 3= 5.= cos= (a= -= b)=cos a= cos= b= += sin= a= sin= b= (exercise= 57= provides= a= 58.= a.=
&#x7;apply= the= formula= for= cos= (a= -= b)= to= the= identity= sin= u=different derivation.) = cos= ap2= -= ub= to= obtain= the= addition= formula= for= sin= (a= += b).= 3= 6.= sin= (a= -= b)=sin a= cos= b= -= cos= a= sin= b= b.= derive= the= formula= for= cos= (a= += b)= by= substituting= -= b= for= b= 3= 7.= what= happens= if= you= take= b=A in=the=
trigonometric= identity= in= the= formula= for= cos= (a= -= b)= from= exercise= 35.= cos= (a= -= b)=c0s a= cos= b= += sin= a= sin= b?= does= the= result= agree= 59.= a= triangle= has= sides= a=2 and= b=3 and= angle= c=60°. find= with= something= you= already= know?= the= length= of= side= c.= 38.= what= happens= if= you= take= b=2p in= the=
addition= formulas?= do= 6= 0.= a= triangle= has= sides= a=2 and= b=3 and= angle= c=40°. find= the= results= agree= with= something= you= already= know?= the= length= of= side= c.= in= exercises= 39-42,= express= the= given= quantity= in= terms= of= sin= x= and= 6= 1.= the= law= of= sines = the= law= of= sines= says= that= if= a,= b,= and= c= are=
the= cos= x.= sides= opposite= the= angles= a,= b,= and= c= in= a= triangle,= then= 39.= cos= (p= += x)= 40.= sin= (2p= -= X)= 4= 1.= sin= a32p= -= xb= 42.= cos= a32p= += xb= sin= a=sin b=sin c= .= a= b= c= 4= 3.= evaluate= sin= 7p= as= sin= ap4= += p3= b.= use= the= accompanying= figures= and= the= identity= sin(p= -= u)=12 sin= u,= if= required,= to=
derive= the= law.= 44.= evaluate= cos= 11p= as= cos= ap4= += 23p= b= .= aa= 12= 45.= evaluate= cos= 1p2.= 46.= evaluate= sin= 5p= .= 12= c= hb= c¢= bh= using= the= half-angle= formulas= b= a= cb= a= c= find= the= function= values= in= exercises= 47-50.= 47.= cos2= p8= 48.= cos2= 5p= 12= 62.= a= triangle= has= sides= a=2 and= b=3 and= angle=
€=60° (as= in= 49.= sin2= 1p2= 50.= sin2= 3p= exercise= 59).= find= the= sine= of= angle= b= using= the= law= of= sines.= 81.4 graphing= with= software= 29= 63.= a= triangle= has= side= c=2 and= angles= a=p&gt;B p'3. onpegenunts A, B, C n D ana yHKLMNA CUHYCTUHA B YNPaXHEHNSAX 67-70 N HAWTK O/IMHY CTOPOHbLI HANPOTMB A. 3CKU3 X rpadmku. 64.
Paccmotpum anvHy h nepneHamkynsapHo ot B k ctopoHe b 67.y 2 rpexa (x g p) - 1 68. y 1 rpex (px - p) 1 B AaHHOM TpeyronbHuke. MNokaxute, 4yTo 22 4y 6 3arap 3arapg69.yq-2rpexapth 1 70.y - L rpex 2Lpt, L70 3arap an 3arap g p 2 p 2p B COMPUTER EXPLORATIONS B ynpaxHeHusix 71-74, Bbi&lt;/sin&gt; 6yaete uccnegosarb rpacuyecky obLmin sine
a h g C dpyHkums A b q(x) - sina2Bp (x - - D 65. Check this number. Write a radius of r circle in terms of a and you. as you change the values of Constant A, B, C and D. Use CAS or a computer graph to take steps in exercises. Ar at 71. Period B Set Constants A No. 3, C and D 0. a. Plot q(x) for B 1, 3, 2p, 5p during the T 66 interval. Approaching sin x? x Often
useful to know that, -4p ... X... 4p. Describe what happens to the graph when x is measured in radians, sin x = x for numerically small overall sinus function as the period increases. in section 3.11, we'll see why the b. Approaching b. What happens to the negative B graph? Give it a shot. The approximation error is less than 1 in 5000 if 0 x 0 6 0.1. with B -3 and B -
2p. a. With your grapher in radian mode, chart y and sin x and 72. Horizontal Shift C Set Constants A Nos. 3, B and 6, D and 0. y g x together in the view of the origin. What the heck. Plot q(x) for values C q 0, 1 and 2 during the interval do you see going on as x approaching origin? -4p ... X... 4p. Describe what happens to the graph of the overall function of the
sinustin as C increases through positive values. B. With your grapher in degree mode, schedule the sins of x and y x together about the origin again. How does picture b. What happens to the negative C graph? d ifferent from the one received with the radian regime? C. What is the slightest positive value to be assigned to C so that the General Sine Curves chart
does not show horizontal shift? Confirm your answer with for the plot. B (x) - sin a2Bp (x - C)b q D, 7 3. Vertical Shift D Set Constants A Nos. 3, B and 6, C and 0. a. Plot g(x) for values D Nos. 0, 1 and 3 during the interval - 4p ... X... 4p. Describe what happens to the graph of the overall function of the sinustin as D increases through positive values. What happens
to the negative D chart? 7 4. Amplitude A Set Constants B No. 6, C and D 0. a. Describe what happens to the graph of the total sinus tion as it increases through positive values. Confirm your answer by identifying q (x) for A 1, 5 and 9. B. What happens to the negative A chart? 1.4 Graphics with software Many computers, calculators and smartphones have
graphic applications that allow us to graph very complex features with high accuracy. Many of these features otherwise could not have been easily on the chart. However, when using such graphics software, you need to take some care, and in this section we address some of the questions that may arise. In Chapter 4, we'll see how calculus helps us determine
that we're accurately looking at the important features of the function graph. Windows Graph When the software is used for graphics, part of the graphics is visible in the display or viewing window. In the Default software can give an incomplete or incorrect lead picture of the graph. We use the term square box when units or scales used by 30 Chapter 1 Features
on both ails are the same. This term does not mean that the display window itself is square (usually rectangular), but instead means that the x-unit is the same length as the u-unit. When you display the chart in default mode, the x-unit may differ from the scaling unit to capture the main features of the graph. This zoom difference can lead to visual distortions that
can lead to erroneous interpretations of the behav-ior function. Some graphics program allows us to set a viewing window by specifying one or both intervals, ... X... b and with ... Y... d, and this can allow you to equalize the scales used for axes as well. The software selects the same x-values of 3 a, b4, and then displays the dots (x, th (x)). The point is built if and
only if x is in the function domain and th (x) is in the interval of 3 ¢, d4 . Then a short linear segment is drawn between each drawn point and the next next next point. Now we give illustrative e xamples some common problems that may arise with this procedure. EXAMPLE 1 Feature Schedule No (x) - x3 - 7x2 and 28 in each of the following displays or viewing
windows: (a) 3 -10, 104 by 3 -10, 104 (b) 3 -4, 44 by 3 -50, 104 (c) 3 -4, 104 at 3 -60, 604 Solution (a) We select -10, b -10, ¢-10, and d No 10 to specify the x-values interval and y-values range for the window. The resulting graph is shown in figure 1.48a. It appears that the window cuts off the bottom of the chart and that the x-values interval is too large. Let's try
the next window. 10 10 60-44 10-10 10 -4 - 10 - 50 (a) (b) (b) (c) FIGURE 1.48 Graph q (X) - x3 - 7x2 and 28 in various viewing windows. Choosing a window that gives a clear view of the graph is often a trial and error process (example 1). The default window used by the software can automatically display the graph (c). b) We see some new graphics features
(Figure 1.48b), but the top part is missing and we need to view more to the right of x No. 4. The next window should help. (c) Figure 1.48c shows the graph in this new viewing window. Note that we get a fuller picture of the graph in this window, and this is a reasonable third-degree polynomial graph. EXAMPLE 2 When the x-unit graphics are displayed, it may
differ from the y, as in the graphs shown in the 1.48b and 1.48c charts. The result is a distortion in the picture that can be misleading. The display window can be done squarely by squeezing or stretching units on one axis to match the scale on another, giving a true graph. Many software systems have built-in options to make the window square. If you don't, you
should bring to your viewing some foresight of the true picture. Figure 1.49a shows graphs of perpendicular lines at x and x 322, along with a semicircle at 29 - x2, in the Nevada 3 -4, 44 on 3 -6, 84 win-dow displays. Notice the distortion. The lines do not appear to be perpendicular, and the semicircle appears to be elliptical in form.1.4 Graph with software 31
Figure 1.49b shows graphs of the same functions in a square box in which X-units are scaled to be the same as u-units. Note that scaling on the x-axis for Fig-ure 1.49a was compressed into a 1.49b figure to make a window square. Figure 1.49c gives an enlarged figure view of 1.49b with a square 3 -3, 34 on 3 0, 44 windows. 844 -4 4 -6 -6 -3 3 -6 -4 0 (a) (b) (b)
(c) FIGURE 1.49 Charts perpendicular lines y and x and y q - x 322 and semicircle y 29 - x2 seem distorted (a) in a non-square window, but clear (b) and (c) in square windows (example 2). Some programs may not provide submission options in (b) or (c). If the denominator of a rational function is zero at some x-value in the viewing window, graphics software can
cause a sharp segment of the almost vertical line from top to bottom of the window. Example 3 illustrates the steep segments of the lines. Sometimes the schedule of trigonometry function fluctuates very quickly. When graph-ing software builds graphics points and connects them, many of the maximum and minimum points are actually missed. The resulting graph
is then very misleading. EXAMPLE 3 Feature graph q (x) - Sin 100x. Figure solution 1.50a shows graph q in the viewing window 3 -12, 124 by 3 -1, 14 . We see that the graph looks very strange, because the sinus curve should periodically fluctuate between -1 and 1. This behavior does not appear in figure 1.50a. We could experiment with a smaller viewing
window, say 3 -6, 64 by 3 -1, 14, but the graph is no better (Figure 1.50b). The difficulty lies in the fact that the period of trigonometry function y and sin 100x is very small (2p-100 = 0.063). If we choose a much smaller viewing window 3 -0.1, 0.14 by 3 -1, 14, we get the graph shown in the 1.50c chart. This graph shows the expected oscillation of the sinus curve.
111-1212-66-0.10.1-1-1 (a) (b) (c) (c) FIGURE 1.50 Graphics function y and sin 100x in three viewing windows. Because the period is 2p-100 = 0.063, the smaller window in (c) best displays the true aspects of this rapidly fluctuating function (Example 3). EXAMPLE 4 Graphics features y and cos x 1 sin 200x. 200 Solution In the viewing window 3 -6, 64 by 3
-1, 14 graph looks just like cosine features with some very small sharp swaying on it (figure 1.51a). We get the best page 2 32 Chapter 1 Features to watch when we significantly reduce the window to 3 -0.2, 0.24 to 3 0.97, 1.014 . graph in figure 1.51b. Now we see small but rapid fluctuations of the second term, (1'200) sin 200x, added to the relatively large values
of the pig curve. 11.01-6 6 - 0.2 0.2 - 1 0.97 (a) FIGURE 1.51 (a) Function y cos x 1 sin 200x. (b) View of the closing 200 up, blown near the axis. The term cos x clearly dominates in the second semester, 1 sin 200x, which produces rapid vibrations along the curve of 200 cosine. Both views are necessary for a clear view of the graph (Example 4). Getting full
graphics Some graphics programs won't display part of the graph for th (x) when x 6 0. Usu-ally that occurs because of the algorithm the software uses to calculate function values. Sometimes we can get a full graph by defining the func-tion formula differently, as shown in the following example. EXAMPLE 5 Schedule features y and x1'3. Some graphics shows
the graph shown in figure 1.52a. When we compare it to the y and x1'3 and 23 x graphs in figure 1.17, we see that the left branch for x 6 0 is missing. The reason the graphs differ is because the software algorithm calculates x1'3 as e(1'3)Inx. Since the logarithmic function is not defined for negative x values, the software can only produce the correct branch where
x 7 0. (Logarithmic and exponential functions are discussed in detail in Chapter 7.) 22 -3 3 -3 3 -2 -2 (a) (b) FIGURE 1.52 Chart y and x1-3 missing left branch in (a). In (b) we x 0 x 0 1'3, getting both branches. (See example 5.) Graph function g (x) 0x0 To get the full picture showing both branches, we can graph function g (x) x 0 x 0 1'3. 0x0 This function is equal
to x1 x 3, except x 0 (where not defined, although 01'3 and 0). I'm showing the graph in 1.52b. Chapter 1 Issues to Guide Your Review 33 Exercises 1.4 Choice View Window 1 1.y 2x - 3x2'3 12. y q x1'3 (x2 - 8) T In exercises 1-4, use graphics software to determine which of the 13. y 5x2'5 - 2x 14. y x2'3 (5 - x) with window view, displays the most appropriate
graph of the feature. 15.0x2-1016.y0x2-x01. In(X) x4 -7x26x17.yyx318.yNol-x13a.3-1,14t0 3-3, 14 b. 3- 2, 24 to 3-5, 54 x 2, 3-10, 104 on 3-10, 104 d. 3- 5, 54 on 3-25, 154 19. X (x) x2and 2 20. xx2-12.x3-4x2-4x2-16x2,1x2-1a. 3-1, 14 on 3- 5, 54 b. 3- 3, 34 on 3-10, 104 s. 3-5, 54 on 3- 10, 204 d. 3- 20, 204 on 3-100, 1004 21.
X2X2X-1622.xx289-x--3.B(X)5x12x-x36x2-%x2a.3-1,14-3-1, 14 b. 3-5, 54 by 3-10, 104 2 3. The (x) 4x2 15x and 6 24. X (X) X - 3 . 3- 4, 44 on 3- 20, 204 d. 3- 4, 54 on 3-15, 254 - 10x - 2 4. X (X) 25 X 4x - x2 25. y sin 250x 26. y No 3 cos 60x a. 3-2, 24 on 3-2, 24 b. 3-2, 64 on 3-1, 44 3- 3, 74 on 30, 104 d. 3-10, 104 at 3-10, 104 27. y cos a5x0b
28.y 1lsinalx0b 1029.ygxy1sin 30x 30.y x2 and 1 cos 100x 10 50 Search software for graphics viewing window for graphics features specified in Exercises 31-36. Choose a viewing window that shows the key features of the feature. In exercises 5-30, find an appropriate graphics of the software viewing 31. The graph of the lower half of the circle is
determined by the equation x2 and 2x 4 and 4y - y2. window for this feature and use it to display your graphics. Winning-dow should give a picture of the overall function behavior. 3 2. Chart of the upper branch of hyperbole y2 - 16x2 No 1. There is more than one choice, but the wrong choice can miss impor- 33. Graph four period function q (x) - tan 2x. tant
aspects of the function. x 2 5. X (x) x4 - 4x3 and 15 6. x X3 - X2 - 2x 1 34. Chart two periods function g (x) 3 cribs No. 1. 3 2 3 5. The function graph g (X) - sin 2x and cos 3x. 7. X (X) x5 - 5x4 and 10 8. X (X) 4x3 - x4 3 6. q(x) - sin3 x. 9. x x29 - x2 10. In (x) X2 (6 - x3) Chapter 1 questions to guide your review 1. What is a function? What is its area? His range? What
is ar-8. When can | do one function with another? Give a line chart for function? Give examples. examples of compositions and their meanings at different points. Does the order in which the functions are composed matter matter? 2. What is the graph of the real function of the real variable? What is a vertical line test? 9. How do you change the y g (x) equation to
shift your verti-cally chart up or down Kk blocks? Horizontal left or right? 3. What is a specific function in parts? Give examples. Give examples. 4. What important features are often 1 0. How do | change the y q (xX) equation for compression or stretching in calculus? Here's an example of each type. graph factor ¢ 7 1? Reflect the graph through the coordinate axis?



Give examples. What does the increasing function mean? The reduction function? Here is an example of each of them. 1 1. What is a radian measure? How do you turn from a radian to a de-gri? Degrees to the radiant? 6. What is an oval function? Strange feature? What kind of prop symmetry has graphics of such features? What an advantage can 1 2. There
are six main trigopnometry functions on the chart. What symmetries do we take from this? Give an example of a feature that no graphics have? It's not weird. 1 3. What is a periodic function? Give examples. What are periods 7. If the functions that are real functions, how are the areas of the six main trigonometry functions? G, z - d, d, and ug, related to the domains
th and d? Give examples.34 Chapter 1 Features 1 4. Starting with the identity of sin2 u and cos2 u 1 and compression formulas, and reflection Schedule? Give examples. A graph for cos (A and B) and Sin (A and B) show how different other common sinus curves and identify constants A, B, C and D. trigonometry identities can be obtained. 1 6. What are the three
problems that occur when you schedule functions with 1 5. As a formula for the general function of sinus (x) - a calculator or computer with graphic software. Give examples. Sin ((2p-B) (x - C)) - D refer to displacement, stretching, Chapter 1 Practice Exercise Features and Graphics 33. The state of whether each function increases, decreases or does not. 1.
Express the scope and circumference of the circle as functions a. The volume of the sphere as a function of the radius of the circle. Then express the area as a circle function. B. The biggest function is integer 2. Let's express the radius of the sphere as a function of the surface of sphere C. Height above the Sea level of the Earth as a function of the atmospheric
zone. Then we will express the surface area as a volume function. pressure (supposed nonzero) 3. Point P in the first quadrant lies on parabola x2. Express D. Kinetic energy as a function of the speed of the P particle as a function of the angle of the P line of accession to origin. 3 4. Find the largest interval at which this feature increases. a. q(x) 0 x-2 0and 1 b.
(x) Balloon rising directly from field level, tracked c. g(x) - (3x - 1)1'3 d. R (x) - 22x - 1 finder range located 500 feet from the starting point. Express the height of the balloon as a line angle function from the Piecewise-Defined Finder range to the balloon does with the ground. In exercises 35 and 36, find the domain (a) and b) range. In exercises 5-8, determine
whether the schedule of the function is SIM- 3 5.y e 2- x, -4 ... X... 0 metrics about y-axis, origin, or neither. 2x, 06x... 4 5. yyx1 x56.yyx2-5-x-2,-2..X...-17.yx2-2x-18.ye-x236.ycX, -1 6 x ... 1In exercises 9-16, determine whether the function is even, odd, or -x No 2, 16x... 2 neither. 9. x2 and 1 10. y x5 - x3 - X In exercises 37 and 38, write in parts
formula for function. 11.yy 1 -cos x 12. ysec xtanx 37.y 38.y1 3. yyx4 21x 14.yx-sinx15(2,5) x3-15.yqxand cos x 16.y g x cos x 17. Suppose th and g are odd functions defined throughout the real line x. Which of the following (where are defined) are even? Weird? 0 12 a.m. 3s. The question (sinx)d. g(secx)e. 0g004x18.1fg(a-x)-q(a
X), show that g/x is an ove (X) - this is an naya feature composition of functions. In exercises 39 and 40, find in exercises 19-32, find (a) domain and (b) range. 19.th, x -220.yqg-2y21-xa. (I o g) (-1). b. (Mr. ©) (2). 21. 216 - x2 22. y y 32-x C. (1 o) (X). d. (Mr. o d) (x). 23.y 2e-x -3 24. ythtan (2x-p) 3 9. X (X) 1x,g/x) 1 25.y 2 sin (3x and p) - 1 26. y y x2'5 2x
227.ygcos(x-3)128.y-1y232-x40.X(X)2-%X,9(X)23x129.yNo5-2x2-2x-330.yq2and 3x2 In exercises 41 and 42 a) write formulas for g e g and g o and find x2 and 4 (b) domain and (c) range each. 31. 4 sins alxb 32. y 3cos x4 sin x4 1. 2 - x2, g(x) - 2x - 2x (Hint: Trigger identification 4 2. Chapter 1 Extra and Advanced Exercises 35 For
Exercises 43 and 44, Sketch Graphicsand c 55.y-Alandx56.ygq1l-x23-x-2,-4...X...-143.z(x)-c-1,-16x...157.yNos.1and 1 58.y (- 5x)1'3 2x2 x - 2, 16x... 24 4. h (x) x No 1, -2 ... x 6 0 Trigonometry bx - 1, 0... X... 2 In exercises 59-62 we will draw a graph of this function. What is the function period? Composition with absolute values in exercises
45-52, chart number 1 5 9. y cos 2x 60. y and sin x and No2 together. Then describe how to apply the absolute value of func- 6 1. y - sin px 2 tion in the 2nd affects the schedule No.1. 62. y, because px 2 x1 (x) No2 (x) 63. Sketch of the graphic at 2 cos ax - p3 b.45.x0x046.x20x0 26 4. Sketch graphicsyth1ysinaxeyp4b.47.x30x30 In exercises 65-
68, ABC is the right triangle with a straight angle on C. Parties of opposite angles A, B and C are A, B and C respectively. 48.x2x0x2x065.a. Find Aandbifcg2,Bandp3.49.4-x204-x20b. FindAand CifbNo2,Bandp'3.50.1106 6. A. Let's express ainterms of Aand c. xx 0 b. Let's express Ainterms of Aand b.51. 2x 30 x 0 67. A. Express
from the point of view of B and b. 5 2. sin x sin 0 x 0 b. Express C in terms of A and A. Shift and scale Charts 5 3. Suppose you're given a graph g. Write equations for graphs 6 8. a. To express sin A in terms of a and c., which are derived from graph g by displacement, scaling or re-b. Express Sin A in terms of b and c. flecting as stated. 6 9. The height of the pole
Two wires extend from the top T vertical pole to points B and C on the ground, where the C is 10 m closer to. Up to 1 unit, right 3 base pole than B. If the BT wire makes angle 35 2 with horizontal and wire CT makes angle 50 with 2 horizontal as high pole? B. Down 2 units, left 3 70. The height of the meteorological ball Observers at positions A and B c. Reflecting
on the y-axis 2 km apart simultaneously measure the angle of the height of the weather balloon to be 40 and 70 respectively. If the balloon D. Reflecting on the x-axis directly above the point on the segment of the line between A and B, find the height of the ball. E. Stretch vertically to 5 T 71. a. Graph of function g (x) - sin x and cos (x-2). F. Squeeze 5 b. What
seems to be the period of this function? 54. Describe how each graph is derived from the y q (x) graph. C. Confirm your find partially (b) algebraically. a.y g (x-5) b.y (4x) T 7 2. a. Graph q (x) - Sin (1'x). B. What is a domain and a range of th? c. y q (- 3x) d. y g (2x y 1) c. Is y periodic? Give reasons for your response. e. y ga3xb - 4 f. y - 3' (x) - 1 4 In Exercises
55-58, graph each function, not by building dots, but starting with the graph of one of the standard functions presented in drawings 1.15-1.17, and applying the appropriate transformation. Chapter 1 Extra and Advanced Exercise Features and Graphics 3. If g (x) is strange, is there anything to be said for g(x) q (X) - 2? What to do if No.1. Are there two features and
g such that o g g » th? Give Rea- even instead? Give reasons for your response. sons for your answer. 4. If g(x) is a strange feature defined for all x values, is there anything you can say about g(0)? Give reasons for your response. 2. Are there two features: g with the following property? Charts No and G are not straight lines, but the chart o g is 5. The equation
graphis0x 0x 0y 0 and 1 x x straight line. Give reasons for your response. 6. On the graph, the equation y and .y _x and _x .36 Chapter 1 Features Derivatives and Evidence Geometry 15. The center of the mass of the object moves at a constant speed of y along 7. Prove the following personalities. straight line past Origin. The accompanying figure shows a. 1 -
cos X - sin x b. 1 - cos x and tan2 x coordinate system and line of motion. The points show the positions sin x th cos 1 and cos x 2, which are 1 sec apart. Why are the Al, A2, C, A5 areas in Figure 1 all equal? As in Kepler's Equal Area Act (see section 13.6), the line that connects the mass center of an object to the origin sweeps out equal to 8. Explain the
following proof without words law cosines. areas at the same time. (Source: Kung, Sidney H., Proof Without Words: Law co-synes, Mathematics Magazine, Volume 63, No. 5, December 1990, p. 342.)y 2acos u-b 10t 6 a-c t'5 cb u Kilometers aa a a5 y't 5 A4 y't A3 t'2 9. Show that the area of the ABC triangle is given A2 (1'2)ab sin C (1'2)bc sin A (1'2)ca sin B.
Al1t1Cha0510 15 x Kilometers A CB 16. a. Find the slope of the line from the beginning to the middle of the AB side in the triangle in the accompanying shape (a, b 7 0). 10. Show that the area of the ABC triangle is given 2s (s - a) (s - b) (s - ¢), where s (a q q) 2 is y semiperimeter triangle. B (0, b) 11. Show that if q is both even and strange, q (x) O for each x in
the P 12 domain. a. E ven-odd decomposition Let and be a function whose do-O A(a,0) x core is symmetrical about origin, that is - x belongs to the domain when x does. Show that amount even b. When OP perpendicular to AB? function and odd function: 17. Consider the quarter circle of radius 1 and the right triangles ABE and g (x) - E (xX) and O (x), ACD, given
in the accompanying shape. Use the standard formu-las area to conclude that where E is an even function and O is a strange feature. (Hint: Let E (x) Show that E (-x) - E(x), so 1 sihnu 6 u 6 1 sinu. .. that E is oedus. 2 2 2 cos u b. Uniqueness Show that there is only one way to write, as do the sum of even and odd features. (Hint: One way is given partially (a). If
also q (x) - E1 (x) - O1 (x), where E1 (0, 1) C even and OL1 strange, show that E - E1 and O1 - O1 - O. Then use B Exercise 11 to show that E and E1 and O O.) 1 Influence of parameters on T 1 3 graphics. What happens to the graph y ax2 and bx c as u D x A E (1, 0) a. changes while b and ¢ remain fixed? 1 8. Let g (X) - axe - b and g(x) - cx and d. What
condition should b. b change (a and c fixed, # 0)? be satisfied with constants a, b, ¢, d in order (no » g) (x) c. c. changes (a and b fixed, # 0)? (°) (x) for each x value? T 14. What happens to the graph y a (x-b)3 and c as a. changes, while b and c remain fixed? b. b changes (a and c fixed, # 0)? c. c change (a and b fixed, # 0)? Chapter 1 Technology Applications
Projects 37 Chapter 1 Technological Projects application Mathematica/Maple Projects Projects can be found in MyMathLab. The Mathematica Review Mathematica is sufficient to complete the Mathematica modules appearing on the website. Simulation changes: springs, driving safety, radioactivity, trees, fish and mammals build and interpret mathematical
models, analyze and improve them, and make predictions using them. Photo The opening chapter: Lebrecht Music and Arts Photo Library/Alamy Stock Photo.2 Limits and Continuity OVERVIEW In this chapter, we develop the concept of the limit, first intuitively and then formally. We use restrictions to describe how the feature changes. Some functions change
incontinence-uously; small changes in x produce only small changes in th (x). Other functions may have values that jump, change erratically, or tend to increase or decrease without borders. The concept of limit provides an accurate way to distinguish between these behaviors. 2.1 Speed change and tangent lines of curves HISTORICAL BIOGRAPHY Medium
and instant speed Galileo Galileo At the end of the sixteenth century, Galileo found that a solid object fell from the rest (1564-1642) (initially does not move) near the surface of the earth and allowed to fall freely at a distance bit.ly/20pdNBs proportion to the square of the time it fell. This type of movement free fall. It involves a slight air resistance to slow the object
down, and that gravity is the only force acting a falling object. If u denotes the distance that fell into the legs after t seconds, then the law of Galileo y y 16t2 feet, where 16 is (approximately) a constant of proportionality. (If instead y is measured in meters, the constant is close to 4.9.) More generally, let's assume that a moving object has traveled a distance of t/t
during t. The average speed of an object in the time interval of 3 t1, t2 4 is by dividing the distance traveled by t2 - t1. A unit of measurement is length per unit of time: kilometers per hour, feet (or meters) per second, or something corresponding to the problem. Average speed When (t) measures the distance traveled during t, Average speed more than 31, t2 4 -
distance traveled - g (t2) - t (t1) passed time t2 - t1 EXAMPLE 1 Rock breaks from the top of a high cliff. What is its average speed (a) during the first 2 seconds of the fall? (b) Within one-second interval between the second one and the second 2? 382.1 Speed change and tangent lines to curves 39 A is the capital of the Greek letter Delta Solution The average
speed of a cliff during a given time interval is a change of distance, Ay, divided by the length of the time interval, A A A t. (The capital of the Greek letter Delta, A, is traditionally used to refer to increments, or changes, in variative. We have the following calculations: a) For the first 2 secs: Ay 16(2)2 - 16(0)2 and 32 feet (b) Sec 1 to sec 2: At 32 ft (b) From sec 1 to
sec 2 At332-0secAyy 16(2)2 - 16 (1)2 and 48 sfetc At 2 - 1 We want a way to determine the speed of a falling object in an instant t0 instead of using its average speed over the interval of time. To do this, we investigate what happens when calculating the average speed over shorter and shorter intervals, starting with t0. The following example illustrates this
process. Our discussion is informal here, but will be made accurate in Chapter 3. EXAMPLE 2 Find the speed of the falling rock in example 1 ont 1 and t 2 sec. Solution We can calculate the average speed of a rock over a period of time 3 t0, t0 and h 4, having a length of A t th (t0 and h) - (t0) h as Ay 16 (t0) h)2 - 16t0 2 feet At sec. (1) We can't use this formula to
calculate instant speed at the exact tO moment, simply by replacing h No. 0 because we can't divide by zero. But we can use it to calculate average speeds over shorter and shorter time intervals, starting at tO and 1 or t0 and 2. When we do this by taking less and less of the h value, we see a pattern (table 2.1). TABLE 2.1 Average speed for short periods of time
310, t0 and h 4 Average speed: Ay - 16 (t0) h)2 - 16t02 At h Length of average speed over average speed over time interval H length length interval, starting at t0 and 1, starting at t0 and 2 1 48 80 0.1 33.6 65.6 0.01 32.16 64.16 0.0.0. 001 132.016 64.016 0.0001 32.0016 64.0016 Average speed at intervals, Starting at tO No 1, seems to be approaching a limiting
value of 32 as the length of the interval decreases. This suggests that the rock falls at a speed of 32 feet a sec at t0 and 1 sec. Let's confirm this algebraically.40 Chapter 2 Limits and Continuity If we install t0 No 1, and then expand the numerator in the equation (1) and simplify, we find that Ai 16 (1h) 2 - 16 (1)2 16 (1 - 2h h2) - 16 Ah h 32h 16h2 32 16h. Can
undo h when # 0 h For h values is different from 0, the expressions on the right and left are equivalent, and the average speed is 32 and 16h ft'sec. Now we can understand why the average speed has a limiting value of 32 and 16 (0) and 32 feet sec as h approaches 0. Similarly, installing tO No. 2 in Equation (1), for h values is different from 0 the procedure gives
Ay 64 and 16h. AThe H gets closer and closer to 0, the average speed has a limiting value of 64 feet and seconds when t0 and 2 sec as suggested in table 2.1. The average rate of an object's fall is an example of a more general idea, the average rate of change. Y Average rate of change and Secant Lines y f (x) Given any function y g (x), we calculate the
average rate of change y relative to x during the interval of x1, x2 , dividing the change of value y, Ay (x2) - q (x1), q (x2, f (x2)) by the length of Ax x2 - x1 - x1 interval over which the change occurs. (We use the h symbol for Ax to simplify notation here and later.) THE AVERAGE rate of change y q (X) relative to x during the interval of 3 x1, x2 4 is Secant y Ay (x2) -
#qg (x1) P (x1, f (x1)) Ax x2 - x1 h x x 0 X1 x2 x geometrically, the change rate is more than 3 x1, x2 4 is a line tilt through points P (x1, g (x1)) and No (x2, g (x2)) (Figure 2.1). In the geometry line, connect the two points of FIGURE 2.1 A secant to the curve of the chart, called the sekant line. Thus, the average rate of change from x1 to x2 is identi-y q (x). Its slope
A1 Ax, feces with a slope secant line of PL. As point P approaches the average speed, the change over the H-period curve over which the change occurs approaches zero. We will see that this procedure leads to the definition of a curve tilt at the point. 3 x1, x2 4. P Definition of slope curve L We know what is meant by tilting a straight line, which tells us the speed
at which it O rises or falls- its rate changes as a linear function. But what does the curve mean at P on the curve? If there is a touchline to the curve on the P-line that FIGURE 2.2 L on a tangent to a circle on grazes Curve, as a tangent line to the circle, it would be reasonable to determine P if it passes through the P perpendicular to the slope of the tangent line as
the slope of the curve on the P. We will see that among all the lines of the OP radius that pass through point P, the tangent line is the one that gives the best approach to the curve on the P. We need an accurate way to indicate the tangent line at the point on the curve. Pointing a tangent line to a circle is simple. Line L on a tangent to a circle at point P if L passes
through P and perpendicular to radius P (Figure 2.2). But what does it mean to say that the L line is tangent to a more general curve at point P?2.1 The pace of change and the tangent lines of curves 41 HISTORICAL BIOGRAPHY To determine tangents for common curves, we use an approach that analyzes the behavior of Pierre de Fermat from the lines of the
sectarian that pass through P and nearby points as g moves to the P curve (1601-1665) (figure 2.3). Let's start with what we can calculate, namely the tilt of the bit.ly/2NRJEeC line of the PP. We then calculate the limiting value of the secant line tilt as the P approaches the curve. (We clarify the idea of a limit in the next section.) If the limit exists, we believe it is a
tilt curve at P and determine the tangent line curve on the P to be a line through the P with this slope. The following example illustrates a geometric idea for finding a tangent line of a curve. Tangent Line Secant Lines P - Tangent Line Secant Lines - FIGURE 2.3 Line Curve on P - is a line through P, the slope of which is the limit of the inclines of the secant line as
S P on both sides. EXAMPLE 3 Find a tangent line to parabola x2 at point (2, 4) by analyzing the slopes of secant lines through (2, 4). Write an equation for the tangent line of the parabola at this point. We start with a sequent line via P (2, 4) and the nearby point No. (2 hours, (2 hours)2). Then we write an expression for tilting the secant P line and explore what
happens to the slope as we approach the P on the curve: the slope of the Secant line - Ay (2h)2-2h2-4h4 -4 Axh2 and 4h h. hIf h 7 0, then q lies above and right of P, as in figure 2.4. If h 6 O, th lies to the left of P (not shown). In any case, as you approach the P along the curve, h approaches zero, and the slope of the line secant h No. 4 approaches 4. We
take 4 to be a slope parabola on the slope of the P. y Secant line is (2 x) 2 and 4 x 4. y x2 h (2 hours, (2 hours)2) On the tangent line No. 4y (2 hours) 2 - 4 P (2, 4) x x x 0 2 x not SCALE FIGURE 2.4 Finding a parabola slope at x2 at point P (2, 4) as a tilt limit of the secant line (Example 3).42 Chapter 2 Limits and continuity of the Tangy Line to Parabola on P is a
line through P with a slope 4: 4 and 4 (x - 2) 4x - 4. The pace of change and tangent lines the speed with which the rock in example 2 fell in moments t Nos. 1 and t 2 are called instantaneous rate of change. The instantaneous pace of change and the inclinations of tangent lines are closely related, as we see in the following examples. EXAMPLE 4 Figure 2.5
shows how the drosophila population grew in a 50-day experiment. The number of flies is counted at regular intervals, the calculated values, built in relation to the number of days that have passed, and the points connected by a smooth curve (blue in figure 2.5). Find the average growth rate from day 23 to day 45. The decision was 150 flies on day 23 and 340
flies on the 45th day. Thus, the number of flies increased by 340 - 150 and 190 in 45 - 23 and 22 days. The average rate of population change from the 23rd to the 45th day was the average rate of change: Ap 340 - 150 and 190 = 8.6 flies per day. A 45 - 23 22 p 350 (45, 340) 300 Number of flies 250 x 190 200 150 P (23, 150) p L 8.6 fliesday 100t 50t 22 0 10 20
30 40 40 t Time (days) FIGURE 2.5 Growth of fruit fly population in controlled experiment. The average rate of change over 22 days is A A does not correspond to the secant line (Example 4). This average is the tilt of the sequest line through points P and q on the graph in figure 2.5. The average rate of change from day 23 to day 45, calculated in example 4, does
not tell us how quickly the population changed on day 23. To do this, we need to study the time intervals closer to the day in question. EXAMPLE 5 How quickly did the number of flies grow in the Sample 4 - ING population on the 23rd day? To answer this question, we examine the average rate of change over shorter and shorter time intervals, starting on the
23rd day. From a geometric point of view, we find these bets by calculating the slopes of the secant lines from P to g, for a sequence of points approaching P on a curve (Figure 2.6).2.1 The pace of change and tangent lines to the curves of 43 Slope P q p, t p B (35, 350) (flies, day) No 350 (45, 340) (45, 340) 340 - 150 300 (400) (45, 340) 340 - 150 300 (400)
(400) (400) , 330) 45 - 23 = 8.6 Number of flies 250 (35, 310) 200 (30, 265) 330 - 150 = 10.6 150 P (23, 150) 40 - 23 100 50 310 - 150=13.335-230265-150=16.44 4 1020 3040501t 30 - 23 A (14, 0) Time (days) FIGURE 2.6 Positions and slopes of four secate lines through point P on the fruit fly chart (Example 5). Values in the table show that the slopes
of the secant line rise from 8.6 to 16.4, as the t-coordinates of the th decrease from 45 to 30, and we expect the slopes to rise a little higher as t continued to decline to 23. Geometrically, the secant lines rotate counterclockwise on P and seem to be approaching the red tangent line in the picture. Since the line seems to pass through the dots (14, 0) (35, 350), its
slope is about 350 - 0 16.7 flies per day. 35 - 14 On the 23rd day the population increases at a rate of about 16.7 flies per day. The instantaneous rate of change is a value that approaches the average rate of change because the length of the h interval over which the change occurs is approaching zero. The average rate of change corresponds to the tilt of the
secant line; The instantaneous velocity corresponds to the incline of the tangent at a fixed value. Thus, the instantaneous pace and slopes of the tan lines are closely related. We give an accurate definition for these terms in the next chapter, but for that we first need to develop a concept of limit. Exercise 2.1 Average rate of change tilt curve at point in exercises 1-
6, find the average rate of change function more in exercises 7-18, use the method in example 3 to find (a) tilt of a given interval or intervals. curve at this point P and (b) by the tangent 1 equation. The (X) x3and 1 lineon.a. 32,34 b. 3-1,147.yx2-5,P(2,-1)2.g(X)x2-2x8.yNo7-x2,P(2,3)a.31,34b. 3-2,449.yx2-2x-3,P(2,-3)3.h(t)-cott10.y
X2 - 4x, P(1, - 3) a. 3p-4, 3p-44 b. 3p-6,page2411.yqx3,P(2,8)4.g(t) No2andcost12.yq2-x3,P(1,1)a. 30,pdb. 3-p,p413.yx3-12x, P(1,-11)5. R(u) No24uNo 1;30,2414.yx3-3x2y4,P (2,0)6. Plu-u3-4u2and5u;31,2415.yNo1l,P(-2,-12)x44 Chapter 2 Limits and Continuity 1 6. y 2 x X, P(4, - 2) b. What are the average profit
growth rates between 2012 and 2014? 1 7.y q 1x, P(4, 2) c. Use your chart to estimate the rate at which profits changed in 2012. 18. 27 - x, R (- 2, 3) T 22. Make a table of values for function F(x) - (x - 2) (x - 2) Instant rate change in points x 1.2, x 11'10, x 101'100, x 1001'1000, 19. The speed of the car Accompanying figure shows the time up to x 10001 x
10,000, and x 1. Distance chart for a sports car accelerating from a stop. a. Find the average F (x) change rate during intervals of 31, x4 for each x # 1 in the table. Distance (m) s P 650 No4 b. Extending the table if necessary, try to determine the F (x) change rate of 600 x 3 at x 1. 500 2 400 T 23. Let g(x) 2x for x g 0. 300 1 200 euros a. Find the average rate of
change g(x) relative to x during intervals of 31, 24, 31, 1.54 and 31, 1 and h4. 100 b. Make a table of average g change rate from 0 5 10 15 20 tin relation to x during the interval of 31, 1 h4 for some h Elapsed time (sec) values approaching zero, say, h 0.1, 0.01, 0.001, 0.0001, 0.00001 and 0.000001. a. Assess the slopes of the sectarian lines of PP1, PP2, PP3
and PP4 by setting them up in order in a table similar to the table in figure 2.6. C. What your table points to is the rate of change g(x) the appropriate units for these slopes? in relation to x on x No 1? B. Then estimate the speed of the car during the t 20 seconds. d. Calculate the limit as you approach zero average speed 2 0. The accompanying figure shows the
section of distance traveled compared to the change in g(x) relative to x during the interval of 31, 1 and h4. time for an object that fell from the lunar lander dis- T 2 4. Let g (t) 1't for t # 0. 80 m to the surface of the moon. a. Find the average rate of change in relation to t over. Evaluate the slopes of the sectarian lines of PP1, PP2, PP3 and intervals (i) fromt2to t
3, and (ii) from t 2 to PL4, having arranged them in a table similar to the table in figure 2.6. About how quickly the object was going when it hit the surface? B. Make a table of average change rate values against t during the interval of 32, T4 , for some values T ap-distance fell (m) y proaching 2, say T 2.1, 2.01, 2,00001, 2.00001. 80 No. 4 P 60 No3 c. What does
your table indicate is the rate of change from 40 x 2 to t on t No 2? 20 g1 d. Calculate the limit as T approaches the average change rate in relation to t in the interval from 2 to T. You will have to make some algebra before you can replace T No 2. 2 5. The accompanying graph shows the total distance traveled by a cyclist after t hours. Distance traveled (mi) s 40 0
510t 30 Past time (sec) 20 T 21. The small company's profit for each of the first five years of its 10 activities is listed in the following table: Annual profit of $1000s 0 1 2 3 4t Elapsed time (hr) 2010 6 2011 27 a. Rate the average speed of a cyclist during the 2012 2012 intervals 62 30, 14, 31, 2.54 and 32.5, 3.54. 2013 111 2014 174 b. Assess the instant speed of
the cyclist at times 1t 2, t 2, and t No. 3. a. Plot items presenting profit as the function of the year, and c. Assess the cyclist's top speed and some time to join them as smooth a curve as you can. 2.2 Limit of functions and laws on limitation 45 26. The accompanying graph shows the total amount of gasoline A V. Assess the average level of gasoline consumption
above the gas tank of the car after driving for t days. time intervals 30, 34, 30, 54 and 37, 104 . The remaining amount (gal) b. Estimate the instantaneous rate of gasoline consumption 16 at a time whent1,t 4, and t 8. 12 c. Assess the maximum rate of gasoline consumption and 8 specific time at which it occurs. 410123456 7 8 9 10 Past Time (days) 2.2 THE
limit of function and limitation of THE laws HISTORICAL ESSAY In section 2.1 we have seen how there are restrictions when looking for an instant speed change in the function of the limits or the tangent line of the curve. We begin this section by presenting an informal bit.ly/2P04ZyV definition the function limit. We then describe laws that fix the behavior limits.
These laws allow us to quickly calculate limits for various functions, including polynomials and rational functions. We present an accurate definition of the limit in the next section. y Limits of functional values 2 Often when studying the function of y q (x), we find ourselves interested in the behavior of func-tion near a certain point C, but not on the c itself. An
important example is 1 y f (x) x2 - 1, when the process of trying to evaluate the function by C results in a division of zero that x-1 is uncertain. We came across this when looking for an instant change rate in y, looking at the Ay'h factor function for h closer to zero. In the following example x, we'll figure out how a function behaves near a certain point where we can't
directly assess the function. -1 0 1 EXAMPLE 1 How does the function y x2 - 1 x-1 (x) 2 behave near x No 1? The y'x'1 solution is defined by this formula for all real numbers X, except x No. 1 (since we can't divide 1 by zero). For any x # 1, we can simplify the formula if we take into account the numerator and cancel the common factors: -1 0 1 x (x - 1) (x-1) x-1 (X) -
x 1 for x # 1. FIGURE 2.7 Chart is identical to The Chart of th x x 1 with a dot (1, 2) removed. This remote point is shown as a hole in Figure 2.7. Although q(1) is not defined, it is clear that we with the line y x y 1, except x y 1, can make the value q (x) as close as we want 2, selecting x close enough to 1 where not defined (Example 1). (Table 2.2). Unofficial
description of the function limit We now give an informal definition of the function limit - at the point of the interior of the domain. Suppose that th (X) is determined at an open interval of about ¢, except perhaps c46 Chapter 2 Limits and the continuity of TABLE 2.2 As x gets closer to 1, itself. If th (x) arbitrarily close to the L number (as close to L as we like) for all x
suffi- th (x) gets closer to 2. ciently close to ¢, except for ¢ itself, then we say that q is approaching the L limit, as x x2 - 1 approaches ¢, and write x'1 x (x) - lim (x) I, 0.9 1.9 xSc 1.1 2.1 0.99 1.99, which reads the limit of 2 as approaching x |. In example 1 we would say that 1.01 2.01 (x) is approaching the limit 2 as approaching x 1., and write 0.999 1.999 1.001
2.001 lim (x) 2, or lim x2 - 1 g 2. 0.999999 1.999999 x - 1 1 1.000001 2.000001 xS1 xS1 Essentially, the definition says that the values of th (x) are close to L number whenever x is close to c. Function value by itself is not considered. Our definition here is informal because phrases such as arbitraryly close and close enough are inaccurate; their value depends on
the context. (Machinist piston, close could mean within a few thousand days in. For an astronomer studying distant galaxies, closure could mean within a few thousand light-years.) Nevertheless, this definition is clear enough that we can recognize and evaluate the limits of many specific functions. We will need an accurate definition given in section 2.3 when we
make a prove theorem about limitations or explore complex functions. Here are a few more ples exams exploring the idea of limitations. The EXAMPLE 2 feature limit doesn't depend on how the function is determined when you're approaching. Let's look at three features in figure 2.8. The g function has a limit of 2 as x S 1, even though it is not defined on x No. 1.
Function G has a limit of 2 as x S 1, although 2 # g(1). H is the only one of the three features in Fig-ure 2.8, whose limit as x S 1 is equal to its value on x No. 1. For h, we have limxS1 h(x) h(1). This equality of the value of the limit and function is important. As shown in the three examples in figure 2.8, the equality of the limit and function reflects continuity. We
study this in detail in section 2.5. yyyyy 222 y'x 111 ¢cx-101x-101x-101xC (@) f(x) -x2 -1 (b) g(x) - x2 - 1, x'1 (c) h(x) x 1 FIGURE 2.8 Limits g (x), g'x, and h'x all equal 2 as x 1 approaches. However, only h(x) has the same function value as its limit on x No. 1 (Example 2). K y'k The process of finding a limit can be broken down into a series of steps,
including limiting the basic functions that are combined with a sequence of simple operations that we will develop. Let's start with two main functions. 0cx EXAMPLE 3 We find the limits of identity function and permanent function, as x approaches x g (b) Permanent function FIGURE 2.9 Features in Example 3 (a) If it is a function of identification x (x) x, then for any
value c (figure 2.9a), have limits at all points c. lim xSc2.2 Feature limit and limit laws 47 (b) If g is a permanent function q (x) k (with a permanent function k) , then for any value c (figure 2.9b), lim g (x) - lim k. xSc xSc For instances of each of these rules we have a lim x 3 Definition Limit identification function on x 3 and xS3 Limit of permanent lim function lim (4) -
lim(@)4. In(X)4onx-7oronx2XxS-7xS2 We prove these rules in example 3 in section 2.3. The function may not have a limit at a certain point. Some ways that restrictions may not exist are illustrated in Figure 2.10 and described in the following example.yyy 1y'0,xy0y'1,x01,x0x10,x0x0x0x0xy 0, x 0 Sin 1, x x X -1 (a) Step U(x) (b) g(x) f (X)
FIGURE 2.10 None of these features has a limit as x approaches 0 (example 4). EXAMPLE 4 Discuss Behavior following features explaining why they don't have a limit like x S 0. a) U (x) 0, x60 e 1, x'0 (b) g/x- 1, x20 x'0 0, (c) g (x) ¢ 0, x... 0 x70 Sin 1, x Solution (a) Horse Racing Feature: The step function of unit U (x) has no limit like x S 0 because its values
jump on x 0. For negative x values arbitrarily close to zero, U(x) 0. For positive values x arbitrarily close to zero, U(x) 1. There is no single L ap- proached by U(x) as x S 0 (Figure 2.10a). b) The function becomes too big to have a limit: g(x) has no limit, as x S 0, because g values grow arbitrarily large in absolute value like x S 0 and therefore do not remain close

to any fixed real number (Figure 2.10b). We say that the function is unlimited.48 Chapter 2 Limits and Continuity (c) Function fluctuates too much to have a limit: g (X) has no limit as x S 0, because function values fluctuate between No.1 and -1 in each open interval containing 0. Values do not remain close to any one number, like x S 0 (Figure 2.10c). The Laws
limiting a few basic rules allow us to break down complex functions into easy-to-calculate limits. By using these laws, we can greatly simplify many of the limitations of computing. THEOREM 1-Limit Laws If L, M, C, and K are real numbers and lim (x) - L and lim g(x) - M, then xSc xSc 1. Amount Rule: Lim (i)(x) Difference Rule: 3. Permanent plural rule: xSc 4.
Product rule: lim (i.x) - g/x) - L - M 5. Odds rule: 6. Power rule: xSc and #lim (k 7. Root rule: xSc (x)) - k L - #lim (i) (x) xSc g/x) - L M lim (x) - L, M£0 g(x) M xSc lim 3 (x) 4 n n n positive integrator x 2n n positive integer xSc (If n even, we assume that g (x) O for x in the interval containing c.) The amount rule states that the limit of the amount is the amount of the
limits. Similarly, the following rules state that the margin is the difference; The limit of the permanent function time is the constant function limit time. The product limit is prod-uct limits; The coefficient limit is the limit factor (provided that the denominator limit is not 0); The limit of the positive energy of the integrator (or root) function is the integrative power (or root)
limit (provided that the root of the limit is a real number). There are simple intuitive arguments as to why properties in the theorem 1 are correct (although they are not evidence). If x is close enough to C, then th (x) is close to L and g(x) close to M, from our unofficial definition of the limit. This is because q (x) g(x) is close to L-M; K (x) - g(x) close to L - M; CH (x) is
close to HL; K(x)g (x) is close to LM; and x (x) x (X) is close to LM if M is not zero. We prove the amount rule in the section based on the strict definition of the limit. Rules 2-5 2-5 proven in Annex 4. Rule 6 is obtained through the application of Rule 4 repeatedly. Rule 7 is proven in more advanced texts. The rules of the amount, differences and product can be
extended to any number of functions, not just two. EXAMPLE 5 Use observations limxSc k k and limxSc x (Example 3) and Limit Laws in Theorem 1 to find the following limits. a) Lim (x3 - 4x2 - 3) xSc (b) lim x4 - x2 - 1 x2 - 5 xSc (¢) lim 24x2 - 3 xS-22.2 Limit function and limit laws 49 Solution (a) lim (x3 - 4x2 - 3) 3 - lim 4x2 - lim 3 Sum and Difference Rules Power
and Multiple Rules xSc xSc xSc xSc Ratio Rule - ¢3 - 4c2 - 3 Amount and Difference Rules (b) lim x4 - x2 - 1 x lim (x4 - 1) Power or Product Rule x2 5 5) Root Rule with n 2 xSc xSc Difference Rule Lim (x2 - P roduct and a few rules and limit xSc permanent function lim x4 - lim x2 - lim 1 - xSc xSc xSc lim x2 - lim 5 xSc xSc ¢4 - c2 - 1 ¢c2 - 5 (c) lim 24x2 - 3 4x2 - 3)
X -2 XS -2 -21lim 4x2 - lim 3 xS-2 xS-24 (- 2)2 - 3 - 216 - 3 - 213 Assessment of the limits of polynomials and rational functions theorem 1 makes it easier to calculate the limits of polynomial and rational functions. To estimate the limit of the polynomial function as x approaches, simply replace the C for x in the function formula. To estimate the limit of rational
function as x approaches point C, where the denominator is not zero, replace c for x in the formula for function. (See Examples 5a and 5b.) We will officially state these results as theorems. THEOREM 2-Polynomial Limits If P (X) - anxn - 1xn- 1 g th a0, then lim P/x) - P (c) - ancn - 1cn - 1 g th a0. xSc THEOREM 3 - Limits of rational functions If P (x) and q (x) are
polynomials and q (c) # 0, then lim P'x - P/c. B (x) g(c) xSc EXAMPLE 6 The following calculations illustrate theorems 2 and 3: lim x3 - 4x2 -3 (- 1)3-4 (- 1)2-3-0x2 No 5 (- 1)2 and 5 6 xS -1 Since the denominator of this rational expression is not equal to 0, When we replace -1 for x, we can simply calculate the expression value by x -1 to estimate the limit.
Eliminating common factors from the theorem of 3 zero denominators is only applied if the denominator of rational function is not zero within point c. If the denominator is zero, the abolition of common factors in the numerator and 50 chapter 2 limits and the continuity of the definition of the common denominator of factors can reduce the fraction to the point whose
denominator is no longer zero with c. If this happens, we will be able to find a replacement limit in the simplified fraction. If g (x) is polynomial and q(c) O, then (x - c) is a g/x factor. Thus, if the nu-EXAMPLE 7 Rate the merator and the denominator of rational function x are zero on x g c, they have (x - ¢) lim x2 and x - 2. as a common factor. x2 - xs1 y Solution that
we can't replace x No.1 because it does Scratch. We test the numerator to see if it is also zero on x No.1. That's right, so it has a factor (x - 1) in the com x2 x - 2 months with a denominator. The cancellation of this common factor gives a simpler fraction with x2 - x the same values as the original for x # 1: 3 (1, 3) - 1) (X X(X-1) X2 - x -2 (x 2) - XX 2, if x # 1. X2 - X -2
0 1 x Using a simpler fraction, we find the limit of these values as x S 1, estimating the function in x No 1, as in the theorem 3: @) Imx2 x -2 -limxx2-1-2-3.x2-x1yxS1xS1y'x2 See figure 2.11. x 3 (1, 3) Using calculators and computers to estimate the limits of -2 0 1 We can try using a calculator or computer to guess the numerical limit. However, Tory
calculations and computers can sometimes give false meanings and misleading evidence about limitations. x Usually the problem is related to rounding errors, as we now illustrate. (b) EXAMPLE 8 Rate lim 2x2 and 100 - 10. x2 FIGURE 2.11 Graph xS0 (x) (x2 - x - 2) (x2 - x) partially (a) the same as the 2.3 solution table graph lists the function values received on
the calculator for multiple g/x points (x 2) in part (b) except for the approaching x No 0. As x 0 approaches through points 1, 0.5, 0.10 and 0.01 euros, on x No. 1, where not defined. The feature seems to be approaching the number 0.05. features have the same limit as the x S 1 (Example 7). As we take even smaller values x, g0.0005, g0.0001, q0.00001, and
0.000001, the function seems to approach number 0. Is the answer 0.05 or 0, or some other value? We will solve this issue in the following example. TABLE 2.3 Calculated values q(x) 2x 2 - 100 - 10 about x 0 x2 x (x) 1 0.049876 - 0.5 - 0.1 0.049969 tons approaches 0.05? 0.01 0.049999 0.0005 0.050000 - 0.0001 - 0.00001 0.050000 - 0.000001 0.000000 while
approaching 0? The restriction of functions and laws limiting 51 Use of a computer or calculator can give mixed results, as in example 8. A com-puter can't always track enough numbers to avoid rounding up errors in the calculation of th (x) values when x is very small. We cannot replace x No 0 in a problem, and the numerator and denominator have no obvious
common factors (as was the case in example 7). Sometimes, however, we can create a common factor algebraically. EXAMPLE 9 Rate 2x2 and 100 - 10. x2 xS0 Solution This is the limit that we covered in example 8. We can create a common factor by multiplying both the numerator and the denominator by conjuving the radical expression 2x2 and 100 and 10
(received by changing the mark after the square root). Pre-algebra rationalizes numerator: #2x2 100 - 10 - 2x2 - 100 - 10 2x2 - 100 - 1100 Mtheulctoipnljyugaantde .divide on x2 x2 2x 2 - 100 - x2 - 100 - 1 0010) Simplify x2 (2x2 and 100 x2 , 2x2 x2 - x2 - 100 10) Cancel x2 for x # 0. 2 x2 th +. 100 10 So lim 2x2 - 100 - 10 - lim 1 x2 100 xS0 xS0 2x2 1 0.05. 20 This
calculation gives the correct answer by allowing ambiguous computer results in Example 8. We can't always manipulate terms in expression to find a coefficient limit where the denominator becomes zero. In some cases, the limitation can be found through geometric arguments (see proof of the theorem 7 in section 2.4) or h calculus methods (developed in

section 4.5). The following theorem shows how to evaluate the difficult lymph-L F of it by comparing them with functions with known limits. g Sandwich theorem Oc x Next theorem allows us to calculate different limits. It's called Theorem Sandwich because it refers to a function whose values are sandwiched between val- FIGURE 2.12 Chart th is the sand-ues of
the other two functions g and h, which have the same L limit at point C. Trapped between graphs g and h. between the values of the two functions that approach L, the L values should also approach L (Figure 2.12). Proof is given in the appendix 4.52 Chapter 2 Limits and Continuity OF THEOREM 4-The Sandwich Theorem Suppose g(x) ... The question (X) ...
h(x) for all x in some open interval containing c, except perhaps the most x y ¢. Suppose also that lim g(x) - lim h(x) - L. xSc xSc Then lim (x) - L. xSc y'1' x2 The Sandwich TheOrem is also called Theorem compression or Theorem pinch. 2 2 EXAMPLE 10 Given the u function that satisfies u(x) x2 x2 1 -4 ... u(x) ... Ly 2 for all x # 0, 1 y'1- x2 find limxSO0 u(x), no
matter how complicated you have. -1 0 4 1x Solution C FIGURE 2.13 Any function u(x) lim (1 - (x2)) No. 1 and Lim (1 x2)) whose chart is in the area between xS0 xS0y 1 (x2)2) and y 1 - (x2'4) has a limit of 1 as x S 0 (Example 10). Sandwich theorem implies that limxS0 u(x) No 1 (Figure 2.13). EXAMPLE 11 Theorem Sandwich helps us set several important
rules of limitation: (a) lim sin u g 0 uSO (b) lim cos u g 1 uSO (c) For any function No 0, lim 0' (x) 0 xSc y y'0u0 Solution 1 y sin u (a) In section 1.3 we have established that-0u 0 ... siny ... 0 u O for all u (see figure 2.14a). Since limuS0 (- 0 u 0) - limuS0 0 u 0 and 0, we have -pulimsinug0. puS0-1y-0u 0 (b) From Section 1.3,0...1-cosy ... 0 u O for all u (see¢
Figure 2.14b) and we have (a) limuS0O (1 -cosu)0soylim1-(1-cosu)l-yO0OulusOuSOlimcosu 1. Simplify 1y 1-cosus0-2-1012u(c) Since-0q(x)0... The question (x) ... 0 th (x) 0 and - 0 (x) 0 and 0 (x) 0 have a limit of 0 as x S c, it's fol-minimums that limxSc (x) 0. (b) Sample 11 shows that the functions of the sinuses and the cosy up to their
limits on FIGURE 2.14 Sandwich Theorem u No 0. We have not yet established that for any c, lim sin y and sin ¢, and lim cos u s c. confirms the limits in Example 11. uSc uSc These restriction formulas do hold up, as will be shown in section 2.5.2.2 Limit function and limit laws 53 Exercises 2.2 Limits from Graphics e. lim (x) exists at each point C in (1, 3). 1. For
the g(x) feature on the graph here, find the following limits or xSc explain why they don't exist. f. z(1) 0 a. limg(x) b. limg(x)c. limg(x)d. limg(x)g.q(l)-2y-2yf(x) xS1xS2xS3xS25h.(2)-01yi. (2)-1-1123x-1yg(x)1-2 123 x Limits 2. For the No (t) function on the chart here, find the following limits, or in exercises 5 and 6, explain why the limits don'
exist. explain why they don't exist. x 1 5. Lim 6. lim x - 1 0x0 xS0 xS1 a. Lim (t) b. Lim (t) c. Lim (t) d. Lim (t) 7. Suppose q(x) is defined for all real values xtS -2tS -1tS0t S -0.5, except x -c. Can | say anything about the existence of limxSc y (x)? Give reasons for your response. s 8. Suppose the function x (x) is defined for all x in 3- 1, 1 . Is there anything to
be said for the existence of limxS0 (x)? Give reasons for your response. -2 -1 0 1 t 9. Should limxS1 (x) 5, should be determined on x No 1? If so, should he no (1) and 5? Can we conclude anything about -1 x 1 values? Explain. 3. Which of the following statements about the function y q (x) 10. If (1) y 5, should lymphxS1 (x) exist? If so, then should the schedule
here be correct, and which are false? limxS1 (x) 5? Can we conclude anything about limxS1 (x)? Explain. a. lim (x) exists. Calculating the limits of xliSmO (x) Find limits in exercises 11-22. xliSm0 (x) b. 0 11. Lim (x2 - 13) 12. lim (- x2 - 5x - 2) ¢. 1 xS -3 xS2 d. xS0 -1 13. Lim 8 (t- 5) (t- 7) 14. lim (x3 - 2x2 - 4x - 8) e. 0 lim (x) tS6 xS -2 xliSm1 (x) xS1 15. lim 2x and
516. Lim (8 - 3s) (2s - 1) F. (-1, 1). 11 - x3 g. lim (X) exists at each point C in xS2 s S 2'3 xliSmc (x) does not exist. xS1 17. lim 4x (3x 4)2 18. limy 2y2 and 5y 6 h. (0) 0y x s -1'2 yS2 i. (0) Lim (5 - g)4-3 20. lim 2z2 - 10j. q(1) - 0yS -3zS4 2 1. Lim 3 22. lim 25h 4 - 2 hS0 23h 1 and 1 h k. (1) -1 1 2x hS0 -1 Odds Limits Find Limits in Exercises 23-42. -1 23. lim x -
255 24. lim x 3 x2 - 4x and xS5 xS -3 x2 3 4. Which of the following statements about the function y q (x) 25. lim x2 - 3x - 10 26. lim x2 - 7x and 10 charts here are true, and which are false? x 5 x- 2 xS -5 xS2 a. lim (x) does not exist. 27. limt2 andt- 2 28. limt2 and 3t 2 xS2t2 - 1t2 - t2 - t. g (x) No2 tS1 tS -1 c. lim (x) does not exist xliSm2. 2 9. Lim - 2x -4 30. lim
5y3 and 8y2 xS1 x3 2x2 3y4 - 16y2 d. exists Each C pointin (- 1, 1). xS -2 ySO0 lim (x) xSc54 Chapter 2 Restrictions and Continuity 3 1. lim x-1 - 1 32. limx 1 1 and x 1 1 53. Let's say limxSc g (x) - 5 and limxSc g (x) - 2. Find x - 1 - xS1 xS0 a. lim (x)g(x) b. lim 2' (x)g (x) xSc u4 - 11 y3 - 8 xSc (x) u3 - y4 - 16 q(x) - g'x 33. Lim 34. lim c. lim (yap. ) 3 g (X)) d. lim uS1
yS2 xSc xSc 3 5. lim 2x x--93 36. lim 4x - x2 54. Let's say limxS4 (x) 0 and [imxS4 g(x) - 3. Find xS4 2 - 2x xS9 a. lim (g(x) 3) b. lim x'(X) xS4 37. limx - 1 2x2 - 8 - 3 xS4 g(xX) xS12x 3-238.limx 1 d. lim (x) - c. lim (g(x))2 1 xS -1 xS4 xS4 39. lim 2x2 No 12 - 4 40. lim x-2 #5 5. Let's say limxSb (x) 7 and limxSb g(x) - 3. Find x-2 a. lim (g(x) g(x)) b. lim (x) g(x) xS2 xS
-2x2 -5-3xSb c. lim 4g (X) d. lim (X)g(xX)g(X) 41. Lim 2 -2x 2 -5 42. lim 4 - xSb xSb x'3 XS4 5 - 2x2 - 9 xS -3 5 6. Suppose limxS -2 p(x) - 4, limxS -2 r(x) - 0, and limxS -2 s (x) - -3. Find limits with trigonometry functions Find limits in exercises 43-50. a. lim (p(x) r(x) s (x)) 43. Lim (2 sins x - 1) 44. lim sin2 x - #xS -2 xS0 xS0 b. lim p(x) r(x) s (X) 45. Lim sec x 46. lim
tan x xS -2 xS0 xS0 c. lim (-4p(x) 5r (x)) Lim (x2 - 1) (2 - cos x) XS -2 3 cos x 47. xS0 Average change speeds due to their connection to secant, tangent and instanta- 4 9 lines. lim 2x No 4 cos (x g p) 50. lim 27 and sec2 x neous bets, form limits xS-p xS0 Using lim (x-h) - g (x) 5 1. Let's say limxS0 (x) 1 and limxS0 g(x) - 5. Name the hSO rules in theorem 1, which
are used to perform steps (a), b) and (c) are often found in calculus. In exercises 57-62, evaluate this limit by the following calculation. for this value x and function x. lim 2 (x) - g/x- lim (2 (X) - g/x) 57. x X2, X No 1 (z(x) 7)2 x 7)2'3 (a) 58. X (X) X2, x - 2 xS0 xS059. In (X) 3x-4,Xx26 0. X (X) 1 X, X -2 lim (X) 6 X (X) 2X, X 76 2. x 0 xS0 y lim 2 (X) - lim g(x) (b) xS0 xS0
2'3 alim (i.x) 7) b xS0 2 lim (x) - lim g(x) Using Sandwich Theorem xS0 xS0 2'3 (c) 6 3. If 25 - 2x2 ... The question (x) ... 25-x2 for - 1 ... X... 1, find lim (X) lim 7b limxS0 (x). XS0 xS0 6 4. If 2 - x2 ... g(X) ... 2 cos x for all x, find lImxS0 g (x). (2) (1) - (- 5) 7 6 5. a. It can be shown that inequality (1 and 7)2'3 4 5 2. Let limxS1 h(x) - 5, limxS1 p(x) - 1, and limxS21 r (x) -
2.1-x262xsin x 6 1 Name the rules in theorem 1, which are used to perform steps 6 - 2 cos x (a), b) and (c) the next calculation. keep for all x values close to zero. What if anything, does 25h (x) lim 25h (x) it tells you about p(x) (4 - r(x)) xS1 lim - r/x))) (a) x sin x lim (p/x)(4 - 2 cos xS1 xS1 lim ? 2lim 5h (x) xS0 2 x1 (b) T b. Graphyy 1 - (x2'6), (x sin x) (2 - 2 cos
x), and lim p(x)b lim (4 - r(x))b xS1 xS1y 1 together for -2 ... X... 2. Comment on the behavior of graphs as x S 0. 25lim h(x) - xS1 (c) lim p/x)b lim 4 - [im r(x)b xS1 xS1 xS1 - 2 (5) (5) - 5 (1) (4 - 2) 22.2 Feature limit and limit laws 55 6 6. a. Suppose inequality b. Maintain your conclusion partially (a) by graphing no near ¢ -1 and using to increase and trace to
estimate u-values by 1-x2 6 1-cos x 6 1 graphas x S -1.2 24 x2 2 c. Find limxS -1 (x) algebraic. keep x close to zero. (They do as you'll see in section 9.9.) What, if anything, does it tell you about 72. Let F (x) - (x2 - 3x - 2) (2 - 0 x 0). lim 1 - cos x? a. Make the F tables at x, that approach x2 ¢ - 2 top and bottom. Then rate limxS -2 F(x). xS0 b. Under support
your conclusion in Part A) by graphics F about Give reasons for your response. ¢ -2 and use to zoom in and trace to estimate u-values on a graph like x S -2. T b. Graph of Equations y (1'2) - (x2'24), y (1 - cos x) and y 1'2 together for - 2 ... X... 2. c. Find limxS -2 F (x) algebraic. 73. Let g(u) (sin u) u. comment to the behavior of the graphs as x S 0. a. Make a table
of g values on the values you are approaching the u0 and 0 limits estimate from above and below. Then rate limuSO0 g/u. T You will find a graphic calculator useful for exercises 67-74. B. Under support your conclusion in part a) by graphics G about 6 7. Let g (X) (x2 - 9) u0O and 0. a. Make a table of values in points x -3,1, 74. Let G (t) No (1 - cos t) t2. - 3.01, -
3.001, and so on, as far as your calculator can go. Then rate limxS -3 (x). What kind of assessment do you come to if. Make G tables on t values that approach t0 and 0 you estimate at x -2.9, - 2.99, - 2,999, with instead? Top / bottom. Then rate limtSO G (t). B. Under support its findings partially (a) by chart no about b. Under support your conclusion partially (a) by
G graphics about t0O and 0. ¢ -3 and use to zoom in and trace to estimate u-values on a graph like x S - 3. Theory and examples 75. If x4 ... The question (x) ... x2 for x in 3 -1, 1 4 and x2 ... The question (x) ... x4 for c. Find limxS -3 (x) algebraically, as in example 7. 6 8. Let g (x) (x2 - 2) (x - 22). x 6 -1 and x 7 1, at what point with do you automatically know limxSc
(x)? What can you say about the value of the limit on. Make a table of g values at points x 1.4, 1.41, these points? 1.414, and so on through consecutive decimal approximation 22. Rated limxS22 g(x). 76. Suppose that g(x) ... The question (x) ... h(x) for all x # 2 and let's assume b. Under support your conclusion partially (a) by graph g about lim g(x) lim h(x) - 5. ¢
22 and use to zoom in and trace to estimate u-values on a graph like x S 22. xS2 xS2 c. Find g(x) algebraic. Can we nothing about the values of th, g, and h at 6 9. Let G (X) - (x 6) (x2 - 4x - 12). x No 2? Can No (2) No 0? Can LimxS2 (x) 0? Give reasons for your answers. a. Make a table of G values at x th - 5.9, - 5.99, - 5,999, and so on. Then rate limxS -6 G(x).
What a score of 7 7. If Lim (x) - 5 x 1, find Lim (x). Do you arrive if you rate G at x -6,1, -6.01, x-2 - 6,001, cinstead? xS4 xS4 b. Support your findings in part a) by graphs G and 78. If Lim (x) No. 1, find with Zoom and Trace to estimate u-values on a graph like x2 x S - 6. xS -2 (x) x c. Find limxS -6 G(x) algebraic. a. lim (x) b. lim 70. Let h(x) - (x2 - 2x - 3) (X2 - 4x -
3). XS -2 xS -2 a. Make a table of h values at x 2.9, 2.99, 2.999, and so on. Then rate limxS3 h(x). What is the score to do 79. a. If Lim (x) - 5 and 3, find a lim (x). do you arrive if you rate h at x 3.1, 3.01, 3,001, c x-2 instead? xS2 xS2 b. Maintain your findings partially (a) by graph h about b. If Lim x (x) - 5 and 4, find a lim (x). ¢ No. 3 and use to zoom in and trace to
estimate u-values on the x-2 graph as x S 3. xS2 xS2 c. Find limxS3 h(x) algebraic. 8 0. If Lim (x) No. 1, find x2 7 1. Let g (x) (x2 - 1) (0 x 0 - 1). xS0 (x) x a. Check the g tables on x values that approach a. lim g(x) b. lim c - 1 top and bottom. Then rate limxS -1 (x). xS0 xS0 T 81. a. Chart g(x) x sin (1'x) to evaluate limxS0 g(x), increasing the origin if necessary. B.
Confirm your assessment in part (a) with evidence. T 82. a. G raph h(x) - x2 cos (1'x3) to evaluate limxS0 h(x), if necessary increasing its origin. B. Confirm your assessment in part (a) with evidence.56 Chapter 2 Limitations and Continuity of COMPUTER EXPLORATIONS 8 5. lim 23 1 x - 1 x Graphic estimates of xS0 limits in exercises 83-88, use CAS to perform
the following steps: 8 6. lim x2 - 9 a. The function site near point C is approaching. xS3 2x2 No 7 - 4 b. From your story guess the value of the limit. 1 - cos x sin X 83. lim x4 - 16 8 7. lim x - 2 xS2 xS0 8 4. lim x3 - x2 - 5x - 3 88. lim 3 2x2 (x 1)2 - 3 cos xs -1 xS0 2.3 Accurate limit definition We now turn our attention to the exact definition of the limit. The early history
of calculus saw arguments about the validity of the basic concepts underlying the theory. Explicit contradictions were disputed by both mathematicians and philosophers. These contro-versies have been resolved by an exact definition that allows us to replace vague phrases as gets arbitrarily close in an informal definition with specific terms that can be applied to
any particular example. With a strict definition, we can avoid misidentified the standings, prove the marginal properties given in the previous section, and set many important limitations. To show that the limit in th (x) as x C equals the number of Ls, we need to Show that the gap between K (x) and L can be made as small as we choose if X is kept close enough to
c. Let's see what it requires if we specify the size of the gap between q (x) and L. y EXAMPLE 1 Consider function y 2x - 1 about x No 4. Intuitively it seems that 2x - 1 is clear that u close to 7 when x is close to 4, so limxS4 (2x - 1) 7. However, how close to x No 4 x should it be that 2x - 1 differs from 7, say, less than 2 units? To meet the 9 Upper Limit: Solution
We asked: For what values x 0y - 7 0 6 2? To find the answer, we are 7 y'9 first express 0y - 7 0 in terms of x: 5 Lower boundary: 0y -70y 0 (2x-1)-70y 0 2x -8 0. y'5 The question arises: what values x satisfy inequality 0 2x - 8 0 6 2? To find out, we solve inequality: 0 345 x 0 2x - 8 0 6 2 Restriction -2 6 2x - 8 6 2 Removal of absolute value gives two
inequalities. to this 6 6 2x 6 10 Add 8 to each term. 36x65 Decide for x. FIGURE 2.15 Storage x within 1 Solve unit for x - 4. -1 6 x - 4 6 1. x No. 4 will keep y within 2 units at No. 7 (Example 1). Keeping x within 1 unit x No. 4 will keep the u within 2 units at 1 y 7 (figure 2.15). d is the Greek letter delta In the previous example we have determined how close x should
be to a certain value with e is the Greek letter Epsilon ensure that the outputs g (X) some functions lie within a set interval near the L limit. than any prescribed error, no matter how small, holding x close enough to c. To describe arbitrary prescribed errors, we intro-duce two constants, d (delta) and e (epsilon). These Greek letters are traditionally used to represent
small changes in variable or function.2.3 The exact definition of limit 57 in L and 1 Definition of limit 10 Suppose we observe the values of function q(x) as x approaches c (without taking f (x) at the very meaning of C). Of course, we want to be able to say that th (x) stays within one tenth of f (x) lies a unit from L as soon as x stays within a certain distance d ¢
(Figure 2.16). But that alone is not enough, because as x continues its course to ¢, what is it to prevent L (x) L here from jumping around in the interval from L - (1'10) to L (1'10) without the tendency to L? We can say that the margin of error can be no more than 1 x 100 or 1 1000 or L 1 1 x 100,000. Every time we find a new email protected about so that keeping
x within this between 10 val satisfies a new tolerance for errors. And every time there is a possibility that th (x) might bounce off L to more Stage. for all x # ¢ here the numbers on the next page illustrate the problem. You can think of it as a quarrel between a skeptic and a scientist. Skeptic presents to show there is a dd place for doubt that the limit exists. Scientist
counteracts each problem with protected email around C, which ensures that the function takes values within e L. 0 xx c¢'d c'd How can we stop this seemingly endless series of calls and answers? We can do this by proving that for every electronic error tolerance that a challenger can produce, we can submit figure 2.16 As we have to determine the appropriate
distance d that holds x close enough to ¢ hold (x) in that email is protected by d 7 0 so that saving x in the L interval (figure 2.17). This brings us to the exact definition of the limit. (c - d, ¢ g d) will keep q(x) in the aL interval - 110, L g 110b? Y DEFINITION Let y (x) be defined at an open interval about ¢, except perhaps the c. We say that the limit in th (x) as
approaching x is the number L, and write L'e f(x) lies lim g (x) I, L f (x) here xSc L-e, if for each number e 7 0, there is an appropriate number d 7 0 such that q(x) - L_6 e whenever 0 6 _x - ¢_6 d. for all x s. , imagine the treatment of a cylindrical shaft to close tolerance. In here the diameter of the shaft is determined by turning the dial to the installation of a
measured vari-capable x. We try for the diameter of L, but since nothing is perfect, we must be satisfied diam- dd eter g (x) somewhere between L - e and L e. Number d is our tolerance to dial control; it tells us how close our dial settings should be to the installation of x g ¢ in order to 0 x x to ensure that the diameter of the q (x) shaft will be accurate within e L. As
the toler- c-d c-c ance for the error becomes more stringent, we can adjust d. Value d, how tight should our c'd control setting should be, depends on the value of the e Making a mistake. FIGURE 2.17 Attitude d and e in limiting applies to functions in more general areas. This is just the definition of a limit. you want each open interval around C to contain points in
the function domain, except c. You can cite additional and extended 37-40 exercises for examples of limitations for functions with complex domains. In the next section, we'll see how the limit definition is applied at points at the interval boundary. Examples: Testing the definition of the Official Limit definition does not say how to find the function limit, but allows us
to make sure that the assuming limit value is correct. The following examples show how this definition can be used to test limit operators for specific functions. However, the real purpose of the definition is not to make calculations like this, but to prove gen-eral theorems, so that the calculation of specific limits can be simplified, as theo-rems stated in the previous
section.58 Chapter 2 Limitations and Continuityyyy 1y f(xX)1yf(X)yyyyfx)y=fx)1010L+L+121100100L+L+LLLLL-2L-1L-2L-1101021001000cx0c-d1/10cx0cx0cxResponse:c+d1/10c-d1/100 c + d1/100 The challenge: New challenge: Response: 1 1 Make 0 f(x) - L0 6e =10 0 x - ¢ 0 6 d1/10 (a number) Make 0 f (x) - L 0 6e =
1000x-c06d1/100yyy=f(x)y=f(x) L+1L+110001000LLL-1L-12000 1000 0cxO0cx New challenge :OTBeT:10x-c06d1/1000e-1000yyyy X)yf(x)LPyf(x)LLI1Lwn1 100000 100,000L-PLLL-21L-1100,000 100,000 0c x Oc x HoBblli BbI30B: OTBET: HOBbLI BbI30B: O X - ¢ 0 6 d1/100,000 e ... € 1,100,000 EXAMPLE 2 Show that lim (5x -
3) 2. xS1 Solution Set From No. 1, No (x) 5x - 3, and L No. 2 in Limit Definition. For any given e 7 0, we have to find a suitable d 7 0 so that if x # 1 and x is within a distance of d c q 1, thatis, when 0 6 0 x - 1 0 6 d, it is true that g (X) is within the distance e L No 2, so 0y (X) - 2 0 6 e.2.3 Accurate definition of the limit 59 y 5x - 3 We find d, working back from secure
email: 2e1-e1e0(x-3)-2005x-506e255550x-106e2-ex-106¢e'5.0So we cantake d g e'5 (Figure 2.18). If 06 x0x 106 x5,then0(5x-3)-20x5x-50x5x1065 (e-5) e, x that proves that limxS1 (5x - 3) 2. The value of d g e'5 is not the only value that will make 06 0 x -1 06 d imply 0 5x - 50 6 e. Any lesser positive d will do as well.
Definition does not require the best positive d, only one that will work.-3 EXAMPLE 3 Prove the following results presented graphically in section 2.2. @) lim x - ¢ NOT TO SCALE xSc FIGURE 2.18 If q (x) - 5x - 3, then (b) lim k k (k constant) 06 0 x - 1 0 6 e-5 guarantees that 0 y (x) - 2 0 6 e (example 2). xSc y'x Solution c'e (a) Let e 7 0 be given. We have to find d
70sothatc'd0x-c06ewhenever060x-c 06 d. Consequences will occur if d equals e or any lesser positive number (Figure 2.19). c-d This proves that limxSc x c. c-e (b) Let's be given e 7 0. We have to findd 7 0 sothat 0 c-d c'd x Ok - k 6 e whenever 0 6 0 x - ¢ 0 6 d. FIGURE 2.19 For function Since k - k 0, we can use any positive humber for d and the
consequences will hold (Figure 2.20). This proves that limxSc k. q (x) X, we find that 0 6 0 x - ¢ 0 6 d will guarantee 0 q(x) - ¢ 0 6 e whenever the search delta algebraic for Given Epsilons d ... e (Example 3a). In examples 2 and 3 interval values around c, for which 0 x (X) - L 0 was less than e, was symmetrical about C, and we could take d to be half the length of
that interval. When the interval around C on which we have _(x) - L_6 e is not symmetrical about c, we can take d to be C to closer to the end point of the interval. y y'’k EXAMPLE 4 For limit limxS5 2x - 1 and 2, find d 7 0, which works for e No 1. ke, that is, find d 7 0 such thatk 0 2x -1 -2 0 6 1 whenever 0 6 x - 5 0 6 d. k-e Solution We organize a search in two
stages. 0 c-d c¢'d x 1. Solve inequality 0 2x - 1 - 2 0 6 1 to find an interval containing X No. 5 on FIGURE 2.20 For a function that inequality has for all x # 5. K (x) k, we find that 0 gq(x) -k 0 6 e for 0 2x - 1 - 2 0 6 1 any positive d (Example 3b). -162x-1-261162x-16 3 16x-169 2 6 x 6 1060 Chapter 2 Limits and Continuity 3 3 )x Inequality has for all x in open
interval (2, 10), so it holds for all x # 5 in this interval as well. (10 258 2. Find d 7 0 to place a centered interval 5-d 6 x 6 5 d (centered on x 5) inside the interval (2, 10). If we take d 3 or any smaller positive number ( 2, 10) FIGURE 2.21 Open radius interval 3 (Figure 2.21). If we take d 3 or any smaller positive number, the inequality 3 about x 5 will lie inside the
open 06 0 x -5 0 6 dwill automatically place X between 2 and 2 and 10 and implies this interval (2, 10). 02x-1-2 06 1 (Figure 2.22): 02x-1-206 1 Whenever 06 0 x - 50 6 3. y How to find algebraic D for This, L, C,and Ey 0 y x - 1 Process finding d 7 0 such that 30 (x) - L 0 6 e whenever 0 6 0 x - ¢ 0 6 d 2 can be performed in two stages. 1 1. Solve
inequality 0 x (x) - L 0 6 e to find an open interval (a, b) containing 33 c. Inequality is there for all x # c. Please note that we do not require that the inequality 0 12 58 10 x hold was at the level x g c. It can hold there or not, but the value of q q q ¢ does not affect the existence of the limit. NOT TO SCALE 2. Find a d 7 0 value that places an open interval (c - d, ¢c q d)
in the center of FIGURE 2.22 Function and inter- on C within the interval (a, b). Inequality 0 x (x) - L 0 6 e will be the case for all vals in example 4. x # ¢ in this protected email EXAMPLE 5 Prove that limxS2 (x) 4 if q (x) X2, x#2 e 1, x y 2. Solution Our challenge is to show that given e 7 0 thereisd 70that 0y (x) -4 06 e whenever06 0x-2 06 d. y 1. Solve
inequality 0 x (x) - 4 0 6 e to find an open interval containing x No 2 on 4'e, which inequality has for all x # 2. y x2 For x # ¢ q 2, we have ¢ (x) X2, and the inequality to solveisOx2-406e:4(2,4)0x2-406e-e6x2-46e4-e6x264e4-e6006 24 e Assumes e 6 4; See below. 24 - e 6 x 6 24 and e. Open interval about x No 2, which solves inequality. (2,
1) Inequality 0 q(x) - 4 0 6 e holds for all x # 2 in the openinterval 04 -e 24 and e x 1 24 - e, 24 e 2 (figure 2.23). FIGURE 2.23 Interval containing 2. Find the value d 7 0 that puts interval (2 - d, 2 q d) inside x No 2 so as to function in example 5 interval 1 24 - e, 24 and e 2. satisfies 0 k (x) - 4 0 6 e. Take d to be a distance from x No 2 to closer end point 1 24 - e,
24 and e 2. In other words, take d g min5 2 - 24 - e, 24 - e - 26 , minimum (the2.3 Exact definition of the limit 61 less) of two numbers 2 - 24 - e and 24 e - 2. If d has this or some lesser positive value, inequality 0 6 0 x - 2 0 6 d will automatically place x between 24 - e and 24 eto make 0 q(x)-406 e. Forallx,0y (X) -4 0 6 e whenever 06 0 x - 20 6 d. This
completes the proof for e 6 4. If e is No 4, then we take d to be the distance from x No. 2 to the closer end point of intervals 10, 24 and e 2. In other words, take d g min52, 24 and e - 26. (See Figure 2.23.) Using the definition to prove a theorem, we usually do not rely on the formal definition of a limit to verify specific limits, such as those that were in previous
examples. On the contrary, we refer to general theorems of limitations, in particular the theorems of section 2.2. Definition is used to prove these theorems (annex 5). As an example, we prove Part 1 of the Theorem 1, the Sum Rule. EXAMPLE 6 Considering that limxSc (x) - L and limxSc g(x) - M, prove that lim (Yap. We want to find a positive number d, that 0 y
(X) g (X) - (Land M) 0 6 e each time, when 0 6 0 x - ¢ 0 6 d. Regrouping terms, we getOy (X) g (x) - (Land M)0y O (i(x)-L)0z(x)-LOyO0g(x)-MO.aandb ... a-b Since limxSc (x) - L, there is a number d1 7 0 such that you can find d1, as lim (x) | 0 (x) - L 0 6 e'2 whenever 0 6 0 x - ¢ 0 6 d1. Similarly, since limxSc g(x) - M, there is a number d2 7 0 xSc so that
0g(X)-M06e2whenever060x-c06d2. You can find d2, as lim g(x) - M xSc Let d - min 5d1, d26 ,lessdland d2. f060x-c06d,then0Ox-c06d1l,so0th(x)-L06e2,and0Ox-c06d2,s00g/x)-M06e2. Thus,0y (X)y (X)- (Land M) 06 e ge. 2 2 This shows that limxSc (i.x) a-72,b-12,c-34.a-72,b-12, c- 32 Centering Intervals About
Point 5. a 4'9, b 4'7, ¢ 1'2 In exercises 1-6, draw the interval (a, b) on x-axis with point 6. a 2.7591, b 3.2391, with 3 c inside. Then find the value d 7 0 so that 6 x 6 b whenever06 0 xx-c06d. 1. A1, b7,with52.aNo 1, b No 7, c 262 Chapter 2 Limits and Continuity Search Delta Graphic 1 3. 14. In exercises 7-14, use graphs to find d 7 O such thaty y f (x) 2 f
X)-10(x)-L0O6ewhenever060x-c06d.c-1-x2.01x27.8.L'2c'1y252y2x-4y3y051.99L2f(x)-2x36.2f(x)2y0.016with5s0-31.517.59g.x5.8litres, 6ex0.2x0.159g-3x27.651gx7.505x7.354.95.1 NOT FOR SCALEXx0x001x2-3330.1-3-290-196-1-1611252.011.99 DO NOT SCALE SO AS NOT TO SCALE 10.9.y
Search Delta Algebraic F (x) - 2x - 1 Each of Exercises 15-30 gives function g (x) and numbers L, ¢, and f (x) In each case, find an open interval of about c, at which inequal- y L'1 e 0.2 ity 0 q(x) - L 0 6 e holds. Then give the value to d 7 0 so that for all x satisfying 06 0 x-c 06 dinequality 0 (x) -L 0 6 e holds. 5 equaliser 1y x4.2y2x144413815 xxNol,L
5 from4,e001316.H(x)2x-2,L-6,c-2,0.02417. X (x)2x1,L1,¢c0,e01x218 H(X)2x,L12,¢c1'4,e0.10912519. X(X)219-x,L 3,with10,e1161620.B(x)2x-7,L4,¢c23,e1x-102.6133.4121.H(X)1'x,L1'4,cq4,e0.05NOTTO SCALE 22. X (x)x2,L 3,from23,e0.111.12.23. Xx2,L-4,C-2,e-05f(x)-4-x2yc-1y24. W (x)
1I'x,L-1,¢c-1,eq0.1f(x)x2L-33.25¢c-2e€0.2525. xx2-5,L 11, from4,e1lL4e'126. X (x)120x,L5,from24,e127. K(X)-mx,m70,L-2m,c-2,e-0.03g4-x2328. W(X)-mx,m70,L-3m,c-3,e-c70yandx2529.B(X)-mx-b,m70,L(M2)-b,4c-12,e-c70327530.x(X)-mxb,m70,L-mb,cq1l,e-0.05x Using formal definition O Z
Each of the exercises 31-36 gives function q(x), point ¢, and positive num- g3'5 ber e. Find L y lim 'x. Then find number d 7 0 to NOT SCALE xSc 0 (X)-L066 When060x-c06d.z(X)3-2x,cy3,e0.022c-1,eq0.03-32.X-3x-2,cqg2,eq0.05NOT TO SCALE x2 - 24, x - 33. B (x) No2.3 Accurate definition of the limit 63 3 4. In (x) x2 x 6 x 5, ¢ -5, € 0.05
Theory and Examples x 5 51. Determine what it means to say that lim g(x) k. 3 5. B (x) 21 - 5x, ¢ -3, € 0.5 xS0 5 2. Prove that Lim (x) - L, if and only if lim (h) - L. xXSc hS0 3 6. B (x) 4'%, ¢ 2, € 0.4 5 3. Incorrect statement about limitations Show by example that prove limit operators in exercises 37-50. the following statement is incorrect. 3 7. Lim (9 - x) 5 38. lim (3x -
7) 2 L number is the limit of g (x) as x approaches, if g (x) approaches L as x. xS4 xS3 3 9 approaches. lim 2x - 5 and 2 40. lim 24 - x No 2 Explain why the feature in your example doesn't have a given L value as a limit as x s. xXS9 xS0 54. Another incorrect statement about the limitations of the show is that 4 1. lim g(x) No. 1, if g (x) X2, x#£1 the following statement
is incorrect. e 2, x-1 xS1 4 2. lim g (x) 4 if g (X) x2, x # -2 Number L is the limit g (x) as x approaches c if, givenany e 1, x -2 xS -2 e 7 0, there is a value xfor Ok (x) -L 0 6 e. 4 3. Lim 1 and 1 44. Explain why the feature in your example doesn't have x2 3 of this L value as a limitas x S. xS1x2345.limx2-9--6 46. lim x2 - 1 and 2 T 55. Shredding engine
cylinders Before you contract to grind the engine x 3 x-1 cylinders on the transverse area of 9 in2, you should know how the xS -3 xS1 is a lot of deviation from the ideal diameter of the cylinder from 3.385t0 4 7. lim (X) 2, if g (X) e 4 - 2x, x61 you can allow and still have an area within 0.01 in2 of 6x - 4, x'1 requires 9 in2. To find out, you allow A g p (x'2)2 and look
for the xS1 interval in which you have to keep x to make 0 A-90 ... 0.01. 4 8. Lim x (x) 0 if q (x) 2%, x60 e x'2, x'0 What interval will you find? xS0 49. lim x sin 1 and 0 56. The production of electric xS0 resistors Ohm's law for elec- - in three-caliber circuits, as shown V | R in the accompanying figure - states that VV and RI. In this equa-tion, V is a constant voltage, |
current in amps, and R is resistance in ohms. Your firm has 1 1y and x sin 1 has been asked to put resistors for a chain in which the V will be 120 2p x volts and | have to be a 5 and 0.1 amp. At what interval should R lie 2p x for me to be within 0.1 of the 10 and 5 amplifiers? 1 1 - p p When the number L is not the limit of th (X) as x u ¢? Display L is not the limit We



can prove that limxSc (x) # L by providing e 7 0 in such a way that there is no possibility d 7 0 satisfies condition 0 (x) - L 0 6 e whenever 06 0 x-c 06 d. 50. lim x2 sin 1 and 0 We achieve this for our candidate e, showing that for each x d 7 0 there is a value x such, thatxS0060x-c06dand00(X)-LO0e.yyyx21yf(X)L'eyx2Sin1Lx-12021X21X-E
pppf(x)-0c-dc'dx-1y-x2value xxx x forwhich060x-c06dandO0f(x)-L0ande64 Chapter 2 Limits and Continuity 57. Letq (X)-x, 1, x6lyexandx71.48y4yf(x)yx'132yf(x)03x1x6 0. a. For the feature, on the graph here, show that limxS -1 g(x) # 2. y'’x 1 b. Lee limxS -1 g (x) seems to exist? If so, what is the cost of the limit? If not, why not?
Let e no 1'2. Show that there is no possibility d 7 0 satisfies fol-y low state: Oy (x) - 2 0 6 1'2 each time, when 06 0 x - 1 0 6 d. 2 That is, for each d 7 0 show that there is a value x th g (x), that 1 06 0 x - 1 0 6 d and 0 th (x) - 2 0 x 1 2. This will show that limxS1 (x) # 2. -1 0 x b. Show limxS1 (x) # 1. C. Show that limxS1 (x) # 1.5. x2, x62 COMPUTER
EXPLORATIONS x'2 In exercises 61-66, you will further explore the search for delta graphi- 58. Let h(x) ¢ 3, x 7 2. Kalli. Use CAS to take the following steps: 2, y a. The y g (X) function site near the C point is approaching. 4 g x (x) b. Guess the limit value and then estimate the limit symbolically to see if you guessed 3 c. Using the value of e 0.2, on the chart of the
stripyland L - e 2 y'2 and y2 | e along with function g about c. 1 y x2 d. From your chart in part (c), the score d 7 0 such that 0 y (x) - L 0 6 e whenever 06 0 x - ¢ 0 6 d 02 Check my estimate. , plotting, y1, and y2 during the interval Show that 0 6 0 x - from 0 6 d. To view the windows use c-2d ... a. limh(x)Z4 x...cq2dand L - 2e ... Y... L No 2e. If any function
values lie outside the 3L interval - e, L and e, your choice of xS2 d was too large. Try again with a lower score. b. lim h(x) # 3 e. Repeat parts (c) and (d) sequentially for e g 0.1, 0.05, and xS2 0.001. c. lim h(x) #2 6 1. X (x) x4 - 81, with 3 62. In (x) 5x3 and 9x2, c'0 x - 3 2x5 and 3x2 xS2 63. W (x) - sin 2x, ¢ q 0 64. x (x) x (1 - cos x) , ¢'0 59. For the feature, on the
graph here, explain why 3x x is a sin x a. lim (x) # 4 65. B(x) 23 x -1, ¢'1 xS3 x-1 b. lim (x) #4.8 66. W (X) 3x2 - (7x 1) 2x 5, ¢'1 x - 1 xS3 c. lim (x) # 3 xS32.4 Unilateral Limits 65 2.4 One-Way Borders In this section we extend the concept of a limit to one-way limits, which are limitations because x is close to the number c on the left (where x 6 c¢) or the right side (x
7 c) only. They allow us to describe functions that have different limits at the point, depending on whether we approach the point on the left or right. Unilateral restrictions also allow us to tell what it means for a function to have a limit at the end point of the interval. y y x Approaching the limit on one side 0x0 1 Suppose the function of th is determined at the interval,
which extends to both sides of the number c. In 0 x, in order to have an L limit as x ¢ approaches, the x (x) should approach -1 L, as x approaches from both sides. Because of this, we sometimes say that the limit figure 2.24 Different right and bilateral. left limits at the beginning. If it does not have a two-way limit in c, it can still have a one-way limit, that is, a limit,
if the approach is only on one side. If the approach is on the right, the restriction is the right limit or the limit on the right. On the left is the left limit or the limit on the left. The function q(x) x 0 x 0 (Figure 2.24) has a limit of 1 as x approaches 0 on the right, and the limit is -1 as x approaches 0 on the left. Because these one-way limit values are not the same, there is
no single number that approaches x as x 0 approaches. Thus, x (x) does not have a (two-way) limit of 0. Intuitively, if we only look at the values to (x) at intervals (c, b), where ¢ 6 b, and the values of y (x) become arbitrarily close to L, since x approaches from this interval, then it has the right limit L on c. In this case we write lim q(x) - L. xSc' Notation x S ¢ means
that we only consider the values g(x) for more than c. We Consider the values of th (x) for x... C. Similarly, if th (x) is defined at interval (a, c), where 6 ¢ and y (x) comes arbitrarily close to M, as x approaches c from this interval, then y have a left limit M on c. We write lim (x) - M. x c- Symbol x S c- means that we consider values g only at x-values less c. These
unofficial definitions of one-way limits are illustrated. For g(x) x 0 x 0 in figure 2.24 we have alim (x) Land alim (x) - 1. xS0Ox S 0-y L f (x) f (x) M 0 cx x0 xc x (a) lim f (x) | (b) xl:imc_ f (x) - M x:c FIGURE 2.25 (a) Right-hand limit no mepe npn6nmwkeHus x. b) neBblii Npegen no mepe NpubANKeHNUs X.66 K rnase 2 MNpeaenbl U HENPEPLIBHOCTbL U TeNepb Mbl Aaem
onpegenexune npegena (pyHKLMM B NOrpaHUYHON ToUke ee aomeHa. ¥ g4 - X2 This definition is consistent with the limitations in the border points of the regions in the plane and in space, as we will see in chapter 14. When the th area is the interval to the left of C, for example (a, c¢' or (a, c), then we say that it has a limit in c, if it has a left limit in c. Similarly, if the g
area is the interval to the right of c, such as g, b) or (c, b), then we say that g has a limit in c If it has the right limit in c. -2 0 x EXAMPLE 1 Domain q(x) 24 - x2 is 3 -2, 24; his graph is a semicircle 2 in figure 2.26. We have FIGURE 2.26 lim 24 - x2 No 0 and lim 24 - x2 and 0. In (x) 24 - X2 has the right limit of 0 xS -2 x S 2- on x 2 and left limit 0 on x No 2 (Example
1). This function has a two-way limit at each point (-2, 2). It has a left limit on x No 2 and the right limit on x -2. The function has no left limit on x -2 or a right limit on x No 2. It has no two-way limit of either -2 or 2 because it is not determined on either side of these points. At the domain boundary points where the domain is at intervals on one side of the point, we
have limxS-2 24 - x2 and limxS2 24 - x2 0. The g function has a limit of x g - 2 and on x g 2. One-way limits have all properties listed in Theorem 1 in section 2.2. The right limit of the sum of the two functions is the sum of their right border and so on. Theorems for limits of polynomial and rational functions hold with one-sided limitations, like the sand-Wich

theorem. Unilateral restrictions are related to restrictions in the interior as follows. THEOREM 6 Suppose that function f is determined at an open interval containing c, except perhaps the c. Then q(x) has a limit as x will approach c if and only if it has a left-hand and right-hand limits there and these one-way limits are equal: lim g(x) L 3 lim (x) L and lim (x) L. x s-x-
x-X-X-Esque 6 In the the point of its domain, the function has a limit when it has an appropriate one-way limit. y EXAMPLE 2 For the function, on the graph in figure 2.27, y f (x) At x 0: limxS0- g (x) does not exist, q is not defined to the left of x y 0. 2 limxS0 (x) 1, at x 1: limxSO0 (x) 1. Has the right limit on x 0. 1 g has a limit at the end point of the domain x y 0. On x
2: 01234 x limxS1- q (x) 0, even ify (1) 1. FIGURE 2.27 Feature Graph At x No. 3: limxS1 (x) 1, in example 2. On x 4: limxS1 (x) does not exist. Right and left boundaries are not equal. limxS2- q (x) 1, even though q (2) 2. lImxS2 (x) - 1, imxS2 (x) - 1. limxS3- q (x) - ImxS3 (x) - lImxS3 (x) limxS4- g (x) No 1, even though q (4) # 1. limxS4' (x) does not exist, is not
determined to the right of x No. 4. limxS4 (x) 1. Has a limit at the end point of domain x No. 4. At any other point C at 3 0, 44 , y (x) has a limit (c).2.4 Unilateral limits 67 with accurate definitions of unilateral restrictions The official definition of the limit in section 2.3 is easily changed for unilateral restrictions. L'e f (x) DEFINITIONS (a) Suppose the g domain
contains an interval (c, d) L right c. We say that x (x) has the right limit L on C, and write f(x) lies in here L-e lim q(x) | xSc for all x q c if for each number e 7 0 exists accordingly number d 7 0 such that in here _q(x) - L_6 e when c 6 x 6 ¢ d (d ( b) Suppose the g(b) domain contains an interval (b c) to the left of c. We say that g has a left L limit on C, and write 0 xx c'd
FIGURE 2.28 Intervals associated with the lim (x) - L definition of the right limit. x S c- if for each number e 7 0 there is a corresponding number d 7 0, then 0 y (x) - L 0 6 e whenever c - d 6 x 6 c. y Definitions are illustrated in figures 2.28 and 2.29. L'e f (x) EXAMPLE 3 Prove that L f (x) lies lim 2x th 0. Here x S 0 L-E Solution Let e 7 0 be given. Here with 0 and L 0,
so we want to find d 7 0 such that for all x s here 0 2x - 0 0 6 e whenever 0 6 x 6 d, d or 0 x 2x 6 e whenever 0 6 x 6 d. 1x 0 so 0 1x 0 and 1x c-d FIGURE 2.29 Intervals those associated with the squares of both sides of this last inequality define the left limit. x 6 €2, ecnn 0 6 x 6 d. y f(x) - x Ecnv mbl BbibepeM d e2, y Hac ecTb 2x 6 e BCAkumii pas, korga 0 6 x 6 d e2,
ef(x)unnL'0xde2x02x-00 6 e Bcsakuin pas, korga 0 6 x 6 e2. FIGURE 2.30 lim 1x and 0 in example 3. According to the definition, it shows that limxS0 2x No 0 (Figure 2.30). x S 0 Features reviewed so far have been a kind of limit at each point of interest. In general, it should not be case.68 Chapter 2 Limits and continuity of example 4 Show that sin (1'x) has
no limit as x approaches zero on both sides (Figure 2.31). y 1 Ox y - Sin 1 x -1 FIGURE 2.31 The y - Sin (1'x) has neither the right hand nor the left limit, as x is approaching zero (Example 4). The graph here lowers values very close to the axis of y. Solution As it approaches zero, its reciprocal, 1'x, grows without borders and the value of sin (1'x) cycle repeatedly
from -1 to 1. There is no single L to keep the function values closer to zero as x approaches zero. This is true even if we limit x to positive values or negative values. The function has neither the right limit nor the left limit on x 0. Limits involving (sin u), u central fact about (sin u) is that the radian measure its limitas u S 0 is 1. We can see it in figure 2.32 and
confirm it algebraically with the Help of Sandwich Theorem. You will see the importance of this limit in section 3.5, which examines the instantaneous rate of change in trigono-metric functions. y 1y - sin u (radians) u -3p -2p -p 2p 3p u T NOT TO SCALE 1 FIGURE 1 FIGURE 2.32 Chart q (u) -u (sin u) u offers that right-P and left-hand limits as you berths 0 both 1.
1tany THEOREM 7-Limit odds sin U, Uasuu0sininsinuy 1 (uin radians) (1) u usO OK (1, 0) x 1 Proof Plan is to show that the right and left sides of both 1. Then we'll know that bilateral limit is one as well. FIGURE 2.33 Ratio of TAZOA and Tanning y, and OA No. 1, so TA and Tan u. To show that the right limit is 1, we start with positive values of you less
than page 2 (Figure 2.33). Please note that the area AOAP 6 area of the OAP 6 sector area AOAT.2.4 One-way limits 69 We can express these areas in terms of you as follows: Using radians to measure the angles of the area A the 5th-gt;OAP - 1 base height - 1 (1) (siny) - 1 sin u, necessary in the equation (2): Area 2 2 2 sector OAP is u'2 only in the event if you
are measured in radian. OAP Sector Area 1 r2u No 1 (1)2u u (2) 2 2 Area AOAT No 1 base height- 1 (tanu)-1tanu.222 So 1sinu6 1 u 6 1tanu. 2 2 This latest inequality goes the same way if you divide all three terms into a number (1'2) sin u that is positive,as06 u6 p.2: 1 6 u 6 1 u. Siny cos Taking mutual changes inequality: 1 7 sin y 7 cos u. u Since
limuSO0 cos u 1 (Example 11b, section 2.2), Theorem Sandwich gives lim sin at No 1. u u S 0 To consider the left limit, we remember that sin to you and you both odd functions (section 1.1). Thus, g (u) is an oats- oat function, with a symmetrical graph about the y axis (see Figure 2.32). This symmetry implies that the left limit of O exists and has the same meaning
as the right limit: lim siny No. 1 y lim siny, uu s 0- u S 0 so limuSO0 (sin u) y 1 Theorem 6. EXAMPLE 5 Show that (a) lim cosy - 1 y 0 and (b) lim sin 2x 2 . y 5x - 2 sin2 (y'2) y ys0 ySO - lim sin u sin u let u y'2. u uS0 -(1)(0) 0. Eqg. (1) and Example 11a in section 2.2 (b) Equation (1) does not apply to the original faction. We need 2x in the denominator, not 5x. We
produce it by multiplying the numerator and denominator by 2'5: #lim #x S 0 sin 2x lim (2 x 5) sin 2x 5x (2 x 5) 5x xS0 2 lim sin 2x Eq. (1) applies with 5 2x u 2x. xS0 2 (1) 2 . 5 570 Chapter 2 Limits and Continuity EXAMPLE 6 Find Lim tan t sec 2t. 3t tSO Solution From the definition of tan t and sec 2t, we have - #limtantsec 2ty lim1 1sint1 3t3tcostcosts 2tts
ts2ttsts 1 (1) (1) 13. Eq. (1) and Example 11b 3 in section 2.2 EXAMPLE 7 Show that for non-grain constants A and B. lim sin au and . Sin boo b usO0 solution lim sin au lim sin au au bu 1 Multiply and split on au and bu. Sin bu au sin bu us0 usO0 - lim sin au bu lim sin y 1, with you - au sin boo y usO usO Lim (1) imyy 1, s y bu b sin us0 ys0O. B Exercise 2.4 Finding
Limits Graphic 2. Which of the following statements about the function y q (x) 1. Which of the following statements about the function y q (x) on the graph are true here, and which are false? y the graph here are true, and which are false? 2y yf(xX) yf(x) 1 2x1-1001 2 2 3x a. lim (x) 1 b. lim (x) does not exist. a. lim (x) - 1 b. lim (x) - 0 XS -1 XxS2 xS -1 x S 0- c. Lim
x)2d.limXx)-2c.lim(x)-1d.lim(x)-1lim(XxX)xS2xS1-xS0-xS0'XSO0'lim(x)1f.lim (x) does not exist. e. lim (x) exists. f. lim (x) - 0 x S 1 xS1 xS0 xS0 g. lim (x) - lim (x) g. lim (x) lim (x) - L h. lim (x) - 1 x S 0' xS0 xS0 xS1 h. lim e (x) exists at each c in the open interval (- 1, 1. xSc i. lim (x) - 0 j. lim (x) - 2 i. lim (X) exists at each c in open interval (1, 3). xS1 x
S 2- xSc k. lim (x) does not exist. I. lim (x) O j. lim (x) O k. lim (x) does not exist. x S -1-x S 2 x S -1- x S 32.4 One-way limits 71 3. Let g (x) 3-X, X6 2 6. Let g'x- 2x sin (1'X). cx N0 1,x72.yygx2y3-xyxsin1x3y12p0121212 1xx pp 024 a. Find limxS2 (x) and limxS2- g (x). -1 u - x b. Is there limxS2 (x)? If so, what is it? If not, why not? C. Find limxS4- (x)
and limxS4 (x). D. Is there limxS4 (x)? If so, what is it? If not, why not? 3 - x, x62 a. Is there limxS0'g(x)? If so, what is it? If not, why not? 4. Let q(x) d 2, x'2 b. Is there limxS0-g/x)? If so, what is it? If not, why not? C. Is there limxS0 g(x)? If so, what is it? If not, why not? 2x, x 7 2. x3, x21 y 7. a. Chart No (x) e 0, x No 1. y'3-x b. Find limxS1- q(x) and limxS1 (x). 3 c.
Is there limxS1 (x)? If so, what is it? If not, why not? -2 0 x a. Schedule No (x) - e 1 - x2, x£21 2 2, x 1. y 2x b. Find limxS1 (x) and limxS1- q (x). C. Is there limxS1 (x)? If so, what is it? If not, why not? a. Find limxS2 (x), limxS2- q (x) and q (2). The schedule functions in exercises 9 and 10. Then answer these questions. Is there limxS2 (x)? If so, what is it? If not,
why not? C. Find limxS -1- g (x) and limxS -1 (x). What is the domain and range of th? D. Is there limxS -1 (x)? If so, what is it? If not, why not? B. At what points c, if any, is there limxSc (x)? 5. Let g (x) 0, x... 0 c. At which moments there is a left limit, but not the right - ¢ sin 1, x 7 0. the limit of the hand? x d. At what points is there the right limit, but not the left limit?
y21-x2,0..x6119.W(x)-c1,1...x62x%x-22,0xX,-1...x60,0r06x..1x0210.B(X)-c1,x6-10orx710,y50,x0sin 1, x.0 Search for one-sided boundaries algebraically x Find limits in exercises 11-20. 21 11. x Lima x 21 12. num A x - 1 X X X 2 a. CywectsyeT nu limxS0'(x)? If so, what is it? If not, why not? S -0.5- x S 1 b. Is there a limxS0-th (x)? If so,
what is it? If not, why not? C. Is there limxS0 (x)? If so, what is it? If not, why not? 1 3. x lim x x X 1b a2xx2 and x5b - S -2'72 Chapter 2 Limitations and Continuity 14. lim a x 1 1b ax and 6b a3 - xb 3 9. Lim has a braid at 40. lim siny crib 2u x 7 x S 1- uSO uS0 1 5. Lim 2h2 4h 5 - 25 41. lim tan 83xx 42. lim sin 3y cot 5y h siny crib 4y h s 0 xS0 ys0 1 6. Lim 26 -
25h2 th 11h 6 4 3. lim tan u 44. lim u cot 4u h u2 cot 3u sin2 u cot2 2u h S 0- uSO uS0 4 5. Lim 1 - cos 3x 46. lim cos2x - cos x 2xx2 1 7. a. lim (x- 3) 0x - 2 0 b. lim (x - 3) Ox - 20 xS0 xS0 - 2 XS -2 x S -2- x 2 Theory and examples 47. Once you know limxSa' (x) and limxSa-q (x) at the interior point 1 8. a. lim 22x (x - 1) b. lim 22x (x - 1) Ox - 10 Ox - 10 of the domain,
do you then know limxSa (x)? Give reasons x S 1 x S 1- for your response. 19. a. lim _sin x_b. lim_sin x 4 8. If you know that limxSc (X) exists, can you find its value sin x sin x calculation limxSc'?'(x)? Give reasons for your response. xS0 x S 0- 4 9. Suppose the question is a strange function x. Knows that 20. a. lim 1 - cos x_b. lim cos x - 1 limxSO0 (x) 3 tell you
something about limxS0- q (x)? Give rea-cos x - 1 cos x - 1 sons for your answer. xS0 xS0 - 5 0. Suppose the question is an even feature x. Know that use the chart of the greatest function of the integrator y:x;, Figure 1.10 in limxS2- g (x) 7 tell you something about either limxS -2- (x) or section 1.1 to help you find limits in exercises 21 and 22. limxS -2 (x)? Give
reasons for your response. 21. a. lim: u; b. lim:u;uuuS3'u3-22. a. lim (t-:t;) b. lim (t - :t;) ®opmansHble onpeaeneHns 0 AHOCTOPOHHUX Npeaenos tS4t S 4- 5 1. YuutbiBas e 7 0, HaliguTe HaiauTe | (5,5 @), d 7 0, so if x lies in I, then 2x - 5 6 e. What is the limit of being checked and the use of lim sin U No. 1, what is its value? Uu0 U 52. Given e 7 0, find
interval | (4 -d, 4),d 7 0, so if you find limits in exercises 23-46. x lies in |, then 24 - x 6 e. What is the limit is checked and what is its cost? 23. Lim sin 22u 24. lim sin kt (k constant) uS0 22u tS0 2 5. lim sindy3y 26. Use the definitions of right and left borders to prove the sin of the 3h limit of statements in exercises 53 and 54. ySO h S 0- 2 7. lim tanx2x 28. lim 2t t
53.1lim x -1 54. lim x - 2 1 tan 0x - 20 xS0 tS0 xS0- 0 x 0 x S 2 29. lim xccossc52xx 30. lim 6x2 (cot x)(csc 2x) 5 5. The greatest function of integer Find (a) limxS400 :x ; and (b) limxS400- :x;; then use definition limits to verify your findings. xS0 xS0 (c) Based on your findings in parts (a) and b), you can say 3 1. lim x'xxccoossxx 32. lim x2 - X' sin x sin 2x xS0 xS0
anything about limxS400 :x;? Give reasons for your response. 3 3. lim 1 - cos u 34. lim x - X cos x 5 6. Unilateral restrictions Let g (x) X2 sin (1 x), X60 sin 2u sin2 3x 2x, X 7 0. uS0 xS0 e 3 5. lim sin (1 - cos t) 36. lim sin (sin h) Find (a) limxS0 (x) and (b) limxS0- g (x); Then use the limit defini- 1 - cos t sin h tions to verify your findings. (c) Based on your findings in
tS0 hS0O 3 7. lim ssiinn2uu 38. lim sin 5x parts (a) and (b) can you say anything about limxS0 (x)? Give sin 4x reasons for your response. uS0 xS0 2.5 Continuity When we build the value of the function generated in the lab or collected in the field, we often connect the built dots with a continuous curve to show that function values were probably at points that we
didn't measure (Figure 2.34). By doing so, we assume that we are working with a continuous function, so its results change regularly and 250 No. 4 sequentially with inputs, and do not jump sharply from one value to another without taking on the values between them. Intuitively, any function of y q(x) whose graph can be 125 no3 sketched over its domain in one
continuous motion is an example of continuous function. Such functions play an important role in the study of calculus and its application. No 2 05 t FIGURE 2.34 Connecting built dots.2.5 Continuity 73 at Continuity at point 2 y f (x) To understand continuity, it helps to consider such a function in figure 2.35, the limits of which we explored in Example 2 in the last
section. 1 EXAMPLE 1 How much function in figure 2.35 doesn't seem 0 1234 x continuous? Explain why. What happens to other numbers in the domain? FIGURE 2.35 Function is not a solution First we observe that the function area is closed intervals of 3 0, 44 , so we continuously on x No. 1, x No. 2, and x No. 4 will consider the numbers x during this interval.
we immediately notice this (Example 1). there are breaks in the schedule on numbers x No. 1, x No 2, and x 4. A break at x No.1 appears as a jump, which we define later as a gap jump. The break in x No. 2 is called a removable break, because by changing the definition of function at this one point, we can create a new function that is continuous on x No. 2.
Similarly, x No. 4 is a removable gap. Numbers on which the schedule has breaks: At the point of the interior x No. 1, the function has no limit. It has both the left limit, imxS1-q (x) 0, and the right limit, limxS1 (x) 1, but the limits are different, resulting in a jump in the chart. The feature is not continuous on x No.1. However, the no(1) No. 1 function is equal to the
right limit, so the function is continuous on the right at x No. 1. At x No 2, the feature has a limit, imxS2 (x) No. 1, but the value of func-tion is No (2) 2. The limit and function values are not the same, so there is a gap on the chart, and there is no continuous value on x No. 2. At x No. 4, the function has a left limit at this right endpoint, limxS4-q (x) 1, but again the
function value No. 4) No. 1 differs from the 2 limit. We again see a gap in the function graph at this end point, and the function is not continuous on the left. Numbers on which the graph g has no breaks: At x No 3, the feature has a limit, limxS3 (x) 2. In addition, the limit is the same value as the function there, No. (3) and 2. The function is continuous on x No. 3. At
x No 0, the feature has the right limit at this left end point, limxSO0 (x) No. 1, and the function value is the same, th (0) No. 1. The function is continuous on the right at x 0. Because x No 0 is the left endpoint of the domain function, we have that limxS0 (x) 1 and so e continuous on x 0. In all other numbers x q ¢ in the domain, the function has a limit equal to the
function value, so limxSc q (x) For example, limxS5 (x) 1 25 2 and 3 . No breaks 2 are displayed on the function graph on any of these numbers, and the function is continuous in each of them. The following definitions capture the ideas of continuity that we have seen in Example 1. DEFINITIONS Let C will be a real number that is either the inside point or the end
point of the interval in the domain. The function is continuous on c if lim g (X) q (c). xSc Function is right-continuous on ¢ (or continuous on the right) if lim (x) g (c). xSc' Function - left-continuous on C (or continuous left) if lim (x) g (c). x S ¢c-74 Chapter 2 Limitations and Continuity Bilateral Continuity Function in example 1 continuous on each x in 3 0, 44 except x 1,
2, and from right continuity left 4. It is but not left-continuous on x No 1, neither right nor left-hander on x No 2, nor left-continuous at x No 4. y f(x) From the theorem 6, it follows immediately that the function of q is continuous on the interior of the bx point ¢ of the interval in its domain if and only if it is both right-continuous and left-continuously on C (Figure 2.36).
We say that the function is continuous during the closed FIGURE 2.36 Continuity interval at points A, b, 3 a, b4 if it is right-continuous on, left-continuous on b, and continuous at all internal and c. interval points. This definition also applies to endless closed intervals of 3 a, q) and (-q, b4), but we are talking about only one endpoint. If the function is not continuous
at point y c of its domain, we say that g is ripping by C, and that f has a c. y q'4 - x2 Note that the function can be continuous, right-continuous, or left-continuous only at point C, for which q'c is defined. 2 EXAMPLE 2 Feature No. 24 - X2 is continuous over its domain 3 -2, 24 -2 0 2x (Figure 2.37). It's right-continuous on x -2, and left-continuous at x No 2. THE
FIGURE 2.37 feature that the EXAMPLE 3 step function unit U (x), on the graph in figure 2.38, is right-c ontin continuous over its domain at x No 0, but is neither left-continuous nor continuous there. It has a jump gap on (Example 2). x 0. y At the point of the interior or the end point of the interval in the domain function is continuum-ous at the points where it
passes the next test. 1 y U (x) Ox Continuity Test Function g (x) is continuous at point x q c if and only if it meets the next FIGURE 2.38 Feature three conditions. that has a gap jump on origin (Example 3). 1. C (C) exists (C lies i the QOmain . . . . . ..o e e e e e e e e e e e e e e e e e e
............................................................. 2. limxSc (x) exists (it has a limit like x S c). 3. limxSc q (x) q (c) (limit equals function value). For unilateral continuity, the limits in Parts 2 and 3 of the test must be replaced by appropriate unilateral restrictions. y EXAMPLE 4 Function y: x; section 1.1 in figure 2.39. This is intermittent on
every integer n, because the left and right limits are not equal as x sn: 32y :x; lim:x; n-1and lim :x; No 1 1234 x S n- x S n -1 x C: n; n, the biggest integer function is right-continuous on every n integer (but not left-continuous). The biggest integer function is continuous on every real number behind other integers. For example, lim :x; No1:15;.xS 1.5-2
Overall, if n - 1 6 ¢ 6 n, n integer, then FIGURE 2.39 Largest integrator lim :x; n - 1 : ¢;. The function is continuous at each point of noninte-ger. It is right-continuous, but not xSc left-continuous, at each point of the integrator (Example 4). Figure 2.40 shows a few common ways in which the feature may not be Units. The feature on Figure 2.40a is continuous at X
No 0. The 2.40b feature does not contain x No 0 in the domain. It would be continuous if its domain was expanded2.5 Continuity 75 so that g (0) No.1. The function on figure 2.40c would be continuous if No (0) were 1 instead of 2. The gap in the 2.40c picture is removable. The feature has a limit like x S 0, and we can remove the gap by setting No (0) equal to that
limit. The gaps in figure 2.40d through f are more severe: limxS0 (x) does not exist, and there is no way to improve the situation by properly identifying in 0. The step function in figure 2.40d has a jump gap: one-way limits exist, but have different meanings. The q(x) 1'x2 feature in figure 2.40e has an infinite disconti-annuity. The 2.40f function has a oscillating gap:
it fluctuates so much that its values are closer to each number of 3 -1, 14 as x S 0. Since it does not approach one number, it has no limit as x approaches 0. yyyyfx) y f(x) 2y f(x) 1y f(x) 1 Ox Ox 0x Ox (&) (b) (c) () g)yyy-sin11xyf(x) 1 x2-10x 0x -1 (e) (f) FIGURE 2.40 Function in (a) continuous in X No 0; functions in (b) through (f) are not. y Continuous
features at No.1 We now describe the continuity behavior of the function throughout the domain, not x only at one point. We define a continuous function that is continuous at every point in its field. It's a function property. The feature always has a speci-fied domain, so if we change the domain, then we will change the function and this can change its continuity
property as well. If the function is intermittent at one or more points in its domain, we say it's an intermittent function. 0x EXAMPLE 5 FIGURE 2.41 Function (a) Function g(x) 1'x (Figure 2.41) is a continuous function because it is continuum-ous at every point of its domain. Point x No. 0 is not in the q(x) 1'x domain continuously above its q, so it is not continuous at
any interval containing x y 0. Also, there is no way to have a natural domain. It is not defined to expand to a new feature that is defined and continuous on x No 0. The g function does not have a removable gap on x g 0. origin, so it is not a continuous (b) g(x) x identification function and permanent functions are continuous everywhere at any interval containing x
No. 0 Example 3, Section 2.3. (Example 5). The algebraic combinations of continuous functions are continuous wherever they are defined.76 Chapter 2 Limits and Continuity of THEOREM 8-Properties of Continuous Functions If functions and g are continuous on x q ¢, then the following algebraic combinations are continuous on xy 1. Amounts: 2g. Differences:
H-Gg, g any number k 3. Constant k for 4. Products: 5 euros. Odds: eg, subject to g(c) #0 6. Powers: n, n positive integer 7. Roots: 2n, provided that it is determined at the interval containing ¢, where n is a positive integer Most results in theorem 8 are followed from the limit rules in theorem 1, section 2.2. For example, to prove the amount of property we
have lim (i g) (x) - lim (x (X) g (X)) xSc xSc (x) lim (x) lim g(x) xSc sum rule, Theorem 1 g (c) g(c) Continuity This shows that q g is continuous. EXAMPLE 6 (a) Every polynomial P(x) - anxn - an-1xn-1 - g a0 is continuous because lim P (x) - P/c) theorem 2, section 2.2. xSc (b) If P (x) and g (x) are polynomials, then the rational function of P(x) (x) is continuous
wherever it is defined (g(c) # 0) theorem 3, section 2.2. EXAMPLE 7 Function g(x) 0 x 0 continuous. If x 7 0, we have q (x) X, polynomial. If x 6 0, we have q (X) -x, another polynomial. Finally, in the beginning, limxS0 0 x 0 x 0 0 0 . The functions of sin x and y cos are continuous on x No 0 following the example of section 2.2. Both functions are continuous
everywhere (see Exercise 64). From the theorem 8 it follows that all six trigonometry functions are continuous wherever they are determined. For example, y th tan x continuous on g U (-p-2, p-2) U (p. 2, 3p-2) U. If q (X) is a continuu-ous on x y s and g (x) is continuous on x y (c), then g o y also continuous on x y s (figure 2.42). In this case, mr. o limit,as x S c
(i.c)). THEOREM 9-Compositions of Continuous Functions If th continuous on C and G continuous on c¢(c), the composition of G o th continuous on c.2.5 Continuity 77 g f Continuously on ¢ f g Continuously on C (c) c (c) g (f(c)) FIGURE 2.42 Continuous Functions Compositions are continuous. Intuitively, Theorem 9 is reasonable, because if x is close to c, then

th (x) is close to (c), and since g is continuous on th (c), it follows that g (I (x)) is close to g (i (c)). The continuity of compositions takes place for any finie number of fureons. The only requirement is that each function be continuous where it is applied. Sketches of proof of the theorem 9 are given in Exercise 6 in Annex 4. EXAMPLE 8 Show that the following
features are continuous on their natural domains. a) y 2x2 - 2x -5 (b) y - x2'3 x4 (c) y' x - 2' (d) y' x sin X2 - 2 x2 - 2 y Solution (a) Square Root function continuous at 3 0, q) because it is the root of the continuum function 0.4 ous identity q(x) x (Part 7, Theorem 8). This feature is that 0.3 composition of polynomial g (x) X2 - 2x - 5 with square root function g/t 2t , and
is continuous on its Domain. 0.2 (b) The numerator is the cubic root of the identification function in the square; denominator 0.1 all-positive polynomial. Thus, the ratio is continuous. -2p -p 0 p 2p x (c) The ratio (x - 2) (x2 - 2) is continuous for all x # 22, and the function is the composition of this coefficient with a continuous function of absolute value FIGURE 2.43
Chart assumes that (Example 7). y y 0 (x sin x) (x2 No 2) 0 is continuous (d) Because the function of sine waves everywhere is continuous (Exercise 64), the number-tor term x sin x is a product of continuous functions, and the term denominator (Example 8d). x2 No 2 is an all-positive polynomial. This value is part of a continuous function ratio with a continuous
absolute function (Figure 2.43). The 9 is actually a consequence of the more general result that we are now proving. It states that if the limit in th (x) as x C approaches is b, the ¢ omposition g © f limit as x ¢ approaches is G(b). THEOREMA 10 - Limits of continuous functions If limxSc q(x) b and g are continuous at point b, then lim g(i/x) g/b). xSc78 Chapter 2
Limitations and Continuity Proof Let e 7 0 be given. Since g is continuous on b, there is a number d1 7 0, that 0 g(y) - g(b) 0 6 e whenever 06 0y - b 0 6 d1. limySb g(y) g (b) as g is continuous iny g b. Since limxSc (x) b, thereisd 7 0, that 0 y (X) - b 0 6 d1 whenever 0 6 0 x - ¢ 0 6 d. Definition limxSc (x) y b If we lety q (x), then we have that 0 y - b 6 d1 each time,
when 06 0 x - ¢ 0 6 d, which implies from the first statement that 0 g(y) - g(b) 0y 0 g (i) - g(b) 0 6 e, when - always 0 6 0 x - ¢ 0 6 d. From the definition limit follows that limx g (i.x) g (b). This provides evidence for a case where C is the internal point of the domain f. The case where c is the end point of the domain is completely similar, using the appropriate one-
way limit instead of a one-way limit. EXAMPLE 9 Application of the theorem 10, we have lim cos a2x - sin a32p - xb b - cos a lim 2x - x im sin a32p - xb b x S p/2 x S p/2 S p/2 S p/2 cos (p - sin 2p) Intermediate value theorem value for continuous function A function, as they say, the intermediate value of the property, if whenever it takes on two values, it also takes
on all the values in between. THEOREM 11 - Intermediate value theorem of value for continuous functions If - continuous function at a closed interval of 3 a, b4 , and if y0 is any value between z (a) and g (b), then y0 g(c) for some cin 3 a, b4 .y y f(x) f (b) yO c bx f (a) Oa Theorem 11 says that continuous functions during limited closed intervals have an inter-
intermediary property value. The geometrically intermediate theorem says that any the y and yO0 line crosses the axis between the numbers and will cross the curve at g (x) at least once during the 3 a, b4 interval. Proof of the intermediate value theorem depends on the completeness of the real numbers system. The fullness property implies that real numbers have
no holes or gaps. In contrast, rational numbers do not satisfy the fullness of p roperty,2.5 Continuity 79 y and a function defined only by rationalistics will not satisfy the intermediate value of A- 3 orem. Cm. Appendix 7 for discussion and examples. 2 Interval continuity is important for the 11 theorem. If there can be no continuum-ous at one point of the interval, the
conclusion of the theorem may fail, as it does for 1 function, on the graph at figure 2.44 (choose y0 as any number between 2 and 3). 0 1234 x Consequence for graphics: Communication 11 theorem implies that a function graph that is continuous at intervals cannot have any breaks in the interval. This FIGURE 2.44 function will be connected - a single,

continuous curve. It will not have jumps such as those that are on the chart of the greatest function of the integrator (Figure 2.39), or individual branches like q (x) 2x - 2, 1... x62, found on chart 1x (Figure 2.41). e 3, 2... X... 4 Consequence for root search We call the solution of equation No (x) 0 root does not assume all the values between the equation or the zero
function. The intermediate theorem tells us that if the th is continuous, any interval at which the sign changes contains zero function. No (1) No 0 and No (4) 3; it misses everything somewhere between the point where the continuous function is positive, and the second point where it is negative, the function should be zero. values between 2 and 3. In practical
terms, when we see a graph of continuous function to cross the horizon-tal axis on the computer screen, we know that it is not stepping over. Indeed, there is a point where the function value is zero. THE EXAMPLE 10 Show that there is a root of the equation x3 - x - 1 and 0 between 1 and 2. Solution Let g (x) x3 - x - 1. Since No (1) No. 1-1---16 0 and No (2)
23-2-1-570, we see that y0 and 0 is a value between ¢ (1) and q (2). Since th is polynomial, it is continuous, and the intermediate value of theorem says that there is zero 1 to 2. Figure 2.45 shows the result of zooming in to find the root near x 1.32. 511 1.6 -1 2 -2 -1 (b) (a) 0.003 0.02 y 1.320 1.330 1.3240 1.3240 1.3240 1.3248 4y 4 -x232-0.02 - 0.003 y
g2x 5 1 (c) (d) 0 ¢ 2x FIGURE 2.45 Scale on zero function q(x) x3 - x - 1. The zero is next to x 1.3247 (Example 10). FIGURE 2.46 Curved EXAMPLE 11 Use an intermediate theorexy to prove that the equationy 22xy 5 and y 4 - x2 22x 5 - 4 - x2 have the same value in x g ¢, where 22x 5 - x2 - 4 0 (example 11). has a solution 2.46.80 Chapter 2 Limits and
Continuity Solution We rewrite the equation as 22x No 5 x2 - 4 x 0, and set th (X) 22 x 5 x x 2 - 4. Now g(X) 22x No. 5 is continuous at intervals of 3 -5'2, q), as it is formed as a composition of two continuous functions, a square root function with non-unegiate linear function y and 2x 5. Then it's the sum of the function g and the square function y x2 - 4, and the
qguadrangle function is continuum for all x values =. Note that at the end closed interval 3 0, 24 < 3 -5'2, ). Since the value of yO No. 0 is between the numbers No(0) - -1.76 and No (2) - 3, according to the intermediate theorem there is a number ce 3 0, 24 such that g (c) 0. Number C decides the original equation. Continuous extension to the point Sometimes the
formula describing the function does not make sense at point x g g c. However, it would be possible to expand the q area, turn on x g ¢, creating a new function that is continuous on x q c. For example, the function of y g (x) (sin x) is continuous at every point except x y 0, since x No. 0 is not in its domain. Since y (sin x) has a final limit like x S 0 (Theorem 7), we
can extend the function domain to turn on point x No. 0 so that the extended function is continuous on x No. 0. We define the new sin function x, x20 Same as the original function for x # 0 x x 0. Value at domain point x 0 F (x) No. 1, New feature F (x) is continuous on x No. 0 because lim sin x (0), x XS0 to meet the requirements for continuity (Figure 2.47). yy (O,
1) f(x) (0, 1) F(x) a- p2b ap2, p2b a- p2b ap2, p2b2b2p2p2p2-p0x-p0x 2 (a) 2 (b) FIGURE 2.47 (a) Graph g(x) X... p-2 does not include a point (0, 1) because the function is not defined on x No 0. b) We can expand the domain to include x No 0 by defining the new function F (x) with F (0) and F (x) and x (x) each where else. Note that F (0) - limxS0 (x)
and F (x) - is a continuous function at level x No. 0. More generally, a function (such as a rational function) may have a limitation at a point where it is not defined. If g (c) is not defined, but limxSc q (x) L exists, we can identify a new function F (x) by rule F (x) g (xX) q (x), if X is in the e L domain, if x q.2.5 Continuity 81 Function F continuous on x g q c. This is called
continuous expansion from th to x c. For rational functions, continuous extensions are often found by the cancellation of com-factors in the numerator and the denominator. EXAMPLE 12 Show that g (x) X2 x - 6, x#2 x2 - 4 y has a continuous extension to x No 2, and find that extension. 2g x2 x x - 6 The question (2) is not defined if x # 2 we have x2 - 4 x (x) x2 X 6
X(X-2)(x3)x23.x2-4(x-2)(x-2)x-101234x (a) New featurey 2 y' x'3 F (x) x 3 x 2 x 2 41 equals q (x) for x # 2, but is continuous at x No 2, having there value of 5'4. Thus, -1 0 1 2 3 4x F is a continuous extension to x 2, and (b) lim x2 - x - 6 - lim (x) 5 . X2 - 4 xS2 xS2 FIGURE 2.48 (a) Chart th (x) and (b) graph th graph shown in figure 2.48. Continuous
Expansion F has the same schedule of its continuous F(x) expansion (Example 12). except without opening on (2, 5'4). In fact, F is a function lengthened through the missing domain point on x No. 2 to give a continuous function over a large domain. Exercises 2.5 Continuity from Exercise Graphics 5-10 refer to the function in exercises 1-4, say, whether the
function is a continuous schedule on 3-1, 34. If not, where can it not be continuous and why? x2 - 1, -1 ... x 6 0 2x, 06x61 1. 2. x'1 (x) - e 1, 16x62 yy - 2x - 4, 26x63 0, y f (X) y g(x) 2 2 1, on the graph on the accompanying figure.-10123x1123xy-10yf(xX)3.4.2(1,2)yyy2xy-2x-42yk(x)2(1,1)yh(x)x-1012311yx2-1-1-10-1011123x123x
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