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The Poincaré-Bendixson Theorem for Monotone
Cyclic Feedback Systems
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We prove the Poincaré-Bendixson theorem for monotone cyclic feedback
systems; that is, systems in R” of the form

x;=fi(xy, X 1), i=1,2,..,n (mod n).

We apply our results to a variety of models of biological systems.
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feedback; Poincaré—Bendixson theorem.

0. INTRODUCTION

In this paper we study systems of ordinary differential equations in R”, in
which the » coordinate variables x!, x?..., x", drive, or force one another in
a cyclic fashion. To be precise, we consider systems of the form

xi:fi(xi, xi— 1), i=1, 2’__., n (01)

where we agree to interpret x° as x”. [As there will be a frequent need to
make such interpretations, due to the cyclic nature of the feedback in (0.1),
let us agree that all indices (superscripts) of all variables are to be taken
modulo #.] We assume the nonlinearity /= (f*, f2,., /") is defined on a
nonempty open set O « R” with the property that each coordinate projec-
tion O’ R? of O onto the (x’, x'~!) plane is convex and that f'e C'(0).
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~ Our key assumption about the cyclic system (0.1) is that the variable
x'~! forces X’ monotonically. We assume for some é'e { —1, +1}, that

>0 forall(x,x"')eO’ andl1<i<n (02)

Thus & describes whether the effect of x'~' is to inhibit the growth of
x'(6'= —1) or to augment its growth (8’= +1). The product

A=5'52...5m

characterizes the entire system as one with negative feedback (4= —1) or
positive feedback (4= +1). We term such a system, of the form (0.1),
satisfying (0.2), a monotone cyclic feedback system.

Our main result, in essence, is that the Poincaré—Bendixson theorem
holds for monotone cyclic feedback systems. In particular, the omega-limit
set of any bounded orbit of a monotone cyclic feedback system can be
embedded in' R? and must, in fact, be of the type encountered in two-
dimensional systems: either a single equilibrium, a single nonconstant
periodic solution, or a structure consisting of a set of equilibria together
with homoclinic and heteroclinic orbits connecting these equilibria.
Further, related results for linear systems severely restrict the type of bifur-
cations which can occur in such systems. Simple Hopf bifurcations and
stationary bifurcations with null spaces of dimension at most two are
possible, however, higher-dimensional bifurcations do not occur. Also
excluded are period doubling bifurcations and bifurcations of periodic
orbits to invariant tori. In a general sense “chaos” is ruled out.

Before stating our result precisely, we introduce a bit of notation.
Letting x, € O = R” denote an initial condition x(0) = x, for a solution x(z)
of (0.1), we write for Te R the semiorbits

7% (xo) = {x(¢)| = T and t e dom x(-)},
7= (xo) = {x(t)|t< Tand re dom x(-)},
y* (xo0) =" (o),
and denote the orbit
7(X0) =77 (x0) U7 (Xo)-

We let a(x,) and w(x,) denote the usual alpha- and omega-limit sets of
7(x,), provided of course the solution x(¢) exists as t > —o0 or +oo. If y
is an equilibrium or periodic orbit, we denote by W*, W<, W<, W, and
W the stable, center-stable, center, center-unstable, and unstable
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manifolds, respectively of vy; these arise in later sections of the paper.
Finally, we let IT: R” — R? denote, for each i, the coordinate projection

_ R
II'c=(x', x'77)
We now give our main result.

Main Theorem. (a) Let x(t) be a solution of the monotone cyclic
Jeedback system (0.1), (0.2), through x(0)=x,, and suppose the forward
orbit y*(x,) is bounded, with closure y*(x,) = O. Then the omega-limit set
w(xq) is one of the following:

(i) an equilibrium y,,

(if) a nonconstant periodic orbit, or

(iii) a set EwH where each yoeE is an equilibrium at which
Adet(—Df(y,)) =0, with 4 =T17_, 0", and where H is a set of orbits
homoclinic to/heteroclinic between points of E; that is, if y,e H, then
a(yo) = {z0} and w(y,) = {wy} for some z,, woe E. There, moreover, exists
an integer k., , which is odd if A= —1 and even if A= +1, such that for each

zo€ E the matrix Df(z,) has either k,—1 or k., eigenvalues y satisfying
Re y>0.

(b) For each i the planar projection

IT: w(x,) > R? (0.3)

is one-to-one on the omega limit set. In fact, in cases (i) and (iii) (that is,
where w(x,) is not a nonconstant periodic orbit) there exist T3>0 such that
for each i the projection

IT: VT+(XO)=VT+(X0)UCU(XO)"RZ (04)

is one-to-one on the forward orbit closure.

(¢) In any case (i), (ii), or (iii) there exists T>=0 such that if
vo€y t(x,) is not an equilibrium, then the projection of the vector field
through that point is nonzero

IT5(0) = (f'(po), /'~ (30)) # (0, 0) (0.5)

We note that in case (ii), when w(x,) is a periodic orbit, that while the
omega-limit set projects homomorphically onto the plane (0.3), the projec-
tion of the forward orbit closure (0.4) need not be one-to-one for any
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T>0. Indeed, the linear equation x® 4 x =0, written as the monotone
cyclic feedback system

(0.6)

X=x""1 2<i<6

in R® [here x'=x©®~" for 1 <i< 6], exhibits this phenomenon. Consider
the solution of (0.6), whose first two coordinates are

x*(t)=sin t+ e~ * sin Bt
x!(t) = x*(t) =cos t + e~ (B cos ft —a sin fr)
with x'(t), 3<i<6, defined uniquely by (0.6), and with
x=1%./3, =1

corresponding to the eigenvalues —a+if of the differential equation.
Clearly, the projection of the omega-limit set of this orbit onto the (x?, x')-
plane is the circle

ITPo(xy) = {(x% x')eR*| (x?)? + (x')* =1}

We claim the projection IT%x(t)= (x*(t), x'(¢)) of the orbit crosses this
circle infinitely often as ¢ — co. Indeed,

(x*(0))* + (x'(1))* — 1 =e~*p(t) + O(e ™)

where p(t) is the 4n-periodic function
p(t)=2(sin ¢ sin iz + f cos t cos fit — « cos ¢ sin fit)

As p(r) changes sign infinitely often (since p(z+2n)= —p(t) £ 0), the
claim is proved. It follows immediately from this that /72 is not one-to-one
on y7*(x,) for any T.

As mentioned above, there are really two fundamental types of
monotone cyclic feedback systems (0.1), characterized by 4 = 616%...6m Tt
is not difficult to see that a change of variables x’'— u'x’, where
u'e {—1, +1} are appropriately chosen, yields a monotone cyclic feedback
system (0.1) where

8= +1, 2<ign

5= +1, ifd= +1 (0.7)
11, ifa= —1



The Poincaré—Bendixson Theorem for Monotone Cyclic Feedback Systems N

One could think of (0.7) as a “canonical form” for such systems. It follows
immediately that if 4= +1, then (0.1) is a cooperative and irreducible
system in the sense of Hirsch [20-22] (see also Ref 37) and the many
results for monotone dynamical systems contained in the above mentioned
work apply to (0.1). In particular, there is a strong tendency for solutions
to converge to equilibria (see Refs.20-22). If 4= —1, then (0.1) is not
cooperative; it is a competitive system (see Ref. 37) if # is odd. Observe also
that the time-reversed monotone cyclic feedback system (0.1) is again a
monotone cyclic feedback system. In fact, time reversal has the effect of
changing 4 to (—1)" 4. Our focus is primarily on the case that 4= —1
since the range of possible dynamical behavior is not so restrictive in this
case.

Monotone cyclic feedback systems arise in a variety of mathematical
models of biological systems, for example, in cellular control systems in
which the variables x’ typically represent the concentrations of certain
molecules in the cell. Results on existence of periodic orbits have been
given by Hastings e al. [19] and on stability in R by one of us [35]. See
also R. A. Smith [38-407], who treated a different class of systems (but with
some nontrivial overlap with those considered here).

Results which closely parallel our results here are given for the scalar
reaction-diffusion equation

u=us+f(&uu;), ueR, ¢(eS'=R/Z (0.8)

on the circle, by one of us with Fiedler [11], and for the scalar differential
delay equation

)= —f(x(2), x(t— 1)), xeR (0.9)

jointly with Sell [297]. In the case of the delay equation (0.9) a
monotonicity assumption df(x, y)/dy #0, for all (x, v), is needed; however,
for the PDE (0.8) there is no monotonicity required of f. Indeed, a
standard discretization of (0.9) with x(r) = x(z —i/n), for 0< i< n, yields a
monotone cyclic feedback system. A discretization of (0.8) based on
u'(t)=u(t, i/n), for 1 <i<n, yields a system

L i et .
T, ut T, 1<ign

u'=gu

with “nearest-neighbor” interactions, with g’ monotone in u'*' (this

monotonicity comes from the u,, term, and not from /). The behavior of

such systems is not unlike that of the monotone cyclic feedback systems
considered here.

The organization of this paper is as follows. In Section 1 a principal

tool, an integer valued Lyapunov function N (due originally to Smillie
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[347) is developed. Section 2 is concerned with the Floquet theory of linear
monotone cyclic feedback systems; the approach taken there is similar to
one developed for an integral equation by Chow, Dickmann, and one of us
[10]. Section 3 is devoted to the proof of our main result. Finally, in
Section 4, the various applications outlined above are treated in depth.

1. AN INTEGER-VALUED LYAPUNOYV FUNCTION

In this section we define a fundamental tool, an integer-valued
Lyapunov function N, and develop some of its basic properties. The func-
tion N was first given by Smillie [34] and later used by Fusco and Oliva
[13]. It is more or less the discrete analog of zero-crossing number of
Matano [30] (discovered originally by Nickel [31]) for scalar reaction-
diffusion equations.

We evaluate N along derivatives of solutions of (0.1) or along differen-
ces of two such solutions x(¢) and %(¢):

N(x(1)),  N(x(2)—x(1))

Indeed, this approach was used by Brunovsky and Fiedler [9] with the
Matano function in their study of connecting orbits in reaction—diffusion
equations. Observe that if x(¢) and x(z) are two solutions of (0.1) in O,
then y(t)=x%(¢) and y(t)=x(¢)—X(¢z) satisfy a nonautonomous linear
monotone cyclic feedback system

() =wH(2) y () +wh N ) y'THe),  1<ign (L1)
with
SwH Yt)>0  and w*/ continuous,  j=ii—1 (1.2)
Indeed, for y(t) = X(¢), (1.1) is just the variational equation about x(¢) with
whi(t) = of (x*(2), x'~1(2))/ox?, =i, i—1,

while for ()= x(1) — %(1),
whi(t) = jl of '(u'(s, t), u' ~ (s, 1))/0x’ ds, j=i i-1,
0

where u'(s, 1) = sx'(t) + (1 —s) ¥'(¢).
Define the function N, taking values in {0, 1, 2,..., n}, by

N(y)=card{i|5%yy'~' <0}
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for those y e R” with each y'#0, 1 <i<n. It is not difficult to see that the
domain of definition of N can be extended (by continuity) to

N ={yeR"| y'=0  forsome i implies §'*'5'y'* 'y~ <0}

on which N is continuous. Observe that for those y e R” with each y'50,
1<ign,
(-1 =sign [] 65H" '=]] é'=4
i=1 i=1
It follows that N takes only odd values if 4 = —1 and only even values
if A= +1. If ye R"— A", then N(y) is undefined.

The following result justifies our definition of N. Except for (d), it is
similar to a corresponding result of Smillie [34; see Proposition].

Proposition 1.1. Let y(t) be a nontrivial solution of (1.1) where (1.2)
holds. Then

(a) y(t)e N except at isolated values of t.
(b) N(y(1)) is locally constant where y(t)e A,

(c) Ify(to) ¢, then N (y(to+)) <N(y(to—)).

(d) If y()ed, then (y'(2),y'"'(1))#(0,0) and (y'(1), y'(1))#
(0,0), 1<i<n.

Proof. We need only verify (a) and (c) since (b) and (d) are
immediate from the definition of .47, continuity of N(y(?)), and (1.1), (1.2).
Suppose that y(z,) ¢ A" for some ¢;. We assume without loss of generality
that 1,=0. For 1 <i< n, define k(i) = k, a nonnegative integer, if there exist
p'#0 such that y'(t) = p't* + o(¢*) as 1 — 0, where |o(t¥)/t*| > 0as t —» 0. In
general, k(i) may not be defined for some i. If y’(0)#0, then k(i) =0 and
p' = y'(0). Hence k(i) is defined for some i By our hypothesis that y(0) #0.
If k(i) is defined we set P'=sign p'e {+1, —1}. Note that if k(i) is defined,
then £ =0 is an isolated zero of y'(¢).

Let Z={j:y/(0)=0}. Then Z is a nonempty proper subset of
{1,2,.,n}. We can partition Z into a finite union of pairwise disjoint
“intervals” I,,.., I;, [> 1, satisfying that (a) each I, consists of consecutive
indices (modn, eg, I,={n—1,n1,2}) belonging to- Z, and (b) if
IL={i+1,i+2,.,i+p} (indices modn), then i and i+ p+1 do not
belong to Z. Observe that it is conceivable that [ =1, ie., there is only one
such interval I as above with i=i+ p+1 (mod n).

Consider a typical such interval I Suppose first that I={;}
is a singleton. There are two cases. If 6/*16/P/+1p/~'= 41, then
(dfdt)|,~o 07p7y' " =873y, _o=8wH (37 1)? >0 and (d/dr)|,
Syl ly = i+ ly = 1yi+1yj=1 5 In particular, y’ has an isolated zero
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(k(j)=1) at t=0 and [ contributes a decrease by two in N as ¢ increases
through zero. If §/*'§/P/*'P/~1= —1, then I contributes no change in N
near ¢ =0. Note that not all intervals I; can be of this type since we assume
x(0)¢ A",

Now suppose I={j+1,j+2,..,j+p}, p=2. We show that
k(j+r)=r, 0<r<p and P/*"=46/""P/*"~1 1 <r< p. We require the
following result; the simple proof is left to the reader.

Claim. Let y(t) be the solution of

y=A()y+g(®), y(0)=0

where A(t) is a continuous nxn matrix function and g(t) is a continuous
n-vector function satisfying

g(t) =g "+ o(t™), t—0
where g,,€ R" and m is a nonnegative integer. Then

8m m+1 m+1
t)y=——"1 t
$y =St o(rm )

Returning to the assertions above, note that 3/*!(0)=w’/*/5/(0) so that
k(j+1)=1 and P/*' =sign(w’/*/(0) y/(0)) = 6/ ' P/. Thus the assertions
hold for r=1. Now 3/ *2(f) = w/ T2/ +2pJ+2 4 i+ 2+ 1410 i+ 2(() =0,
w/t I L) /() = w/ T 27T 10) $7+1(0) £+ o(t), so by the lemma above
k(j+2)=k(j+1)+1=2 and
Pj+2=Sign(wj+2,j+l(0)yj+l)=5j+2Pj+l
Continuing in this manner establishes the assertions above. It follows that
t=0 is a simple zero of y'(z), iel
For ¢g=1,2,..,p, 0<]t| and |¢| small

Sign(5j+"yf+qyf+"‘1)=sign(é“"P”qPHq*1124—1)
=g/ tapitypita—1 sign (21
:(5J'+qu+q71)2 sign 291
=sign 1277}
Furthermore,
sign(8/+ P+ 1yitprlyit ey = §itpr1pit e+l pitrsion 7

for |t| small and positive.
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Hence as ¢ increases through zero (¢ sufficiently near zero) the interval
I contributes to a change in N of

4 peven
AN={ —(p+1) poddand §/*P*'p/+r+ipi*tr>Q
—(p—1) poddand §/*FHIp/rrrip/tr<(

Observe that in each case, the change is a negative even integer.

In summary, we have decomposed Z into a disjoint union of /1
intervals. Except in the case of one special type of singleton interval, we
found that for each of these intervals, y’ has a simple zero at =0 for each
j in the interval and that each such interval contributed a decrease in N
by an even positive integer as ¢ increases through zero in a small
neighborhood of zero. Further, we showed that this special type of
singleton interval contributed no change in N but that not every interval
could be of this type. From these considerations, (a) and (c) of Proposi-
tion 1.1 follow. |

The following consequences of Proposition 1.1 are crucial to our
analysis of (0.1). Let x(z) and X(¢) be two distinct solutions of (0.1} in O
which exist for 0. Then Proposition 1.1 implies that N(x(z)—x(¢)) is
constant except at a finite number of points ¢, t,,.., t,, (p<[#n/2]) at
which N(x(z) — x(t)) is not defined. As ¢ increases through 7, 1<j<p,
N(x(¢)— x(2)) decreases by a positive multiple of two. For each i, 1 <i<n,
and for ¢ belonging to one of the intervals (¢,, ¢, }(#,, + o), property (d)
implies the projections of x(¢) and X(¢) into the (x', x'~ ') plane do not
meet: (x'(1), x'~1(2)) # (F(¢), ¥~ '(¢)). (This does not prove the two curves
so described are disjoint in the plane but does raise the possibility, at least
for large t.) The same is true for the projections into the (x/, x’)-plane;
equivalently, the zeros of x(¢)— x(r) are simple in these intervals. The
above observations suggest the possibility of using phase plane analysis to
determine qualitative properties of solutions of (0.1). This expectation is
realized in Section 3.

2. LINEAR SYSTEMS

We consider the n-dimensional linear system
x=W()x,  Wt+1)= W), 2.1)

of period 7>0 (not necessarily the least period) and assume this is a
monotone cyclic feedback system:
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wi(t)=0 unless j=iori—1,

S'wh~Y1)>0  for all z, and w*’ continuous, j=1i,i— 1

Let X(¢) denote the fundamental matrix solution of (2.1) with X(0)=17 and
define, for a given « € C — {0}, the complex eigenspaces

E, =ker(X(t)—al)=C"

G,=gen ker(X(r)—al)=C”"
[Here gen ker A =ker A™, for large m, is the generalized kernel of a

matrix. The system (2.1) is assumed real, even though here we take com-
plex eigenspaces.| Given o > 0 define

&=Re @ E,
la| =0

4 =Re @ G,
jal =0

the real parts of the spans.

Lemma 2.1. Given o >0 there exists an integer k, such that for each
initial condition xy € &,— {0}, the solution x(t) of (2.1) satisfies N(x(t))=k
for all t. Furthermore, all zeros of x'(t), for each i, are simple.

Proof. Letting ueR satisfy e** =g, we see from Floquet theory that
x(t) = e*q(t) where g(t) is quasi-periodic. Fix 7, € R so that ¢(¢,) € A7; then
there exists f, < t, < t,, with |#,| and |¢,| arbitrarily large, so that ¢(z,) and
g(t,) are in the same component of 4~ as g(#,). As N is constant on each
component of A", we have for j=1, 2

N(x(1))) = N(q(1,)) = N(q(1o))

hence N(x(t,))= N(x(z,)). The monotonicity of N(x(¢)) in ¢ thus implies
that this quantity is a constant k(x,) independent of .

The fact that k(x,) is a well-defined integer for x,e 8, — {0}, and is
locally constant, implies that k(x,) =k is independent of such x,. Finally,
the simplicity of the zeros of x'(¢) follows from Proposition 1.1. |

Lemma 2.2. The statement of Lemuma 2.1 holds, with 9, replacing &,.

Proof. If yoe%,— {0}, then y(r)=t%"q(r) +0(:* 'e*) as 1t - +oo0,
where x(t) = e*q(t) is as above [that is, x(0)=x,€ &, — {0}]. With ¢, and
t, as above, one has for j= 1, 2 that ¢ “¢ *y(¢;) is arbitrarily close to g(z;)
and, hence, to g(¢y). Thus

N(x(1;)) = N(t; e *ip(1;)) = N(q(t0)) = k
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Thus, the local constancy of N, and monotonicity of N, yields the first
result. The simplicity of zeros again follows from Proposition 1.1. §

Lemma 2.3. If 0 <& are norms o= |a| and & =1d| of characteristic
multipliers o and &, then one has k = k for the values of N on the spaces 9,
and 9.

Proof. Let x,e%,— {0}, ¥,€% — {0}, let x(r) and X(¢) denote the
solutions through these points, and set p(¢)=x(¢)+ %(¢). One has
x(t)=e"t%(t) and X(t)=e™t%G(t) for p<fi and quasiperiodic ¢(¢) and
g(t). Observing that e ™ #t %y(t) —q(t) > 0 as t > —oo, one has, as in the
lemma above, that

N(y(2))=N(e *17p(1)) = N(q(1)) = N(x(1)) =k
for ¢ arbitrarily near — co. Similarly, one has N(y(¢))=Fk for ¢ near oo.

Thus, k >k by the monotonicity of N. |

Lemma 24. If S={o} is a set of positive nhumbers, which are all
norms ¢ = |a| of characteristic multipliers, and if the value N=k on %, is
independent of o € S, then N(x(t)) =k for any nontrivial solution with initial
condition xyespan, . s 9,.

Proof. Write x(t)=3%,.5x,(¢t) as a finite sum of solutions with
initial conditions in each %,. Then argue as in the proof of Lemma 2.3 to
show that N(x(t))=k both as t > —o0 and as ¢ — oo. Thus, N(x(z)) is the
constant k.

Lemma 2.5. If S is as in Lemma 24, then

dim span ¥, <2

ceS

In particular, for any o >0 one has

dim 4, <2

Proof. Suppose the space span, .5 %, in question has dimension three
or more. Then there exists a nontrivial solution x(¢) with initial condition
xo in that space, such that the first coordinate x'(¢) has a multiple zero at

t=0:
x'(0)=x'0)=0

Such a solution is easily found by taking a nontrivial linear combination
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of three linearly independent solutions. Now N(x(¢)) =k is constant in ¢, by
Lemma 2.4; but this contradicts Proposition 1.1. |}

Index the characteristic multipliers {«.};_,, and the quantities
o, = |a,l, so that

and assume for definiteness that 4 = —1. In case n=2b is even, it is clear
from the fact that N can only take on the n/2 values 1, 3, 5,..., 26— 1, and
from Lemmas 2.2-2.5, that

O Z0,>05320,> >0, 20, (2.2)
(that is, the inequality ¢,, > 0, is strict) and that

N=2h—1oné¥

O2h—1

+9

G2

for h=1,2,.,b. (2.3)

If, on the other hand, » is odd, then the situation is not as clear. We show
below, however, that

0'120'2>0‘3>O'4>--~>O'n_2>0n_1>0'n (2.4)
and that in addition to (2.3), with n=2b+ 1, we have

N=2h—1o0on¥%

O2h—1

for h=b+1, (2.5)

that is, N=n on ¥, . Also, products of certain pairs of multipliers are
shown to be positive.

Theorem 2.6. Assume first that A= —1. If the dimension n=2b is
even, then the norms o= |a| of the characteristic multipliers satisfy (2.2),

and N takes the values (2.3) on the spaces %,,  +%,, . each of which is two-
dimensional. Furthermore,
Oy 102, >0 for h=1,2,.,b (26)

If n=2b+1 is odd, then one has (2.3), (2.4), and also (2.5), the spaces

Y+ %, and &, being two- and one-dimensional, respectively. One also

has (2.6) and, in addition,

Oy 1 >0 forh=b+1, (2.7)
that is, o, > 0.

Now assume that A= +1. If n=2b—1 is odd, then

01>0,203>0,205> >0, 20,
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and

N=0on%, (28)
N=2hon¥,, +% for h=1,2,.,b—1 (2.9)

O2h G2h+1

where 9, is one-dimensional and %,, + ¥, is two-dimensional.

T2h G2h+ 1
Furthermore,
ay >0, (2.10)
Oopllop1 >0 forh=1,2,..b—1 (2.11)

both hold. When n=2b is even, then
01>0,203>0,205> - >0, ,20, (>0,

and (2.8)(2.11) all hold. In addition
N=2hon¥%

T2h

and
0ty >0, both with h=>5 (that is, 2h=n),

and 9, is one-dimensional.

Proof. For simplicity, we consider only the case 4 = —1, as the proof
for 4= +1 is analogous. As noted above, Lemmas 2.2-2.5 force (2.2) and
(2.3) if n is even. Similarly, one sees that if =25+ 1 is odd, then there is
a distinguished odd integer 2c¢ + 1€ {1, 3, 5,.., n} such that

O 20,>0320,> -
>0 120> 09 1 PO 2 Z 0 3> e
> O 320y 1> 03, Z 054

and such that

2h—1on¥ +9

G2h—1 C2h

N=<{2c+1on%

T2+t

2h+1on¥% +%

G2hn G2h+1

forh=1,2,.,c¢

forh=c+1,c+2,..,56

We wish to show that ¢ =25, that is, 2¢c+ 1 =r as in (2.4). From this (2.4)
and (2.5) immediately follow, again by the lemmas above.
To prove that ¢ =5, we consider a homotopy

W(t)=pW(t)+ (1 —p) W,
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of the coefficient matrix such that (2.1) is a monotone cyclic feedback
system throughout 0 < p < 1. (At p =0 we consider the autonomous equa-
tion x = W,x as being t-periodic.) To be specific we choose W'~ ! =45’ for
all i, and W{=0 for j#i— 1 as the entries of W,. This corresponds to the
nth-order scalar equation d"x'/dt" = —x' and one easily sees that ¢ =5 for
this system. Now the quantities o, =,(p) vary continuously in p, and so
the values of N on each %, are independent of p. Thus c(p) = is constant
throughout the homotopy, establishing (2.4) and (2.5).

To prove (2.6) and (2.7) we observe that 4,  +%,, (and %,  forn
odd) are spectral subspaces of X(z) and the determinants of X(r) on these
subspaces are given by the quantities in (2.6) and (2.7). Throughout the
homotopy above, these subspaces and determinants vary continuously in p,
and one verifies positivity of the determinants at p=0. As X(t) is non-
singular, positivity is maintained throughout the homotopy. |

Remark 2.1. If 4= +1, then each nonconstant periodic solution of a
monotone cyclic feedback system (0.1) is unstable, ie, ¢,>1. See
Lemma 1.2 in Ref. 35.

3. MONOTONE SYSTEMS
Let us now consider a nonlinear monotone cyclic feedback system
xX'=fi(x, XY, i=1,2,.,n{(mod n), (3.1)

that is, fis C' and satisfies (0.2) everywhere.

Proposition 3.1. Let p(1) be a periodic solution of (3.1) of least period
1> 0. Then for each i the maps

1> (p(t), pi(e))  and 1 (p'(1), p1(1)) (3.2)

are embeddings of the circle S* =R/1Z into R?; that is, they are one-to-one
on [0, 1) and have nonzero derivative throughout [0, ). In particular, if
y={p(t): te R} is the periodic orbit of (3.1), then y'= IT'y is a Jordan curve
in R* for each i.

Moreover, there is an integer ko such that for each 0¢€ (0, 1)

N(p(t+8)— p(1))=N(p(1)) = ko (3.3)
holds for all t.
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Proof. Fix 0¢ (0, 1), let z(t) = p(t + 8) — p(¢), and observe that z(7) is
a nontrivial solution of the linear monotone cyclic feedback system (1.1),
with coefficients

= [ LA 000, o

0 6xj
where
u'(s, 1) =sp'(t+0) + (1 —s) p'(2)

As z(7) is periodic, Proposition 1.1 implies that N(z(z)) =k is constant in /
(with k possibly depending on 6, however). Proposition 1.1 also implies
that all zeros of each z'(¢) are simple: for all reR

(Z'(1), 2(£)) #£(0,0)  equivalently, (z/(1), 2~ (1)) # (0, 0).  (3.5)

The conditions (3.5) and the fact that 8 (0, ) is arbitrary are easily seen
to imply that the maps (3.2) are one-to-one on [0, 7).
To prove the nonvanishing

(P(0), (1) #(0,0)  and  (5(2), '~ (1)) #(0,0)

of the derivatives, one simply observes that g(z)= p(r) satisfies the linear
variational equation ¢ = Df(x(¢)) g. As this equation is a monotone cyclic
feedback system, N(q(z)) =k, is constant and one argues as above. In order
to verify (3.3), observe that for 6 > 0 sufficiently small 6 ~'[ p(¢ + 0) — p(¢)]
is uniformly near p(¢r) and so belongs to A" and N(p(t+0)—p(?))=
N [ p(t+6)—p(1)]) = N(p(t)) =ko. That (3.3) holds for all values of
f e (0, 7) follows from the local constancy of N on A4". |

Proposition 3.2. Let y; be an equilibrium or periodic orbit of (3.1), for
j=1,2. If v, and y, are distinct orbits, then their projections y\=IT"y,,
yh=1II'y, do not intersect in R?, for each i. If y, and y, are distinct non-
constant periodic orbits such that for some i, v belongs to the interior
component of R? — vy, then y' belongs to the interior component of R* —y},
Jor every 1.

Proof. Let p;(z) be the solution of (3.1) which parametrizes v,
j=1,2. Then for every 8eR, z(t)=p,(t+8)— p,(t) is a nontrivial
quasiperiodic solution of a linear monotone cyclic feedback system (1.1).
Arguing exactly as in Lemma 2.1, we obtain an integer k(6) such that

N(pi(t+8) — py(1)) = k(0)

865/2/4-2
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for all reR. One can show that k(8) is independent of 8, although this fact
is not essential for our conclusions. As in Proposition 3.1, we obtain (3.5)
and this implies that y: and 75 do not meet in R?, for each .

Now suppose that y, and y, are distinct nonconstant periodic orbits
and p;(t), ]—1 2, parametrlze y, and y,, respectively. From above, the
projections y{ and y;, do not meet, and moreover, the images of the maps
tn—»(pj(t) P, j=1,2, for fixed i, do not meet. The latter implies that
for each i either Range p| and Range p) do not intersect or one is con-
tained in the interior of the other. Now suppose that 7/ belongs to the inte-
rior of 5 for some i. Then Range p| ™' is contained in the interior of Range

i=1. Let c=max pi~'= pi=*(0). Then pi~'(0)=f"""(¢, pi"%(0))=0 and
smce ¢ belongs to the interior of the range of p~!, there are two distinct
values of ¢ at which pi~! attains the value ¢ in the half-open interval
from zero to the period of p,, say pi '(t,.)=pi'(t_)=c, and

) 55 )= 17 e Py H0)) e ph ) <0 T ollows
from the monotonicity of /7~ !(c, -) that p’~?(0) lies between p~ (7, ) and
pi%(r_). This in turn implies that (pi~'(¢.), pi~ (¢, )) and (p5'(¢_),

pi%(t_)) lic in the exterior component of R>—y}”' and hence y{™'
belongs to the interior component of y, ! Iterating this argument
completes the proof. |

If y, and y, are distinct nonconstant periodic orbits of (3.1) such that
y! is contained in the interior component of R*>— 1y} for every i, then we
write y, <7y,. We write y, <y, if either y; =7, or y; <y,. The relation <
is a partial order on the set of nonconstant periodic orbits.

Remark 3.1. It is interesting to observe that if y* is the image of the
second map in (3.2), then there exists an equilibrium point x, of (3.1) such
that (x’, x,” ') belongs to the interior component of R*—7’ for each
1<i<n. Note that if a’=min{p'(¢):7e€R} and b’ is the corresponding
maximum, ! <i<n, then the fact that (p,(z), p;(¢)) describes a Jordan
curve implies that each value x;€ (a;, b;) is assumed exactly twice by p,(¢)
in a half-open interval [0, t), where t = period p. This implies that for each
x'in (d’, b), there are exactly two points of intersection of y’ with the line
x!=%% For x'=a' or b’ there is precisely one point of intersection. The
monotonicity of f’, the intermediate value theorem, and the implicit
function theorem together imply the existence of a smooth map
g [a', '] » [~ b~ '], the graph of which lies in the interior compo-
nent of R? — y’, except for the points (a', g'(a’)) and (b’, g'(»")) which lie on
y, and such that fi{x, g'(x))=0 on [d,b]. The mapg=
820830 ---og,og.:[a',b'] > [a, b;] has a fixed point x. and x,,
defined by x7 ' = gi(x%,), 1<i<n,i#2, defines an equlllbrlum point with
the above-mentioned properties.
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Theorem 3.3. Let y be a nonconstant periodic orbit of (3.1) of minimal
period t. Then for any neighborhood N of t© in R and any neighborhood U of
y in O, there exists a neighborhood W of v, W U, such that if 7 is a
periodic orbit of (3.1) with § N W+#¢, then < U and Period (7)€ N.

Proof. We make use of the observations made in Remark 3.1. Let
y={p(t):teR} where p(r) is a t-periodic solution of (3.1). Fix i/ and
assume without loss of generality that p'(0)=c'e(a’, b') and p(0)>0 (&’
and b’ are defined in Remark 3.1). Then the intersection of a small open
ball about p(0) with the hyperplane x'= ¢’ provides an n— 1 cell, I,, trans-
verse to the flow (/"> 0 on /,). In a neighborhood ¥ of p(0) in 7, there is
defined a smooth first-return-time map 7: V — (0, oo ) satisfying T(p(0)) =7
and, for x(0)e V, x(¢) ¢ I, for 0 <t < T(x(0)) and x(7(x(0))) e I,. Since T is
continuous on V, V' = T~}(N) is a neighborhood of p(0). Choose an open
path ring W enclosing y (see Ref 17, p.45) such that W< U and
WnilcV',

Now suppose that § is a nonconstant periodic orbit such that n W
is nonempty. By properties of a path ring, we may suppose that there is a
point of §~ W belonging to V'. Let g(0) denote such a point and g(¢) be
the periodic solution of (3.1} with minimal period %. Since g(0)e V", g(r)
first meets I, for 1> 0 at t=T(q(0)). But by the arguments of Remark 3.1,
g(?) meets I; at most once per period, iec., g'(t)=c¢’ and §'(¢t)>0 for
at most one fe[0,7). It follows that ¥=T(g(0)} and so TeN since
q(0)e V’. Moreover, since g(t)e W for 0<t<T(g(0))=%, we find that
JeWcU |}

Corollary 3.4. Lety be a nontrivial periodic orbit of (3.1) and let B be
an arbitrary compact subset of O. Let II'R" —R? be the projection,
II'x = (x', x'~ ). Then either

(a) there exists a neighborhood V of H'y in R* such that
%5~ (V—I'") = ¢ for every periodic orbit 5 < B, or

(b) there exists a sequence {y,,} of nontrivial periodic orbits, y,,# 7y,
Yym< B, m=1, and points z,ell’y,, w,ell’y such that
Z,—W,, =0 as m— . In this case, Period v,, —» Period v and
Ym =Y as m— 00, the latter in the Hausdorff metric.

Proof. Suppose that (a) does not hold. Then there exists a sequence
{y.n} of nontrivial periodic orbits y #y,, < B, satisfying the following. Let
y={p(t):teR} and y,, = {p,(1): te R} where p, p,, are periodic sotutions
of (3.1). Without loss of generality, we may assume that IT’p,,(0) — IT’p(0)
and p,(0)—z as m— 0. Let z(¢) be the solution of (3.1) satisfying
z(0)=z. Since ITz(0)=II'p(0), it follows that p(0)—z(0)¢ .4 and, by
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Proposition 1.1, either p(z)=z(¢) or N(p(—1)—z(—1)}) < N(p(t) —z(¢)) for
all sufficiently small positive ¢ If the latter is the case, then since .4” is open
and N is continuous, we have

N(p(—1) = pp(—1)) < N(p(1) = p,.(1))

for all large m and some fixed small positive . But Proposition 1.1 and the
fact that p(z)— p,(t) is almost periodic in ¢ imply that p(¢)— p,.(t)e NV
for all ¢ and that N(p(t)— p,.(t)) is identically constant (depending on m)
for each m=1. This contradiction implies that p(¢f)=z(r) and
that p,.(0)— p(0) as m— 0. The conclusion (b) now follows from
Theorem 3.3. |

Now consider a solution x(¢), through x(0) = x,, whose forward orbit

is bounded, with closure y*(x,) = O. We keep this solution fixed for the
remainder of this section.

Lemma 3.5. If the orbit through y,€ w(x,) is neither an equilibrium
nor a periodic solution, then for each i the maps

1= (Y0, (D)) and 1o (), TR

are immersions of R into R?, that is, are one-to-one with nonzero derivative
for all teR.

Proof. Let ¢, — o0 be such that x(z,,) > y,. Fix 0eR, 8#0, and set
z ()=x(t+1t,+0)—x(t+1,) and z(t1)=y(t+6)— y(t). Then z,(?)
satisfies the monotone cyclic feedback system (1.1) but with coefficients

i

N 19 . )
w0 =] 2o 1y s 1)
where
ul (s, t)=sx(1+1,+0)+(1—s5)x(t+1,),

and z(¢) satisfies the limiting system (1.1), the coefficients (3.4) with y(z)
replacing p(¢). The quantity

k= lim N(z,(t))= lim N(x(s+0)—x(s))
is therefore independent of #; thus, as z,(t)—z(f) one has N(z(t))=k
whenever z(r)e 4" and hence for all reR by Proposition 1.1. With the

constancy of N(z(7)) established, the remainder of the proof is as that of
Proposition 3.1. |
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Lemma 3.6. If yoe w(x,), then w(y,) contains at least one equilibrium
or periodic orbit. The same is true of a(y,). Thus w(x,) contains at least one
equilibrium or periodic orbit.

Proof. Fix y,ew(x,) and let y(¢) denote the solution through this
point. We prove the result for w(y,), the proof for a(y,) being similar.
Assume therefore that the result is false, that is, w(y,) contains neither an
equilibrium nor a periodic orbit. If for some i the limit y(z) - y’, exists as
t — o0, then equicontinuity of y’(¢) (from the ODE) implies that y’(r) — 0.
Monotonicity of /7 in y’~?! thus forces the limit y*~'(z) —» y’~ ! to exist, for
some '~ !, and one sees therefore that lim,_, , y(t)=y,, exists. But then
Yoo EO( o) © w(xg) is an equilibrium in w(x,), a contradiction.

Therefore, we have for each i that y(¢) does not approach a limit:

lim inf yi(#) < lim sup y(f)

t— o0 t— o
By Lemma (3.5) for any i all zeros of y(¢) are simple, and we know there
are infinitely many of them. Fix 7, and denote the zeros of y(¢) by {1},
ordered ¢,,<t, ,,. Without loss $'(£)=0 in [y, 1, t,] and () <0
in [t3,, tam 1], With strict inequalities in the interiors of these intervals.
Set #,,=y'(t,,); then 7, <7y, holds. With I, = [#3,_1,%sm] and
Jn=1"2m+1> N2m], We have continuous functions ¢,,:7, — [0, c0) and
Vi J,, — (—o0,0] defined by setting

V(O =¢u(y'(1))  t€ltam 1, 12m]
yi(t)zl/]m(yi(l))’ te[t2m7 t2m+1]

The functions ¢,, and ¥, vanish only at the end points of their domains
I,,J,, and are C' in the interiors of these intervals. Differentiating (3.6)
with respect to ¢ and using the boundedness of j‘(¢) as ¢t — oo (from the
ODE) yields estimates

K ; K
|¢m(’7)|<m, IV’M(”)ISW

for all # in the interiors of I,, and J,,, with K >0 independent of m.

We now exploit the fact that the image (y'(¢), $'(¢)) in the (3", y')-
plane is a one-to-one parameterization in £ This fact alone implies that the
intervals I,, and J,,, and the functions ¢,, and ¥,, are monotone in m.
Indeed, either the relations

(3.6)

(3.7)

Im 2Jm le+1
¢m(n)>¢m+1(n) in ImmIm+1 (38)
lpm(n)<l//m+l(n) in Jmm‘]m+1
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hold for all m, or else these relations with the inclusions and inequalities
reversed hold for all m. The proof of this fact utilizes the Jordan curve
theorem in a fashion similar to that in the proof of the Poincaré-Bendixson
theorem. We omit the details but offer Fig. 1, which gives the main idea.
To be specific, we assume that the inequalities (3.8) hold. We now take
limits. Let I=N>_, L,=\72_, J,. and let ¢(n)=1lim,,, ,, ¢,.(n), ¥(n)=
lim,, _, , ¥,.(n) for n € I. The estimates (3.7) imply that

¢: 11— [0, o0), Y:I—-(—o0,0]

are both continuous on I and, also, that for any point z € w(y,), one has
z'e I, and that either

fi@, 27 )=¢(z") or [, Z7)=y()

Thus, at most two values of z'~! are possible for such z), by the

monotonicity of f°. Now take zoew(y,) and let z(¢t) be the solution
through this point. The above conclusion and the fact that ¢— (z'(¢),
z'71(t)) is one-to-one (by Lemma 3.5) imply that z'(¢) can assume any
given value z'eR at most twice. Therefore, z'(¢) approaches a limit as
t—o0. As i is arbitrary one sees that lim, , ., z(¢) exists and hence is an

i

¥y

i
Mam-1 Mome / Tam+2 Mo

Fig. 1. A nonconstant nonperiodic orbit y(¢) in w(x,), as in the proof of Lemma 3.3.
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equilibrium point in w(z,). But this contradicts the assumption that w(x,)
contains no equilibria. ||

Corollary 3.7. Let B< O be compact and {y,} < B be a sequence of
nontrivial periodic orbits such that either

(a) ym<Ym+17m>17 or
(b) ’Ym+l<ym7m>1'

Let Q= {xeB:x=lim,,_, , x,, where x,€7,,}. Then either Q is an equi-
librium, a nonconstant periodic orbit or a set E U H where each ye E is an
equilibrium point and H is a set of orbits homoclinic to/heteroclinic between
points of E. Furthermore, for each i the planar projection IT": Q — R? is one-
to-one on £2.

Proof. The set £ is nonempty. Let ye Q2 and y(¢) be the solution of
(3.1) satisfying y(0)=y. Let p,(r) be the solution of (3.1) satisfying
Xm=Pn(0)€y, where x,— y. It follows that p,,(¢)— y(¢) uniformly on
compact intervals. In particular, Q is an invariant set for (3.1). If Q consists
of a single point, then 2 reduces to an equilibrium. By Theorem 3.2 either
£ consists of a periodic orbit y and y,, -y, Period 7, — Period y or
lim inf,, |  dist(y,., y) >0 for any periodic orbit y.

Assume that @ is neither an equilibrium nor a periodic orbit. If y is
not an equilibrium point, then for any ¢, s with #s and

y=y(s)e N, N(y(t)— y(s))=N(p,(t)— p.s)) =k,

for large m. It follows that k,, =k, independent of m, for large m, and that
N(y(t) —y(s)) =k for all r and s with ¢ 5 s. Therefore, t — (y(t), y'(t)) is an
immersion. Moreover, neither «(y) nor w(y) is a periodic orbit, as the y,,
remain bounded away from other periodic orbits. Arguing as in Lemma 3.6
we establish that both a(y) and w(y) are equilibria which belong to Q
since the latter is closed. For, in the proof of Lemma 3.6, if w(y)(x(y)) is
not an equilibrium, then (y(¢), $*(¢)) must spiral in the plane as in Fig. 1
which would contradict that y(y) consists of points of ©. Thus we have
proved all but the last assertion of Corollary 3.7. If Q is either an equi-
librium or a periodic orbit, then this last assertion is immediate.

Suppose, then, that @ is the third alternative. If y, and y, are distinct
points of €2, then there exist sequences x,, | — y,, X2 Yy With x,, €y,
For all large m, x,, , and x,, , are distinct points of y,, so N(xp—Xxm1)=k
for large m. Let y,(z) and y,(¢) be the solutions satisfying y,(0)=y,,
i=1,2. Then N(y,(t)— y,(t))=k for all ¢ for which y,(t)— y,(t)e 4. It
follows that N(y,(t)— y,(¢)) =k for all 7R and so N(y,— y,)=k. Hence
IT'y, # IT'y, for each i. This proves the last assertion. |
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Proposition 3.8. Let p(t) be a nonconstant periodic solution, with orbit
y=7y(po), and suppose the dimension of its center manifold is

dim W2

Then any sufficiently small neighborhood U of v has the following properties.
If one has sequences of solutions x,,(t) and numbers t,, >0 satisfying

x,(0)€dU,  x,(t,)€dU

x,(tyeU for0<e<1,
Xu(0) > x_,  Xul(tn) > X,
min dist(x,,(z),7)—0 (3.9)
0<1<tm
Then
x_eWe, x,eWw™ (3.10)

both hold. Further, at least of
x_eW: or x, e W (3.11)
holds.

The same result holds if instead p(t)= p, is an equilibrium point, with
a center manifold satisfying the following:

dim W2 - (3.12)
with

nonzero eigenvalues A= +iv #0 of Df(p,) (3.13)

in case dim We=2

Proof. For any neighborhood U of y the assumption (3.9) implies
t,,— co. From this it follows that the forward orbit through x_ stays
entirely in U, and likewise with the backward orbit through x , :

yH(x),  y(x,)cU

Thus if U is sufficiently small one has x _ e W* and x, € W, and indeed,
this conclusion holds irrespective of dim W*. This in fact proves the
theorem if y is hyperbolic, as W= W* and W= W". Let us therefore
assume that y is not hyperbolic. Let us also assume, for now, that y is a
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nonconstant periodic solution and that W< is orientable; the nonorientable
case (a Mobius orbit) is handled similarly. We briefly discuss the case of
an equilibrium point at the end of the proof. We therefore have now

dim We=2 (3.14)

where one of the two dimensions is given by the tangent to the orbit y, and
the other by a nontrivial characteristic multiplier o« = 1.

To prove the more difficult part of the Theorem (3.11), we first write
the ODE in a special coordinate system in a neighborhood of y. To
begin, consider coordinates (&, 8)eR”"!x S', where S'=R/1Z, where 0§
represents the angle about y, and & is a coordinate in a transverse hyper-
plane through y at p(8). Following Hale [17], we take a map

(& 0)=x=p(0)+ L(6) &

where the linear map L(f):R” ' —R” has range transverse to p(0).
This map takes a neighborhood of {0} x S' diffeomorphically onto a
neighborhood of 7, and so establishes such coordinates. The ODE (3.1)
takes the form

E=a(&,0) with  a(0,0)=0

. . (3.15)
O=b(&0) with  h(0,0)=1

with ¢ =0 corresponding to .

We may further assume, by a -dependent diffeomorphism of ¢ which
fixes the origin, that the center-stable manifold W< of y, the center-
unstable manifold W, and hence the center manifold W¢= W ~ W are
precisely linear coordinate subspaces of R” ' of appropriate dimension.
That is, we have &= (&', &2, &,) where in a neighborhood of ¢ =0 these
manifolds are given by

W< span{&!, &2} (that is, £ =0)
W span{ &2, &3} (thatis, &' =0)
We: span{&?} (thatis, ' =0 and £*=0)
The system (3.15) takes the form
E=al(e, e%,8,0), =123

§=b(¢, &, &, ) (3:16)
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where the invariance of these manifolds forces
a'(0,¢% &,0)=0

(3.17)
a’(¢h £%,0,0)=0

We recall the invariant foliation of W<, transverse to W*. This is given
by the family of maps

0=y(¢', &%, 0,)  with  ¥(0,5,0,)=0,

For each fixed (¢%, 0,.), the graph of (¢, ) in W is a leaf of the foliation,
and near y leaves are mapped into one another by the flow. A new coor-
dinate system (&, ) given by

§'=¢,8=¢(81,8%0), 8=, 0=y(¢", ¢%0)

transforms the leaves to affine spaces:

£2 = constant, # = constant

in W (that is, in the space £ = 0). Invariance of this foliation implies, in
the new coordinates, that £2 and 6 are independent of ¢ when &° =0. That

is, the functions ¢ and b satisfy (we now drop the bars)
a*(&', &2,0,0)=4a%(0, £%0,0)
: ( (3.18)
b(&', £%,0,0)=5(0, 22,0, 0)

A similar transformation of the invariant foliation in W** yields
a*(0,¢% &% 0)=4a%(0,£%,0,0)

(3.19)
b(0, &%, &2, 0)=0(0, &2, 0, )

One must note, in making these normalizing transformations, that previous
normalizations are maintained. Thus (3.15), (3.17), (3.18), and (3.19) all
hold. The stable and unstable manifolds in these new coordinates are given
by

W*: span{¢'} (thatis, é?=0and £°=0)

W*: span{&?} (thatis, £ =0and £2=0)

At this point it is convenient to use 0, instead of ¢, as the independent
variable; this is justified as 8 = b(¢, 6) is near unity. The above normaliza-
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tions continue to hold and, in fact, easily imply that the system (3.16) takes
the form

R R
e (3.20)
= (&2, 0) +r(EY, £2, 83, 0)

Here ' are square matrices of appropriate size and the function r vanishes
if either £'=0 or £3=0; thus

r(&, &% &% 0)=0(1g" 1£°])

The equation
dé?

%zc(éz, 9) (3.21)

represents the vector field on the center manifold W*. Of course, ¢(0, §) =0
and d¢(0, 8)/0¢* = 0. We note here that the dimension constraint (3.14) on
W< implies that the variable £2 is a scalar:

E2eR

That is, (¢2, 0) are coordinates on the two-dimensional center manifold.
We also note that all characteristic multipliers of the linear system

déi i i
E—O—_H(Oa 0’ 09 0)5

are inside the unit circle if /=1 and outside the unit circle if = 3. This
immediately yields the estimates

1E1(0+B) < Kie " |E1(0)|

3.22
1E2(0) < Kje |80+ B) 52

for solutions to the full nonlinear system (3.20) near & =0, for any >0,
where K, >0 and p >0 do not depend on the solution or on 6 or f.

We now complete the proof of our result. Suppose it is false, that is,
suppose

x_eWs—ws and x,e W —we (3.23)

Let £,,(0) denote the solution, as a function of 8, as in the statement of the
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propqsition. Here §,,<60<80,,+ 8, for some 8,, and B, and where &,.(60,,)
and ¢&,,(0,,+ B,.) correspond to x,(0), x,(t,,), respectively, and

B — 0

Assume without loss that 8, is bounded (as it is determined mod 7) and
that 8,, — 8_,. One has also

Enl0n) ¢ L0, +B)—>E
and (3.23) implies
E2#0 and £ #0 (3.24)

Finally, the estimates (3.22) yield

1£,(0)] < Kje #O=0m £ (0,

1E2(0)| S K e #Omthn=9 20+ B,
hence

F(€,(0), 0) < Kye™#om

uniformly for 6,,<0<6,,+ f,, and some K, >0.

Let E 2 (0) denote the solution of the center manifold equation (3.21)
with the initial condition £%(0,,) = £2(6,,), and suppose U is contained in
a neighborhood ¥ in which the Lipschitz constant of ¢(&?, 8) with respect
to 2 is at most u/2:

de(&2, 9)‘<g
082 | T2

This is easily achieved by taking U and ¥ small enough. A straightforward
application of Gronwall’s inequality now yields

13,(0)— E(0)] <% o Hin(ohn _ 1)

in the range 6,, <0<8,,+ B,, for all large m, so

max  |£2(6)—E2(0) -0
O <O0<bpm+ i
One also has
min [£2(0)] >0

On<O0< O+ fm
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by (3.9), and hence
min ~ |E2(0)] -0 (3.25)

O <0< O+ B

We now arrive at a contradiction. As & 2 (0) satisfies the scalar equa-
tion (3.21), its minimum norm must occur near one of the end points
6=6,,or80,+B,. More precisely, for any m the sequence {¢2(60,, + jt} for
0<j<[B,/7] is either strictly increasing in j, strictly decreasing in j, or
constant in j; this follows from the periodicity of ¢(¢2 ) in 6, and from
elementary considerations in the two-dimensional (&2, #)-phase plane. In
view of (3.25), therefore, one has

min{|E2(0,.)l, E2(6,,+ B} =0

and so either £2 =0 or &2 =0. But this contradicts (3.24), so completes
the proof of the proposition in the case y is a periodic orbit.

In case vy is an equilibrium, the proof is essentially the same except that
the angle 0 is absent. One uses the original variable ¢ as the independent
variable in the £-equations and so obtains

min |E2(1)] >0

01ty
for the solution of the center manifold equation
£ =¢(Z?) (3.26)

The assumptions (3.12), (3.13) that &2 either is a scalar or is two-dimen-
sional with a center for the linearization of (3.26) at £ =0 now come into
play. They imply, again by elementary phase portrait arguments, that

min{|E2(0)], |€2(z,,)|} = 0

as before, this leads to a contradiction. §

Lemma 3.9. Let p(t) be a nonconstant periodic solution, with orbit
y=v(po) and minimal period t>0. Let k, denote the constant value
N(p(t))=ky. If there is a nontrivial center manifold W° for y, then there
exists >0 such that for any sufficiently small neighborhood U of y, one has

x—yeN and N(x—y)=k,
whenever, x, y € U are distinct points satisfying y €y and

dist(x, W¢) < ¢ dist(x, y).



394 Mallet-Paret and Smith

If py is an equilibrium which possesses a nontrivial center manifold, then
there exist an integer ky and a quantity ¢ >0 such that for any sufficiently
small neighborhood U of p,, one has

X—poeN and N(x— po)=kq
whenever x € U satisfies
X # Po
and
dist(x, W°) < e dist(x, pg).

Proof. Suppose the lemma is false, for some (nonhyperbolic) orbit y.
We assume that y is a nonconstant periodic orbit; the case of an equi-
librium 7 is similar and, so, is omitted. There exist then sequences

Xm >, xm#ymeya
dist(x,,, W) <e,, dist(x,,, 7) for some¢,, — 0. (3.27)
such that for each m, either
Xm— Vm ¢ N

or

Xp— V€N but N(x,,— yn) #ko.

Without loss
Xn—>Xo€y and  y, > Yo€Y;

also, we assume that x,= p(0), for simplicity. Proposition 3.1 and the
openness of 4 imply that x,= y,, otherwise N(x,,— y,,) =k, would hold
for large m. With this and (3.27), we have

Zy > 2o€ T W°, 2o #0

where
Xm — Vm .

Zy = .
|xm— yml

here T, W* denotes the tangent space of the center manifold at x,. There-
fore zye %, — {0}, with the subspace ¥, corresponding to the variational
equation Z= Df(p(t)) z, and characteristic multipliers of modulus ¢ =1.
But also one has p(0)e %, — {0}, so

Zo€N and N(zo)=N(p(0)) =k,
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by Lemma 2.2. Thus for large m

Z €N hence Xp— YmEN
and
N(xm—ym)zN(Zm):N(ZO)sz’

a contradiction. §
Lemma 3.10. Let pye w(x,) and suppose the solution p(t) through p,

is either a nonconstant periodic solution or else an equilibrium point. Assume,
moreover, that

Adet(—W)<0 (3.28)
if po is an equilibrium, where W= D(f(p,)). Then in fact

o(xo) =7(po)

Proof. Suppose w(x,) properly contains y(p,); then there is a
neighborhood U of y(p,) such that the solution x(z) through x, repeatedly
enters and leaves U. One has quantities s,, —» o0 and ¢,, >0 such that

x(s,,)€0U, x(s,, +t,,)edl,
x(t)eU  for S, <t<s,+1,
min  dist(x(7), y(po)) =0,

SISyt Im
Sm+ tm<sm+1

and without loss
x(8,,) = x_, X(Sy+t,) X, .

We also assume without loss that U is small enough for the conclusions of
Proposition 3.8 and Lemma 3.9 to hold. Now the linear theory of Section 2,
applied to the variational equation along p(r), shows that dim W< <2 for
the center manifold W of y(p,). The solutions x,,{(¢) given by

X, (1) =x(s,,+1)

therefore satisfy the hypotheses of Proposition 3.8 [in particular, (3.28)
implies (3.13) in case p, is an equilibrium], and so the conclusions (3.10)
and (3.11) hold.

To be specific assume

x_eWw’ and x,e W
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Let us also assume, for the time being at least, that p(z) is a nonconstant
periodic solution with least period >0 and dim W°=2. The solution
through x_, denoted y(¢) here, then stays in U for forward time and
approaches 3(p,) exponentially fast, with asymptotic phase:

y()eU  forallz=0,
[y(t)— p(t+0_) < Ke™ ™™ forall =0,

for some 6_€eR, K>0, and u>0. Thus, the sequence y(jr—80_)
approaches p(0) = p, exponentially fast and hence from a direction in some
eigenspace ¥, with O0<o_ < 1:

[ yUT—0_)—p(0) :
dlSt<|y(jr——9_)—p(0)|’g"“>_’0 as j— 0.

Letting k_ denote the value of N on 4, — {0}, one has

Ny(jr—0_)—p0)=k_ for large j.
Fix such an integer j= j_. Then since x(s,,+j_17—60_)—> y(j_t1—0_) as
m — oo, one has (with m + 1 replacing m)

N(xX(Spyy1+j_1—0_)Y—p0))=Fk_ for large m,

and hence
N(x(s,+t,+j_1—0_+¢e)—p(r.te))=k_ forlargem  (3.29)

where 0< |¢| <e,,, for sufficiently small ¢,>0, r,=s,,+,—5m.+1 <0,
Fm+&,<0. The ¢ is introduced to take account of the possibility that
x(s, +t,+j_1—60_)—p(r,) may not be in the domain of N. At this
point we pass to a subsequence for which the limit r,, » r., (mod ) exists;
henceforth, the index m will belong to this subsequence.

Now consider the solution z(z) through z(0)=x,; this solution
remains in U for all < 0. We claim that

Niz(—jr—0_)—plr ) <k_, for large j. (3.30)
There are several cases. First, if z(0) =x, ¢ W*, then

dist(z(t), W°)
dist(z(z), 7)

By Lemma 3.9, the left-hand side of (3.30) equals &, for large j and ko, <k _
(since dim W¢=2 and by Theorem 2.6). On the other hand, suppose

-0 ast— —oo.
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z(0)=x, e W* Then as with the solution y(¢), the solution z(t)
approaches y with asymptotic phase:

lz(t)—p(t+0 ) <Ke*, <0
for some 6, €R, K>0and p>0.If r,#6, —0_ (mod 1), then
2(—j1—0_)—p(0, —0_)#pl(re)

as j— oo, so again (3.30) holds by Lemma3.9. Finally, suppose
re=0_—0_ (mod 1); then

A—jr—0_)-plry)

as j— o0. As in the corresponding argument for y(z), the convergence of
this sequence is along an eigenspace %, , with ¢, > 1. The left-hand side of
(3.30) therefore equals k, for large j for some k. <k,<k_. This again
proves (3.30).

Now fix j=j, such that (3.30) holds. Since x(s,,+t,—Jj . 7—0_)—
zZ(—j,.t—6_)as m— co, and by (3.29) and (3.30) we have

k_>Nz(—j,1—0_)—plro))=Nx(sp+ 1, —j 71— 0_)— p(r,))
for all large m. But

N(x(sm+tm—j+r_0—)_P(rm))
= Nx(s,,+t,+j.1—08_+¢)— p(r,+¢))
=k

for suitable ¢ as in (3.29), providing a contradiction.

Now we consider the modifications in the above argument when
dim W* <2, that is, when y is a hyperbolic periodic orbit. Now we have the
complication that if k_ is the value of Nona 4, — {0}, 0<o_ <1, and
k, is the value of Nona &, — {0}, 0, >1, thenk_=k, or k, =k, are
possible but not both, where k; is as in Lemma 3.9 (k, is the value of N on
% —{0}). If k_ #k,, then k_ >k, and the argument follows the previous
one except, of course, that we need only consider that z(0)=x, € W* If
k_ =ko, then k, <k, and we must modify the argument above by starting
with the solution z(7) through x_ rather than beginning with the solution
y(#) through x _. Start by obtaining the equality

N(Z(—j+f—0+)—p(0))=k+

865/2/4-3
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for a fixed large positive integer j, . This leads to
NGt =yt 0,) = p0) =k,
for large m, and hence to
Nx(Spi1—Jjrt1— 0, +8)—plr, . +e)) <k,

where now r,.,=s,.1—(5,+1,)>0 and 0< |¢| <¢,,, where ¢,,>0 is
chosen sufficiently small so that r,,, , —¢,, >0 and so that the argument of
N is in the domain of N. Assume that r,,, ; - r,, (mod 1) and consider the
solution y(¢) through y(0)=x_ which remains in U for > 0. The claim is
that

N(y(jt—0,)— p(rs)) 2 ko (331)

for large positive integers j. The claim is established in the same way as
(3.30). Now fix j=j_ so that (3.31) holds and obtain

NxX(Smi1+7_1=0,)—=p(rmi1)) Zko
for large m. We then have the contradiction
ko ZNO(sy 1 —Jjit—0,+€)—plry 1 +e))

ZNX(Sp + 1= 0,) = p(rp 1))
=k,

for some large m and suitable &. This completes the proof of the case that
y is a nontrivial periodic orbit.

If p, is an equilibrium at which (3.28) holds, then the hypotheses
(3.12) and (3.13) of Proposition 3.8 hold. Observe that if p, is not hyper-
bolic, then dim W*=2 by virtue of (3.28). Hence, if p, is not hyperbolic,
we have k., <ko<k_, where k, is as in Lemma39 and k., k_
are, respectively, values attained by N on eigenspaces ¥, , %, ,
0<o_<1<o,.If pyis hyperbolic, then since (3.28) implies that Df(p,)
has an even number of eigenvalues with positive real part when 4= —1, or
an odd number of such eigenvalues when 4= +1, one has k_ >k _ by
Theorem 2.6. With the above considerations in mind, the argument
proceeds as in the periodic case above with the simplification that

p(t)=po. 1

Lemma 3.11. Suppose a(yy) N o(yo)# ¢ for some y,€w(x,). Then
the orbit y(y,) is either an equilibrium, a periodic orbit, or an orbit
homoclinic to an equilibrium z, that is,

a(yo) =w(yo) = {Zo}-
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Proof. Assume that y(y,) is neither an equilibrium nor a periodic
orbit. We may also assume without loss that for the first coordinate y’(1)
either

liminf y!(¢) <lim sup y*(z)  or (3.32)
1> —®© {— —oo
lim inf y*(¢) < lim sup y*(¢). (3.33)

This follows by arguing as in the proof of Lemma 3.6: if (3.32) and (3.33)
were both false, so the limits y'(r) — y!, existed as 7 — +oo, then in fact
lim,_ ., y(t)=y,. would both exist. Thus «(y,) and w(y,} would be
singleton sets, so y(y,) would be homoclinic as «(y,) N w(ye)#¢. By
Lemma 3.5 the map ¢t — (»'(¢), (¢)) is an immersion. This, the fact that
either (3.32) or (3.33) holds, and elementary arguments in the (y!, y')-
plane (see Fig.1 again) imply that if yea(y,) and ew(y,), then
(', 7Y # (¢4 EY). Here #' and &' denote the numbers #'=fl(y%, ")
and &'=fYEL EM). Thus (', n")# (£, £") for such points, hence
a(yo) nw(yy) = ¢, a contradiction. J

Corollary 3.12. If y(x,) is not an equilibrium or periodic orbit, then
7(Xo) N w(xo) = ¢

Proof. If y(x,) is not an equilibrium or periodic orbit, but
¥(xo) N (x0) # ¢, then y(xo) = w(xy), hence a(xy) N w(xy) #@. Thus y(x,)
is homoclinic to some equilibrium by Lemma 3.11 with y, = x, € w(x,). But
then y(x,) N w(xy) =@, a contradiction. |

We assume from now on that y(x,) is neither a single equilibrium nor
a periodic orbit. For any y, € w(x,) define the integer

K(yo)= lim N(x(1) = y(1))
By Corollary 3.12, x(z) # y(¢), so k(y,) is well defined.

Lemma 3.13. If yo, zoe w(x,) are distinct points, and y, is an equi-
librium, then zo— yoe N and

N(zg— yo) =k(ys) (3.34)

Furthermore, the integer k(y,) is independent of the equilibrium point
Yo € (o).

Proof. Fix reR so that z({)— y,e.#, and let ¢, - oo be such
that x(z,)-z,. Then as N is locally constant, x(¢+1¢,,)— z(t), and
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y(t+1,)= yo, the definition of k(y,) implies N(z(z)— yo) =k(y,). Thus
z{t)— yoe A for all teR by Proposition 1.1, and setting ¢ =0 yields (3.34).

To prove that k(y,) is independent of the equilibrium point y, € w(x,),
we have, if z;,€ w(x,) is another equilibrium,

k(o) = N(zo— yo)
=N(yo—zo) =k(zo). 1
When w(x,) contains at least one equilibrium y, [equivalently, when

w(x,) is not a periodic orbit, by Lemmas 3.6 and 3.10], we denote by k,
the common value

ko =k(yo), Yo € w(xg) is an equilibrium.

From now on we make the additional assumption that w(x,) contains an
equilibrium.

Lemma 3.14. Suppose k(yq)# k., for some y,e€ w(x,). Let t,,— o0 be
such that the limits x(t,,) - z, and y(t,,) = wo both exist. Then if either z,
or Wy is an equilibrium, one has z,=wy.

Proof. Suppose that at least one of z, or w, is an equilibrium, but
zy# wy. Then from the definition of k(y,), and from Corollary 3.12, one
has

k(o) = lim N(x(t,)— ¥(1,.)
=N(20_w0)=koo'

This is a contradiction. ||
Lemma 3.15. k(y,)=k, for all y,e w(xy).

Proof. Suppose k(y,) #k., for some y,e w(x,) (50 yq is not an equi-
librium), and let zyea(y,) be an equilibrium point; such exists by
Lemma 3.6. As a(y,) = w(x,), one has x(¢,)— z, for some t,,— oo, and
hence y(¢,,) =z, by Lemma 3.14. Thus z,ea(y,) N w(y,)# @, and so the
orbit y(y,) is homoclinic to z,, by Lemma 3.11. But then y(¢) -z, as
t— o0, and one concludes from Lemma 3.14 that also x(z) — z, as ¢ — 0.
Thus w(x,)= {z,}, hence y, =z, is an equilibrium, a contradiction. |

Recall for TeR the semiorbit

Y (x0) = {x(1)| 1> T}
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whose closure is
P H(x0) =77 (x0) U @(xp).

Lemma 3.16. There exists T=0 such that for any distinct points
Yo» 20 €77 *(xy), one has

Zo— YoEN
and
N(zo— yo) =k

Proof. For each r=0 let

0.={yoeo(xy)|x(t)~p(t)e N and  N(x(t)— y(t))=ky}.

Then O, is open in w(x,), and in view of Lemma 3.15 one has 0, 0, if
t1<ty,and {J,5 o, O, = w(x,). Thus O = w(x,) for some 7> 0 by compact-
ness of w(x,), and this establishes the result for y, e w(xy) and zye 7+ (x,).

If both y,, zoew(xy), with yy#z,, let teR be such that
z(t)— y(t) € A". Then there exists wy €77+ (x,) sufficiently close to z(¢) that
wo— y(t)e A and

N(z(t) = y(1)) = N(wo — (1)) = k.

Thus N(z(t) — y(¢)) does not drop in value, hence both z(¢) — y(¢) e A and
N(z(t)— y(1)) =k, hold for all e R. Setting ¢ =0 establishes the result for
Yo, Zo € 0(Xq).

Now consider the remaining case, with distinct points y,, zo €77+ (x,),
say yo=x(t) and z, = x(z + ) for some ¢ > T and 0 > 0. First, observe that
if 8 is sufficiently large, then

N(x(t+0)—x(t))=k,,  forallt>T. (3.35)

That this holds at 7= T follows from the earlier part of this proof and the
fact that x(7'+ 6) is near w(x,) for large 6. With such ¢ fixed, there exist
arbitrarily large  such that x(¢) and x(z+6) are close to distinct non-
equilibrium points of w(x,) (with such points not lying on an orbit of
period 0), so again from above one has the equality (3.35) for large .
Therefore, for sufficiently large 6, say 6 = 0,> 0, (3.35) holds as stated.

Next, consider 0 <8< 0,; for this range of § we allow the possibility
of increasing 7. Given a lower bound 0> 6, > 0, there exist T'> 0 such that
(3.35) holds whenever 0,<6<0,. Indeed, arguing as in the above
paragraph proves this.
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Suppose now that (3.35) fails for each T 0. Then there exist z,, — o
and, from above, 8,, — 0, such that for each m

N(x(t,,+0,,) — x(t,)) k... (3.36)

Without loss x(¢,,), x(¢,,+0,.) > w, for some nonequilibrium point
Wwo € 0(xo). Now N(w(t+ 0)—w(t))=k,, for any ¢ and nonzero 0, hence

NOw(1))= N0~ [w(t+0) —w(1)]) =k,

whenever w(¢)e A" and 0 is small. Thus w(¢)e 4" and N(w(¢)) =k, for all
teR. Therefore, as 0, '[x(t,,+0) —x(¢,,)] is near w(0) for large m, one
has

N(x(t,,+8,,) — x(t,,)) = N8, [x(t,, + 0,,) — x(2,,)]) = N(oW(0)) = k .-
(3.37)

Equation (3.37) now contradicts equation (3.36), completing the proof of
the Lemma. |

Proof of the Main Theorem. (a) Assume that neither (i) nor (ii) in
the statement of the theorem holds, that is, w(x,) neither is a single equi-
librium nor is a nonconstant periodic orbit: Then Lemma 3.10 implies that
w(x,) does not contain a nonconstant periodic orbit and that for each
equilibrium z, € w(x,) one has Adet (—Df(z,))=0.

Now fix a nonequilibrium point y, € w(x,); we must show

o(yo)={zo} (3.38)

is a single equilibrium, and likewise with a(y,). Considering only w(y,) (as
the proof for a(y,) is similar), one sees by arguing as in the proof of
Lemma 3.6 that (3.38) holds if lim,_, ., y'(¢) exists for some i. Therefore,
assume to the contrary that lim, , ., inf y'(¢) <lim, _, ., sup y'(¢) for each i;
this and Lemma 2.2 immediately yield the spiraling trajectory depicted in
Fig. 1. Next consider a Jordan curve ¢ in the (x', x*)-plane (for some i) as
depicted in Fig.2. Much as in the proof of the classical Poincaré-
Bendixson theorem, the curve ¢ consists of a vertical line segment 4B
disjoint from the horizontal axis, together with a segment of the trajectory
(¥(1), ¥'(1)) joining 4 and B. Let

C=(y(t1), (1)) € Fexes
D= (yi(IZ)a .}}i(tZ))eﬁnF

denote two points on the trajectory [more precisely, the planar projection
of the trajectory y(y,)] which are in the exterior and interior, respectively,
of #; again, see Fig. 2.
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Ui
X

Fig. 2. The Jordan curve ¢ consists of the vertical segment AB together with a portion of
the (¥(2), 7(2)) trajectory (solid) joining 4 to B. The dashed curve denotes that part of the
trajectory which is exterior or interior to ¢.

By Lemma 3.16, for any ¢ > T the point (x(¢), X'(¢)) cannot lic on the
part of # composed of the trajectory y(y,). Further, (x'(¢), X'(¢)) can cross
the vertical segment 4B in only one direction, left to right in the case of
Fig. 2, as AB lies entirely above or entirely below the horizontal axis.
Therefore, (x(¢), X'(¢)) cannot meet # for all large ¢, say

(x'(2), ¥(1)) ¢ #  forallt>T,

for some 7T, and must eventually lie in one of the two regions £, (the
exterior) or #,, (the interior). But this contradicts the fact that the point
(x*(2), X'(z)) must repeatedly return to neighborhoods of both C and D,
since yo € w(x,). With this contradiction, the proof that w(x,) is a single
equilibrium is complete.

To complete the proof of (a), again assume that (i) and (ii) both fail,
and let k, be the integer in the statement of Lemma 3.16. As k_, is in the
range of N, its parity is as claimed; to be specific assume 4= —1 so that
ko is odd. (We omit the proof of the case 4= +1 as it is similar.) Fix
zo € E, that is, z, € w(x,) is an equilibrium, and let

k,=card {4| 4 is an eigenvalue of Df{(z,) satisfying Re >0}

counting multiplicity. We must show k, =k, —1or k.
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First, consider the case that z, is a nonisolated point of E, that is,
there exist E\{z,} > {z,,} % _, such that z,, — z, as m — co. Then, by taking
a subsequence if necessary, we may assume that

Zm — Zo

- w, as m—
|Zm_ZOI

where Df(z,) wo =0 and w, # 0. It follows from the theory in Section 2 that
wo€ A" and
Ky k, odd

Nwo) = {k +1, k, even

On the other hand, from Lemma 3.16 we can conclude that for m=1, 2,...,
N(WO)=N(Zm—ZO)=kOO'

Thus we have k, =k, or k, =k, —1 as asserted. Hereafter, we assume z,
is an isolated point of E.

As zp€ w(x,) # {z,}, there is a neighborhood R” = V of z, which x(¢)
repeatedly enters and leaves, staying inside for arbitrarily long times, much
as in the statement of Proposition 3.8. In particular one easily obtains a
point z_ € w(xy) satisfying

z, €0V,

Voy(z,),
and hence, provided V is chosen small enough,
Z+ e Wcu(zo).

Since z, is an isolated point of E, we may assume that V is so small that
V contains no other point of E. It then follows from an earlier part of the
proof that

a(z,) = {zo}. (3.39)
By taking an appropriate sequence t,, —» —oo, one has the limit

Z+(tm) —Zy

|Z+(tm)_ZO| 0

where w,#0 belongs to one of the generalized eigenspaces of Df(z,)
corresponding to an eigenvalue A with Re A= 0. Tt follows that N(w,) is
defined and that, by Lemma 3.16

N(wy) =k, (3.40)
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If z, is hyperbolic, then -—det(—Df(z,))>0 so k, is odd and
ko =N(wy) <k, by the theory in Section2. Arguing similarly, using
Proposition 3.8 to obtain a point z_ € w(x,) N W*(z,) different from z, and
proceeding as above, one obtains &k, = k,. Thus, k, =k, and we are done.
The important point in the case that z, is hyperbolic is that N takes the
value k,, on eigenspaces of Df(z,) corresponding to eigenvalues of different
signs.

Hereafter, we assume that z, is not hyperbolic and argue by contradic-
tion. Thus, assume that

k,<k,—2, (3.41)

as a contradiction is obtained in a similar manner if one assumes
k,>ko+1. Let

k, =card{A|4 is an eigenvalue of Df(z,) satisfying Re 1> 0}.

The theory in Section 2 implies that

ky—1, k, even
= <
Koo = N(wo) {k#, k., odd

where w, is defined between (3.39) and (3.40). As z, is not hyperbolic,
ky=k,+1or k,=k,+2 If k, is even, then k,=N(wo)<k,—1<
k,+1<k,—1, the last inequality by (3.41), and we have a contradiction.
If k, is odd, then k, =k, +1 for k, =k, +2 implies that both £, and
k, are even. Thus,

ko =Nwo)<k,=k,+1<k, —1,

and again, we have a contradiction. Hence (3.41) cannot hold.
(b) If (i) or (iii) holds, then Lemma 3.16 implies that z,— y,€ A4,
hence IT’z,+# IT'y, by Proposition 1.1, whenever y, and z, are distinct

points in y”*(x,). Similarly, in case (ii) the corresponding result for w(x,)
follows from Propositions 3.1 and 1.1.

{c) For nonequilibrium points y, € w(x,) the claim (0.5) follows from
either Proposition 3.1 or Lemma 3.5. For points y,e77+(x,) (assuming
that x, is not an equilibrium), one has that N(x(z)) is constant for all large
t, say t= T, hence x(t)e A for all 1> T. Therefore, IT°%(¢) # (0, 0) for all
t> T, as claimed.
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4. APPLICATIONS

Monotone cyclic feedback systems arise in mathematical models of
cellular control systems in which the components x’ represent the concen-
tration of certain molecules in the cell (see Refs. 1, 2, 5-8, 12, 14, 16, 33).
The single-loop feedback system

Pr=fy") —a'y!

pi=pyTioalyl  2<is<p o
is considered where
a'>0, 1<i<gyp
B'>0, 2<i<p
and f:R* > R™ is a smooth function satisfying one of
f(u)>0 foruz=0 (PF)
or
ffuwy<06  foruz0 (NF)

The equations (4.1) represent a cascade of reactions beginning with
the transcription of mRNA (y') from a single gene and leading to an end-
product molecule whose concentration is denoted by y?. The two cases are
distinguished by whether an increase in the end-product concentration has
a positive (PF) or negative (NF) effect on the transcription of mRNA, and

these cases correspond to 4= +1 and 4= —1, respectively, in our theory.
Often, delays are introduced to account for transport and transcription
delays.

In Refs. 8 and 19, the linear terms in (4.1) have been replaced by
Michaelis—Menten-type nonlinearities resulting in the system

alyl
51 — Py __
R
Qi1 iy i (4.2)
ie By xy 1<i<p

_di+yi-1_bi+yi’

where d’, b'>0 and f satisfies (NF). A typical nonlinearity in (4.1) and
{4.2) in case (NF) is assumed is

a

S r=1
b+u

Ju)=
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It is immediate that (4.1) and (4.2) are monotone cyclic feedback
systems if either (PF) or (NF) holds. In case (PF) holds, however, (4.1)
and (4.2) define cooperative systems in the sense of Hirsch [20-227]. The
powerful results available for cooperative systems imply that “almost all”
bounded orbits tend to critical points [20, 21]. Hence, we are interested
primarily in the case that (NF) holds.

Recently, so-called multigene models with negative feedback have been
considered by Banks and Mahaffy [6] and one of us [36], which takes the
form (for a three-gene model)

}}1 =f1(wm)_a1yl

pl=plyi Tt —alyl, 2<isy
2'1: 2¢ 1,0 —'})IZI
S (43)
Py, 2<j<]
W1=f3(z’)—51w1
Wwh = EfpF— 1 5hwk, 2<k<m

where o, B7, y/, 5/, £%, 6¥* >0 and f*, f2 f satisfy (NF). For simplicity, we
have displayed the “three-gene” case in (4.3) corresponding to the three
(vector) variables y, z, and w. The reader may easily imagine the general
case consisting of a positive integer number, G, of genes, where the end
product of the gth gene inhibits the transcription of the mRNA associated
with the (g + 1)st gene, 1 <¢ (mod G). Delays are sometimes introduced in
the first terms on the right side of (4.3). One could also replace the linear
terms in (4.3) by Michaelis—-Menten nonlinearities as in (4.2).

We are interested primarily in (4.1), (4.2), and (4.3) in the absence of
delays. The existence of periodic solutions has been the focus of much of
the literature on these equations [8, 15, 18, 19, 24, 26, 27, 35, 36, 42, 43].
Such solutions have been suggested as models for circadian rhythms and as
a developmental clock during morphogenesis.

Monotone cyclic feedback systems arise in many other fields. an der
Heiden [3] considers a neuron model due to Stein er al. [417] which is a
three-dimensional monotone cyclic feedback system. The article by
Hastings et al. [19] contains references to several other monotone cyclic
feedback systems in the biological literature.

Motivated by cyclic feedback systems in the biological literature,
Hastings et al. Webster [197 give sufficient conditions for the monotone
cyclic feedback system

M=fx, x"H1<i<n, i (mod n) (4.4)
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to possess a nonconstant periodic solution in R” = [0, c)". They assume
that /e C” satisfies

a i i
i.<0 and 6f;1>0, 2<ign
ox? ox’
and
oft
Fwr <0.

In addition, it is assumed that (4.4) possesses a unique steady-state x, with
positive components and that the Jacobian matrix, Df(x,), possesses at
least one eigenvalue with positive real part and Df(x,) must not have
repeated eigenvalues. Additional assumptions are made to ensure that R”,
is positively invariant and that solutions are bounded. They conclude the
existence of a nonconstant periodic solution in R” .

The following result gives significantly more information than the
existence result of Hastings ez al. and should prove easier to use. We do not
require that fe C” or that Df(x,) has no repeated eigenvalues.

Theorem 4.1. (a) Let (4.4) be a monotone cyclic feedback system in
R” = [0, c0)". Assume that R", is positively invariant for (4.4) and that it
contains a unique critical point x,. If R, >y*(x,) is bounded, then either
(i) w(xg)=x,, (i) w(x,) is a nonconstant periodic orbit, or (iii) w(x,)
consists of x, together with a collection of orbits homoclinic to x . If

Adet(—Df(x,)) <0 (45)

then alternative (iii) cannot occur.

(b) Now assume A= —1. Then sufficient conditions for (ii) to occur
for a bounded orbit y* (x,) [whether or not (4.5) holds] are that Df (x ) has
at least two eigenvalues with positive real part and x,€ Uy, where U, is
described as follows. Let k be the number of eigenvalues of Df(x,) with
strictly positive real part, and set ky=k — 1 for k even, and ko=k —2 for k
odd. Let U,, consist of all points x e R", for which either

(i) x—x,eN and N(x—x,)<ky, or
(ii) x—x,¢N but there exists a neighborhood V of x in R”, such
that N(y —x,)<ko forall ye VN

Then Uy, is a relatively open, positively invariant subset of R”, and is non-
empty if either x,eR" (the interior of R" ), or if 6'= +1 for all but a
single i=1i,, say

§i=+1, i# i,

So=—1.
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Proof. (a) Once one extends the vector field £, as a monotone cyclic
feedback system, to a neighborhood W of the closed set R” , the result
follows directly from the Main Theorem in Section 0.

(b) Now consider the set Uy, with 4 = —1. By Proposition 1.1, it is
open and positively invariant. To see that U, #¢ if d°= +1 for all but one
index i, one notes that

$#[x, +R")U(x,—R.]AR" c U,

Indeed, if x—x*eR then x —x, e/ and N(x—x,)=1<k,. To see
that U, #¢ if x*eR” , one replaces R" with an appropriately chosen
orthant, K, R” > K in the above inclusion.

Let xo € Uy,, 7 (x,) be bounded, and x(¢) be the solution of (4.4) with
x(0)=x,. Suppose x,ew(x,). Then by arguing as in Lemma 3.10, we
obtain that for arbitrarily large values of r, N(x{t)—x,) must attain a
value attained by N on the real part of the generalized eigenspaces con-
tained in the center-stable subspace of the linear variational equation about
x,. But these values of N exceed k,, by our choice of &, (see Theorem 2.6).
Hence, we have a contradiction to Proposition 1.1 since N(x(¢) —x,) <k,
for all +=0. This contradiction implies x «F0(xe) and so (i) must
obtain. |}

Remark 4.1. The inequality (4.5) is equivalent to the inequality

[ 02w

i=1 i=1

It clearly holds if 4= —1 and 9f"/0x'<0, 1<i<n, as happens to be the
case in all the examples in this section. Note that we do not assume that
(4.5) holds in giving sufficient conditions for (ii) to hold in Theorem 4.1.
However, (4.5) implies that the number of eigenvalues with positive real
part is even if A= —1 and odd if 4= +1.

Remark 4.2. R” could be replaced by any other positively invariant
closed convex domain D containing a single critical point.

Remark 4.3. Let U, be defined as in Theorem 4.1, but replacing &,
with 1. Suppose that the hypotheses of Theorem 4.1(b) hold, Df(x,) has at
least two eigenvalues with positive real part, and x,e U, is such that
7*(xo) is bounded. Since U, is positively invariant, y*(x,)= U, and
o(xo)=y={p(t): te R} where p(t) is a nonconstant periodic solution. By
Proposition 1.1, N(y —x, )= N(p(t)— x,) is independent of ¢ (since p(t) is

865/2/4-4
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periodic). It follows from the invariance of U, and the fact that x(¢) —> v as
t — oo that

Ny—x,)=1
More generally, if x,e Uy, and x(¢) =y, a closed orbit, then
Ny —x,) <k,

Remark 4.4. If 4= +1, then Theorem 4.1(b) holds with appropriate
modifications: one needs that k>1 rather than £>2, and one sets
ko=k—1 for k odd, and k,=k —2 for k even. Further, U, #¢ if 6'= +1
for each i Such a result, however, is of limited use, as the hypothesis that
y*(x,) be bounded usually fails. Indeed, by arguing as in Theorem 4.2
below and using the fact that there are no stable periodic orbits
(Remark 2.1), one concludes that y*(x,) is unbounded for x, in a residual
(i.c., large) subset of Uy,.

Remark 4.5. In Theorem 4.1(b) the set U, can be replaced with the
set W, consisting of all points xeR” for which either (i) f(x)e 4" and
N(f(x)) kg or (ii) f(x) ¢ A but there exists a neighborhood V of x in R”,
such that N(f(y)) <k, for all ye Vn A". Here k, is the same. (That the
same criterion for W, # ¢ holds, however, is not so clear.) One simply
replaces N(x(¢) — x*) with N(x(2)) = N(f(x(¢))) in the proof and makes the
crucial observation that on any of the eigenspaces ¥, of the linearized
equation at x,, one has for 0 # y e %, with |y| small, that

N(y)=N(Df(x,) y)=N(f(x,+y))

Indeed, the first equality holds because %, is invariant for the linear
map Df(x,), and the second follows from the linear approximation.

Our next result, which asserts the existence of an orbitally stable
periodic orbit, requires some background and definitions. Let y = O be
a nonconstant, nonhyperbolic periodic orbit of the monotone cyclic
feedback system (4.4), and assume that 4 = —1. Define

type ('})) = (ma Oint» O-ext)a
the stability type of y, as follows. First, m is that integer for which
Oy =0 1= 1

where {a,}7_, are the characteristic multipliers ordered (as usual) so that
lotg] = 1o 1|. When 4= —1, m is odd. The symbols ¢, and o.,, describe
whether the flow on the two-dimensional center manifold of y spirals
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toward or away from 7, in the interior and exterior of the Jordan curve
II'y. To define o, and 0., consider the local center manifold
Wex~(—1,1)x S! and the projection

I Wes(—1,1)x S' >R?,

which is a diffeomorphism onto its range (it is one-to-one by Lemma 2.4
and the fact that W* is tangent to %,). Let us assume, by a choice of coor-
dinates, that
y= {0} xS,
II'((=1,0)x S*) = (IT'y )i,
(0, 1) x SYy & (') Yoy

where (I11%);,,, (IT")e<=R*—II'y are (respectively) the interior and
exterior components of the complement of the Jordan curve ITy. We define
O and o, to be the symbols

Oigts Oext € {05 +, - }
as follows. If there exists a sequence
1< (=1,0)x 8%, dist(y,, ) >0

of periodic orbits (i.e., there are orbits on W* which cluster on y from the
“interior”), we set o,,,=0. If there exists such a sequence y,< (0,1)x S’
whose projections I7%, are exterior to IT%, we set g, =0.

If, on the other hand, y is asymprotically orbitally stable from the inte-
rior, for the flow restricted to W* [ie., w(x,) =y for each xoe(—1,0)x S!
near y= {0} x §'], we set g;,, = —. Correspondingly, o.,, = — for exterior
stability. Finally, we set o, = + if a(x,) =7 for each x,e (—1, 0) x S! near
y and @, = + if a(x,) =7 for each x,€ (0, 1) x S! near y.

We observe here that, with 4= —1, a nonhyperbolic periodic orbit y
is orbitally stable if and only if type (y) = (m, 6, Oey) Where

m= 1, Oint # +’ O ext 7(_- +.

We also observe that for any nonhyperbolic periodic orbit, the attracting
set

{x0€0:00(x0) =7}

of y either has nonempty interior or is a set of the first Baire category (a
meager set); and that it has nonempty interior if and only if

m=1 and Cim = — or Cext = —
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Theorem 4.2. Let (4.4) be a monotone cyclic feedback system in
R” =[O0, o0)". Assume that R is positively invariant for (44) and that it
contains a unique critical point x . Assume also that A= —1, that Df(x,)
has at least two eigenvalues with positive real part, and that Uy, # ¢. Finally,
assume that there is a_nonempty open subset U< Uy, such that y¥(xo) is
bounded for each xq,€ U.

(a) If all periodic orbits of (4.4) are hyperbolic, then there exists an
asymptotically stable-periodic orbit.

(b) If there exists a compact set B< U such that all nonhyperbolic
periodic orbits with

type (V)=(1’ T +)0r (15 +, —) (4'7)
satisfy y S B, then (4.4) possesses a periodic orbit which is orbitally stable.

Proof. Without loss, the open set U may be assumed to be positively
invariant; if not it may be replaced by its forward orbit {J, .57 " (xo). Let
us also fix a monotone sequence K,, S K, , ; < U of compact subsets of U,
such that ,2_, K =0.

(a) Assume that all periodic orbits of (4.4) are hyperbolic but that
(4.4) does not possess an asymptotically stable orbit. Then for each m, (4.4)
has only finitely many periodic orbits satisfying

y= K, and period (y) <m
and hence possesses only countably many orbits in all. The set of attraction

{x0€ Ulo(x) =7}

of each such orbit in U is a set of first Baire category; as w(x,) =y for some
y, for each x,€ U, the Baire category theorem yields a contradiction.

(b) Assume the condition y < B for each nonhyperbolic periodic
orbit satisfying (4.7) but that (4.4) does not possess an orbitally stable
‘periodic orbit. As in the proof of (a) above, the set of xy€ U for which
w(x,) is a hyperbolic periodic orbit is a set of first category. Now let I'< U
denote the union of the set of nonhyperbolic periodic orbits for which
la| > 1 for at least one (in fact two) characteristic multipliers, and let

I,=vu{yycK,nTI and Period (y)<m}

Thus, I, is a compact set. Each y< T, possesses a local center-stable
manifold W< = W<(y) which has codimension at least two in R”. As each
I, near y lies in W*(y), each W*(y)nrI, is open in the relative
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topology of I',,. Thus I',, is contained in a union of finitely many W*(y),
say

e
ch U Wcs(Vm,i)'

i=1
If xoe U is such that w(x,)=y<T,, then necessarily x(¢)e W(y,,,) for
all large ¢, for some i. Thus xo€y ™ (W(y,,,)), where y 7 (S)=U .57 ()
denotes the backward extension of a set S under the flow. As W*(y,, ;) and
hence y~(W*(y,,;)) are of first Baire category, it follows that the set of
xo€ U for which w(x,) < I'is a set of first category.

Thus for a residual (i.e., second category) set of x, € U, w(x,) is a non-

hyperbolic periodic orbit with |«| <1 for all characteristic multipliers, that
is,

type (W(xo)) = (11 Gints O-ext)'
Furthermore,
Oin = + or Oexe = T

since by assumption there are no orbitally stable periodic orbits. Let ¥ < U
denote the set of all such orbits and

¥, =u{yycK,n¥ with Period (y)<m}

We claim that ¥,, contains at most countably many orbits; from this and
from the observations following the definition of type (y), it follows
immediately that

type (w(xy))=(1, +, —)or (1, —, +) (4.8)

for a residual set of x,e U. To prove the countability claim, we associate
a distinct rational point pe Q x Q (Q the set of rational numbers) to each
y< ¥, Indeed, if, say, o,,, = — for such y, then by Corollary 3.4 for some
¢>0, the neighborhood IT'((—¢, 0)x S') = (IT%),, does not contain the
image of any other = ¥,,,. Any choice of pe IT'((—&, 0) x $1) n Q x Q for
each yc ¥, with o, = — yields a set of rational points in one-to-one
correspondence with the periodic orbits in ¥,, with ¢,,,= — A similar
conclusion holds with o,,, = —

Thus (4.8) holds for a residual set of x,e U; in particular, there must
exist at least one nonhyperbolic orbit y < B< U of type either (1, +, —) or
(1, —, +). Note also that all periodic orbits are totally ordered by inclu-
sion (in the sense of the Jordan curve theorem) as IT'x, € (IT*),, for each
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y (Proposition 3.2). We may write y <7, for distinct periodic orbits y and
7, to mean that II*y = (IT§),,,. Let ¥,, < B and ¥,,, = B denote the union
of those nonhyperbolic periodic orbits y = B satisfying, respectively, type
()=, +, —) and type (y)=(1, —, +); these are saddle-node orbits for
which nearby trajectories on the center manifold spiral inward, respec-
tively, outward. Let 7y, be a sequence of periodic orbits satisfying either

V1SV € ¥ for each k, and

for each ye ¥, one has y, <7 for all large k;
or

Vir1 =V, € ¥ for each k, and

for each ye ¥,,, one has y, >y for all large k.

Note first that dist(y,, x,) does not tend to zero; for otherwise
7 < W€ (x,) for large k and y, would have at least two characteristic multi-
pliers a satisfying |o| > 1, corresponding to the unstable eigenvalues of
Df(x,). We claim in fact that dist (y;,7,)—0 for some nonconstant
periodic orbit y, = B. If this were false then, by Corollary 3.7, the only
alternative remaining is that , the set of limit points of {y,} (see
Corollary 3.7), consists of x, together with a nonempty set of orbits
homoclinic to x,. But 2 < B and B c U,, does not contain x, so this alter-
native is not possible. We have established our claim that dist (y,, y,)—0
for some nonconstant periodic orbit y,.

To complete the proof of Theorem 4.2, consider type (y.)=
(m, 6y, Oey), for this limiting orbit. To be specific assume y..; <V,
i.e., that the orbits limit to y., from the outside. Then either o.,,=0 or (in
the case y,=v, for large k)o.,= —. Certainly m=1 also holds.
Necessarily 6,,, = +1, so that 7, is unstable from the inside (otherwise y,
is orbitally stable). Let z(¢) be a solution starting from z(0) =z, where
zo€ W(y..) where a(zo) =y, hence IT'zy € (II'y , )in.- Then by Lemma 3.9,
N(z(t) — z(s)) = 1 whenever ¢ # s are sufficiently negative, and hence for all
t#5s by monotonicity. Indeed, by letting ¢, s— oo one obtains
N(z,—z,)=1 whenever z,#z, with z, z,€7(zo) =7(20) U a(zo) U ©(2,),
where of course a(zy)=7... As zoe Bc Uc Uy, Theorem 4.1(b) implies
that w(z,)=7y,, a nonconstant periodic orbit in B. Moreover, y, <7.
Since y(z,) approaches y, along W(y,) and in view of the fact that
N(z;—z,)=1for z, ey, and z, € y(z,), it follows that x| <1 for all charac-
teristic multipliers o of y,. Thus y, is nonhyperbolic (or else it is orbitally
stable), z(z)e W*(y,) for large ¢, and type (y,)= (1, 6in, —). Therefore
6., = -+ must hold, contradicting the fact that y, is a minimizing sequence

int —
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of periodic orbits of type (1, +, —) and y,—y,. This completes the
proof. |

Theorem 4.3. Let (4.4) be an analytic monotone cyclic feedback
system with A= —1 in R". which possesses a compact attractor A CR’;.
Suppose that A contains a single equilibrium x, and that Df(x,) satisfies
(4.5) and has at least two eigenvalues with positive real part. Then (4.4) has
at least one, but no more than a finite number of, nontrivial periodic orbits.
Moreover, at least one of these is orbitally asymptotically stable.

Proof. By Theorem 4.1, there exists at least one nonconstant periodic
orbit. By Theorem 4.2 one of these periodic orbits is orbitally stable. If
every nonconstant periodic orbit is isolated in the sense that there is a
neighborhood of it containing no point of any other periodic orbit, then
the number of periodic orbits is finite in number. Indeed, if there exists an
infinite number of periodic orbits, then they all belong to A, and further-
more, they are nested in the sense that either II'x, <y'<9’ or
I'x, <7 <v', where y, § are two periodic orbits and y’= I7%. Hence we
may choose a totally ordered sequence of distinct. orbits: y, with either
Ve <Vns1 OF Vi1 <V, n=1,2,... Corollary 3.7 implies that the set Q of
limit points of the y, is cither x,, a nonconstant periodic orbit, or x,
together with a nonempty set of homoclinic orbits. We have ruled out the
existence of homoclinic orbits by assuming that (4.5) holds and @ cannot
be a periodic orbit if we assume (for the moment) that all periodic orbits
are isolated. The only possibility, then, is that Q = x,. In this last case, x,
is not hyperbolic and since (4.5) holds, Df(x,) must have two purely
imaginary eigenvalues and dim W< =2, where W¢ is the center-manifold of
Xy, from the theory in Section 2. Now by standard methods in bifurcation
theory (see, e.g., Ref 44), one can construct an analytic, scalar-valued,
bifurcation (amplitude) equation, the zeros of which are in one-to-one
correspondence with the periodic solutions of (4.4) in a neighborhood of
x,. As there are periodic solutions accumulating at x,, analyticity forces
this function to vanish identically near zero, implying the existence of a
one-parameter family of periodic orbits bifurcating from x,. This violates
our (tentative) hypothesis that all periodic orbits are isolated. Thus the set
of periodic orbits is finite under the hypothesis that every periodic orbit is
isolated.

Furthermore, an orbitally stable periodic orbit y which is isolated
must be orbitally asymptotically stable. Indeed, let U be a neighborhood of
7y whose closure contains no point of any other periodic orbit including X
Let V< U be a neighborhood of y such that if x,e ¥, then y*(x,) < U.
Then w(xo)=Un A must be 9, for each x,e V. Thus v is orbitally
asymptotically stable.
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The proof will be complete provided we show that each periodic orbit
is isolated.

Fix i and let T'={xeR”:x'=x and fi(x,x'"')>0}. Every
periodic orbit y satisfies IT'x, € (ITy);,, by Remark 3.1 and y meets T in
exactly one point, which belongs to 7°n 4. Suppose that v, is a non-
isolated periodic orbit. By Theorem 3.3, y,» T is a nonisolated fixed point
of a Poincaré map defined as in the proof of Theorem 3.3. Since 1 is a sim-
ple eigenvalue of the linearized Poincaré map at y,n 77, by the theory in
Section 2, and since y,n T’ is a nonisolated fixed point and the Poincaré
map is analytic, it follows from a standard Lyapunov-Schmidt argument
that y, n T7 belongs to an analytic arc of fixed points of the Poincaré map.
Each point of the arc represents a distinct periodic orbit. By a Zorn’s
lemma argument, this local arc of fixed points can be extended to a maxi-
mal analytical arc I" in T'n A. That is, I" is not a proper subset of any
other analytic arc of fixed points. There are two alternatives. First, '~ S*
closes on itself. But then the union of periodic orbits through P span a two-
dimensional torus, 7. If y and z belong to 1, y #z, then N(y—z) is defined
since each point belongs to a periodic orbit. Thus I’y II'z. Hence
I 7 — R? is a homeomorphism of a torus onto a set in R?, a contradic-
tion. Thus I” must be a Jordan {nonintersecting) arc of distinct nontrivial
periodic orbits. Let &: (0, 1) > I be a parametrization of /. Now the family
of periodic orbits {7: },c(,1) through the points of {(s), 0<s<1, are
totally ordered in the sense defined in Corollary 3.7. That is, if
0<s<s <1, then either 7;() <7 OF V) <Vers)- It follows that &'~ '(s)
is one-to-one on (0, 1) into R. By reparametrizing I if necessary, we may
assume that & ~!(s) is monotone increasing with s, 1€, Ve <7Vee if
0<s<s <1. Let {s,} be an increasing sequence satisfying s,, —» 1 and let
Vm="7Ve(s,) By Corollary 3.7, with B= 4, the set of limit points Q of {y,,}
consists of either x,,, a nontrivial periodic orbit, or x, together with a non-
empty set of homoclinic orbits. The first and last alternatives cannot occur
since the y,, are increasing in the sense of <. In fact, there are no
homoclinic orbits. Thus £ is a nontrivial periodic orbit y,. Moreover, y, is
independent of the sequence {s,} so that y.,, —y; as s =1 in the sense of
the Hausdorff metric. But this contradicts the maximality of I” and this
contradiction completes the argument that every periodic orbit is
isolated. ||

In order to apply Theorem 4.1 to Egs. (4.1) assuming (NF), observe
that

B=[0, (a')~! £(0)Ix [0, p(a'a®) " f(0)] -
x [0, p2--- pr(a'e?--a") =" £(0)] (4.9)
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is positively invariant for (4.1). Also, one can show (see, ¢.g., Ref. 36) that
B attracts all orbits beginning in R” . In particular, all forward orbits are
bounded. B also contains a unique equilibrium, x,. Depending on the
parameters o', 8’ and the magnitude of /' at the equilibrium (see Refs. 36
and 43 for precise conditions), Df(x,) has at least two eigenvalues with
positive real part. Hence, Theorem 4.1 implies that all orbits beginning in
a relatively open subset of R” are asymptotic to a nontrivial closed orbit.
If, in addition, x, is hyperbolic, then all orbits not on the stable manifold
of x, are asymptotic to a nontrivial closed orbit. For three-dimensional
" systems, this last result can be obtained from special results available for
three-dimensional competitive systems (see Ref. 35).

The application of Theorem 4.1 to (4.2) follows similar arguments.

It is not immediately clear that Theorem 4.1 applies to (4.3). In fact,
it generally does not apply in case the number of genes G is even [recall
in (4.3), G=3]. In the case of even G, it is shown in Ref. 36 that a change
of variables can be applied to (4.3), resulting in a cooperative system. In
this case, as for (4.1) when (PF) holds, “almost all” solutions are
asymptotic to a critical point (there can be several stable ones).

Theorem 4.1 does apply to (4.3) when G is odd. We carry out the
details only for the case G = 3; following this, the general case will be trans-
parent. One first establishes that (4.3) pdssesses a compact attractor, B, in
RZ*/*™ in the same way as for (4.1) (see Ref. 36):

(y,z,w)e B= B x B, x B;

in which B, is B in (4.9) with /= f! and B, and B, are defined in the
obvious way. Hence, one need only examine the behavior of solutions of
(43) in B. For simplicity of notation, we write»BzzI]j=1 [0,5'] and
define new variables

)—;i:yi
FI=pl 7
W = wk

Note that this transformation maps B onto itself. The equations satisfied
by the new variables are identical to (4.3) except that f2(y?)—
S20)— £3(77) and f3(z') —» f3(b' — Z'). Thus, the new equations in B define
a monotone cyclic feedback system for which (4.6) holds and for which
0'= —1 and §'= +1 for i# 1. There is a unique critical point x, of this
system in B and sufficient for Df(x,) to have at least two eigenvalues with
positive real part are known (see, Ref. e.g., Ref. 36). Theorem 4.1 applies to
obtain a result identical to that obtained for (4.1).
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If /in (41) and (4.2) or f', f% f? in (4.3) are analytic, then
Theorem 4.3 gives sufficient conditions for each system to have a nonempty
finite set of periodic solutions, at least one of which is orbitally asymptoti-
cally stable. The hypothesis (4.5) holds in these examples as noted in
Remark 4.1. It is easy to see that each system possesses a compact attractor
in R". by noting that points on the boundary of R”, immediately enter R” .

It is biologically reasonable to include time delays in the first terms on
the right-hand side of (4.1) (or 4.3), particularly in y” in the first equation.
Many authors have considered the effect of time delays in the models (4.1)
and (4.3) [1, 2, 4, 7, 25-28, 36]. For a special form of delay, considered
by MacDonald in Ref. 25, Theorem 4.1 gives useful information. Replace y”
in the first equation in (4.1) by

jw PP(t —u) G(u) du (4.10)
0

where the kernel, G4, is

a? ™ty

Gi(u)= e, a>0, qe{0,1,2,.}.

q!
Since dGY/du=a[G?~'—G4], g=1, it is natural to introduce the new
variables

=" Y= G ) e =Lt
and observe that
o dp .
=2 Y G ) d
—a(yt T =y ), =l g+ L (4.11)

In terms of the variables y',.., y? 9! Eq. (4.1) with (4.10) takes the same
form as (4.1) with f(y?) becoming f(y?*¢* ).

Of course, (4.1) with (4.10) is not equivalent to the enlarged system of
Egs. (4.1) and (4.11). They do, however, share the same set of bounded
solutions on R. That is, if y: R - R” is a bounded solution of (4.1) with
(4.10) then p=(y, y**%.., y?T9%!) is a bounded solution of (4.1) and
(4.11), and vice versa. In particular, they share the same periodic solutions.
Hence, Theorem 4.1 can be used to prove the existence of periodic solu-
tions of (4.1) with (4.10). Macdonald [257] has obtained sufficient condi-
tions for the critical point of (4.1) and (4.11) to have a pair of unstable
eigenvalues for a particular nonlinearity f of Michaelis-Menten form. In
this case, Theorem 4.1 and earlier arguments imply that (4.1) with (4.10)
has a nonconstant periodic orbit.
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Certain nth-order scalar differential equations are equivalent to
monotone cyclic feedback systems. Consider the equation

x4+ f(x, x"=D)=0 (4.12)

where f: R? — R is a smooth function satisfying

M >0 for all (x, y).
0x
If we let
xi:x(n“i), 1<l<n5

then (4.12) is equivalent to the monotone cyclic feedback system

xl = _f(xn’ xl)

. (4.13)
=1 2<ign

X =x

It can be checked that (4.13) has a unique critical point x, in R” if
f(—00,0)<0, and f{co, 0) >0, so Theorem 4.1 (with R” replacing R” ) can
be applied to bounded orbits of this system. An interesting special case of
(4.12) is given by

x4 f(x)=0 (4.14)

where f'(x) >0 for all x.

However, (4.14) cannot have interesting stable solutions if n> 3. It is
easy to see that if n> 3, then any critical point possesses eigenvalues with
positive real parts. It is also the case that any periodic orbit of (4.14) has
characteristic multipliers with modulus exceeding unity. This results from
two facts, (a) the divergence of the vector field is zero and hence the
product of the moduli of the multipliers equals unity and (b) no multiplier
has multiplicity exceeding two. The same arguments apply to (4.12) if one
assumes Jf(x, y)/0y <0, namely, that any steady state or periodic orbit
must be unstable in the linear approximation. We note that if ¢f/dy < 0 and
n=23, Leonov [23] has shown that (4.12) cannot have any nonconstant
periodic orbits.

In order to obtain the existence of nontrivial closed orbits of (4.12)
by Theorem 4.1, it is necessary to show that (4.12) possesses nontrivial
bounded (for #>0) solutions. This is a nontrivial task. The interested
reader is referred to the book by Reissig et al. [32]. Unfortunately, the
results in Ref. 32 do not seem to apply to (4.12). Indeed, arguing as in
Remark 4.4 shows that if df/dx >0 and Jf/dy <0 in R? then almost every
orbit of the system is unbounded as r — 0.
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