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Abstract

We study the solutions to the Landau-Lifshitz system in a bilayered ferromagnetic
body when super-exchange and surface anisotropy interactions are present at the
interface between the layers. We prove the existence of weak solutions in infinite
time and strong solutions in finite time.
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1 Introduction

Ferromagnetic materials have long been the subject of scientific studies. Nowa-
days, they play an important role in the industry. Optimizing the form of a
ferromagnetic body is an important goal since its magnetic macroscopic prop-
erties depend strongly on it. Among the possible configurations, multi-layers
have been the focus of research in recent years. Physicists [1] have modeled
short-range interactions, such as super-exchange and surface anisotropy that
are able to cross a nonferromagnetic interface that split two ferromagnetic
bodies. These interactions modify the Neumann boundary condition in a non-
linear way.
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Figure 1. Geometry of the problem

The magnetic state of a ferromagnetic body! can be represented by a vector
field over R? called the magnetization M. The local norm of M is constant
and equal to M, inside the ferromagnetic body and 0 outside. The value of M,
depends only on the material and its temperature which will be considered
constant throughout this paper. We work with the dimensionless vector field
m = M /M, with a local norm |m| = 1. The behavior of m may be modeled
by the Landau-Lifshitz equation

a—m:—mxh—amx(mxh),

ot

where h is the magnetic excitation. This equation has been widely studied. The
existence of weak solutions over infinite time and of strong solutions over finite
time with the homogenous Neumann boundary condition has been established
in [4], [5], [6], [7], and [8]. Existence of weak solutions has also been established
with the surface anisotropy interaction in [9)].

We prove here the existence of both strong and weak solutions to the Landau-
Lifshitz system with the nonhomogenous Neumann boundary conditions that
arise from the presence of super-exchange and surface anisotropy.

We work on a geometry similar to the one presented in figure 1. Let B be a reg-
ular convex bounded open set of R%. Let L™ and L~ be two positive real num-
ber and [ be a small given positive real number, such that [ < min(L*, L7).
We now introduce some notations

=LY, Iy =(—L,—l),and Z, = ;" U T, .
O =BxZ, QO =BxZIZ ,and Q =QTUQ".
r=0Qx(0,7).
It =Bx{+l},T"=Bx{-l}and T =TTuUl".
~ is the map that sends m to its trace on I'*.
v is the trace map that sends m to y(m o o) where o is the application

that sends (z,v, 2,t) to (z,y, —2,t).

! For an introduction to ferromagnetism, refer to [2] or [3].



e ' = B x {0}. ;" is the trace map that sends m to (ym) o 7_; on I' where
(2, y,2,t) = (x,y, 2+, t). 7, is the trace map that sends m to (ym)ory,
on I

e v is the extension of the unitary exterior normal to  on I'F, thus v(x) =
—e, if 2 > 0 or if  belongs to I't, and v(x) = e, if 2 < 0 or if & belongs
to I'".

In section 2, we describe the mathematical model of micromagnetism in a
ferromagnetic body, introducing the physical interactions and their associated
energies and operators. In section 3, we state the theorems we establish in this
article. These theorems assert the existence of both weak and strong solutions
of the Landau-Lifshitz system with an uniqueness result for strong solutions.
We then proceed to prove these theorems in section 5 and 6. Both proofs use
Galerkin’s method. As the basis verifies the homogenous Neumann condition,
other methods are required to obtain a nonhomogenous Neumann condition on
the boundary. We proceed by penalization for weak solutions and by extension
results for strong solutions.

2 Energies and associated operators

There are some interactions associated with the magnetization state of a ferro-
magnetic body. To each interaction corresponds an energy E, and an operator
H,, given by the formulae

EP(O) =0,
DE,(m) v = —/ Hy(m) -vdx  for all v e H'(Q).
Q

Conversely, to each operator, we can associate an energy by the same formu-
lae. In the frequent case of H, being a self-adjoint linear operator, E,(m) =
—3 Jo Hp(m) - mda.

2.1 Volume interactions

2.1.1 The anisotropy interaction

The anisotropic energy is E,(m) = 3 [o(Km) - mda, where K is a C*(Q)

map onto the set of symmetric positive matrices. Thus, H,(m) = —Km.
A most common form of anisotropy is the uniaxis anisotropy with Km =

K,((m - u)m — m) where u is a R? vector field and K, > 0.



2.1.2  The exchange interaction

The exchange energy is E.(m) = 4 [,|Vm/|? dz, where A > 0. The exchange
operator is defined as H.(m) = AAm.

2.1.3 The demagnetization field interaction

We use here the quasi-static approximation of Maxwell’s system. We define
H, as the operator that sends any m to the solution hy of the system

div(hg) = —div(m),
rot(hy) =0,
m =0 on R*\ ,

in the sense of distributions. The demagnetization field energy is E;(m) =
—3 Joha-mdx = 3 [, |hy*d .

Regarding the regularity of operator H4, we have the following result

Theorem 1 For all 1 < p < 400, Hq is a continuous operator from LP(QQ)
to LP(Q), and from W'P(Q) to W2(Q).

PROOF. See [10] or [11].

2.2 Interaction on the boundary

2.2.1 The surface anisotropy interaction

We use the model described in [1]. The surface anisotropy energy and the
associated operator are

K
Ew =— (1 - (Pym ’ V)z) dIB,
2 Jr-ur+

Heo = K ((ym - v)v —ym)éI*  on I UTT.

This operator has the same form as the volume anisotropy uniaxis operator
but with u = v.

2.2.2  The super-exchange interaction

This interaction has its roots in quantum mechanics, see [2]. We use the math-
ematical model described in [1]. In this model, the energy and the operator



associated with the super-exchange operator are

Eo(m) =1 [(L=simsim)dz+J; [ (1= |pm -y ml) da,
Hse = Ji(Y'm —ym) + 2J5((ym - y'm)y'm — |y'm|*ym)olr=,

where Ji, Jy are positive numbers.

2.2.3 Modification of the boundary condition

The boundary conditions verified by m are

om
8—1/ —O on 3Q\F, (21&)
om Ks Ji, ,
—— = — (v ym)(v — (v - ym)ym) + = (Ym — (ym - y'm)ym)
+ Qﬁ(vm Ym)(Ym — (ym-y'm)ym)  on T,
om  Ks Ji, ,
—— = —(-ym)(v — (v -ym)ym) + = (Ym — (ym - y'm)ym)
+ Qf(v'm A'm)(yYm — (ym-ym)ym)  onT".

These are obtained from the stationary conditions on the boundary, see [1].

2.3 Some notations on the interaction operators and energies

We introduce the following notations,

Hio = Ha+ Ha, Ei. = Eq + E,, (2.2a)
Hy = Hy + Ho + He, E, =E, + E4 + E., (2.2b)
Es = Ese + Esaa Hs = Hse + Hsa- (22C>

The total energy is

E=E, +E;.

(2.2d)



3 Definitions of solutions and main theorems

Formally, the solutions verify the following system of equations

38_7;% =-mx H,(m) —amx (m xH,(m)) inQx(0,T), (31la)
im| =1, (3.1b)
m(,O) = my, (31(3)

in  x (0,7, with the Neumann boundary conditions, such as in (2.1).

Throughout this article, the notation H*(2) represents the classical Sobolev
spaces as defined in [12] or in [13]. We denote by H*(€2) the vector Sobolev
spaces (H*(€2))3. We also use the notation ILP(Q2) to represent (LP(£2))3.

3.1 Weak solutions: definitions and main theorem

We study the system (3.1), with boundary conditions (2.1). First, we define
the concept of weak solutions of the Landau-Lifshitz system, see [4].

Definition 2 Given myg in HY(Q), with |mg| =1 a.e. in Q, we call m a weak
solution to Landau-Lifshitz system if

(1) For all T > 0, m belongs to H'(Q x (0,T)), and |m| = 1 almost every-
where in Q x (0,7).
(2) For all ¢ in HY(Q x (0,7)),

om om
QTW~¢dwdt—a/QT (mx W) - pdzdt

3 om\ 0¢
— (1+a2)A/QT; (’m X 3$i> . o, dx dt
1+ oz2)/Q (m x Haa(m)) - ¢ da dt

T

— (14K, 0 T)(I/ -ym)(ym X v) - yp dx dt

— (14, /(Fi)x(o T)(’ym X y'm) -y de dt

—2(1+ 042>J2/ (ym - y'm)(ym x Ym) - ypdax dt. (3.2)
(T%)x(0,7)

(3) m(-,0) = my in the sense of traces.



(4) For allT >0,

E(m(T)) + —2 /Q )

1+ a?

om|?
5 ‘ dtde < E(m/(0)), (3.3)

with E defined in (2.2) and in section 2.

Any classical solution to the Landau-Lifshitz equation is also a weak solution.
Any weak solutions of class C? is also a classical solution.

We prove in section 5 the following result

Theorem 3 Given any mg in HY(Q), |mg| = 1 almost everywhere on €,
there exists at least one weak solution to the Landau-Lifshitz system with non-
homogenous Neumann condition.

The solution is probably not unique. This is proven when only the exchange
interaction is present, see [4].

3.2 Strong solutions: definitions and main theorems

We study the strong solutions to the Landau-Lifshitz system in the presence of
super-exchange and surface anisotropy. The existence and uniqueness of such
strong solutions without the boundary terms have been established in [14]. We
prove the existence with the more general boundary condition

— =¢QT(ym,vYm) onTT, (3.4)

where

QT (ym,y'm) = Qf (ym,y'm) — (Q; (ym,y'm) - ym)ym,
Q™ (ym,y'm) = Q. (ym,y'm) — (Q, (ym,y'm) - ym)ym,

and where Q" and @ are two polynomials in two variables. The particular
case of super-exchange and surface anisotropy interactions is given by

Jl / J2 / /

) Avm+2A(vm y'm)y'm,
K J J

Q, (ym,y'm) = 78(1/ -ym)v + Zlv’m + Qf(vm -y'm)y'm.

K
QF (ym,y'm) = — (v - ym)v +

Definition 4 We say that m in H¥2(Q x (0,T)) is a strong solution to the
Landau-Lifshitz equation with generalized boundary condition (3.4) and initial



condition my if it satisfies boundary condition (3.4) and equations (3.1) almost
everywhere in Q x (0,T).

We prove in section 6 the following result.

Theorem 5 Given an initial condition mg belonging to H*(Q), |my| = 1
almost everywhere on §2, and satisfying the boundary condition

0 on 0N\ T'F,
=4 QT (ymy,v'myg) on T, (3.5)
Q (ymo,v'mg) onT~.

8m0
ov

then, there exist a positive time T and a strong solution to the Landau-Lifshitz
equation over (0,T). Moreover, the time interval is bounded from below by a
function that only depends on the size of the initial condition.

The proof is based on Galerkin’s method with a modified Neumann operator
on the interface.

4 Some properties of Sobolev spaces and other useful results
First, we recall the reader about some properties of Sobolev spaces. As in
Lions-Magenes [15], we define the spaces

H**2(Q x (0,7T)) = L*(0, T; H**(Q)) N H®=(0, T; L*(Q)).
and we define
H*2(Q x (0, T)) = L*(0, T; H* (Q))NH*2(0, T; L*(Q)) = (H**2(Q x (0,T)))>.
In particular, we make an extensive use of the space H32(Q x (0,7)).
We recall here without proof some well-known properties of Sobolev spaces.
It can be verified [14], or [16, chap. 5] that the considered domain §? is regular
enough for those inequalities to hold. In particular, Sobolev embeddings hold.
Lemma 6 The space H¥2(Qx(0,T)) is embedded in the space C°(0, T; H2(S2)).

Lemma 7 Suppose u in H2(2), then u belongs to L>=(Q) and there exists a
constant C' such that

1 1
[wllie@) < Cllullfq)llullfeq)-



PROOF. This is true for all open subsets of R? satisfying the cone property.
See Maz’ya [17], pp. 274.

_1
Definition 8 We define Hmoré (0Q) as the subset of L*(0Q) of functions whose
restrictions on OB x (0,L), B x {0} et B x {L} are in H™"z.

1
We define 7, as the trace application that maps m to %—T. Then Hiore =

v (H?(£2)). This happens because there is no need of compatibility relations
between the normal traces in that case, see [15].

The following regularity properties hold.

Proposition 9 (Elliptic regularity)

1
The space {v e HY(Q) | Av e LX(Q), 2 € Héorc(aﬂ)} is equal to H?(Q) and
there exists a constant C' such that for all v in H*(Q)

. ) : (4.1a)
Hl’%lorc(aﬂ)

3
Proposition 10 The space {U € HY(Q),VAv e L*(Q), & € H?norc(aﬂ)} is

equal to H3(Q) and there exists a constant C' such that for all v in H3(2)

) . (4.1b)
H? (00)

PROOF. Sece [14], [18], and [19]. For a way to reduce the case of domains such
as () to the case of domains with a smooth boundary by reflections, see [16,
chap. 5]

ov
”WW@SC(MMWHWAﬂmm+%;

ov
HMMWUSC(W%HW+WVAWMmV%b;

In particular, for v satisfying the homogenous Neumann boundary condition,
we derive from propositions 9 and 10

Corollary 11 If v belongs to H*(Q) and satisfies g—:j =0 then

ll2) < C (V@ + 1Av[e@)) - (4.2a)
If v also belongs to H3(Q) then

lls) < C ([vlle@ + 1VAV[L2@)) - (4.2b)

We also use the



Lemma 12 (Aubin’s lemma) Let p, 1 < p < +o00. Let B be a Banach
space. Let X,Y be Banach spaces such that X C B CY, with compact injec-
tion from X to B. Let F be a set of functions included in 17(0,T; B). Suppose
F is bounded in LP(0,T; X) and suppose the set {0,f, f € F} is bounded in
LP(0,T;Y), then F is compact in LP(0,T; B).

PROOF. See [20].

5 Proof of theorem 3

The proof is based on the method found in Alouges-Soyeur [4], and Labbé [7].
We use a penalization method, replacing the boundary condition by a volume
term on a thin layer. First, we introduce for any 1 belonging to (0, min(L~ —
I, LT +1)) the nonlinear operator H:

(o in R*\ (B x (L,\ T, ),
m— —{ 2K,((m - v)v —m) +2J;(m° —m)
2 in B x (7,\ 7
g —|—4J2((m . m”)md . ‘m0|2m) mn X ( l\ l+n)7
(5.1)
where m?(-,-,z,-) = m(-,-,—z,-). We keep the same notations throughout

the rest of this section. We also introduce the corresponding energy

K
E7 = —/ (|m\2 —(m- I/)z) de
2n JBx@@\1,,,)

J 2 0|2
+ —1/ <—|m| + [m’] —(m~m")> dx
2n JBx(T\1,,) 2

J2 2 2 2
J2 o — (m-m?)?) da.
2 /szl\z <|m I*lm|* — (m - m?) ) T

The general idea is to introduce the solution m" of the Landau-Lifshitz system
with excitation h = H(m) + H?(m) and to have 7 tend to zero. However,
we must first prove the existence of solutions with such nonlinear excitation.
Following Alouges and SoyeurSoyeur [4], and Labbé [7], we introduce, for all
positive integers k and positive real 7, the penalized problem

8mk7(77) amkv(n)
o = ky(n) = (1+ aQ)(H(mk’(n)) —I—Hg’(mk’(n)))
— k(14 o) (|JmF 2 — 1)mb ™) in Q,
amkv(n)

=0 on 0f).

ov

To solve this system of equations, we use Galerkin’s method.

10



Galerkin’s method We introduce the orthonormal base of L?(2) whose el-
ements w; are the eigenvectors of the Laplacian operator with the homoge-
nous Neumann boundary condition. The sequence (wy,...,w,,...) is also
an orthogonal basis of H!(Q). This basis exists when the embedding of
H'(Q) to L*(Q) is compact, which is the case here since ) satisfies the cone
property and is bounded, see [12]. We define V}, as the subspace generated
by {w1,...,w,}. By classical results, each w; belongs to C>(£2). For each
n > 1, we search m®™ in V,, @ C1([0, T¥); R?) that verifies the following
weak formulation for all test function 1 in V,, @ C1([0, +00); R?)

k},(T]) k:(ﬂ)
ot ot L2(Qr) (5.2)
1+ 02) (O = 1)mb®) — Km0 ), =0,
T
and the following initial condition
m,, (-, 0) = Pa(mo), (5:3)

where P, is the orthogonal projection on V;,, as a subspace of L*(Q2). We
expand m&™ on the (w;); basis as YI ) ¢, ,(t)w; where each ¢, ,, belongs
to C*(R™; R?). We define ®,, as the finite sequences (¢;n)ic[1,n], and obtain
an equivalent system expressed in terms of ®,,:

d®,

do,
g~ At =

= F(®n(t)),

where F' is a polynomial, thus of class C* and ®,,(t) — A (P, (t)) is linear
continuous, thus smooth. Moreover, A(®) is an antisymmetric matrix for all
®. So the matrix I—A(®) is nonsingular and the function ® + (I-A(P))~!
is of class C*°. By the Cauchy-Lipschitz theorem, for every n, there is a

solution m’(™ on some time interval (0,7™) with ®,, of class C*. Next, we

. . : k.(n)
derive some estimates on m®. In equation (5.2), we take ¢ = ome ™ and

ot
after integration over (0,7") we obtain for all time 7" > 0

2

T || gk

dt
ot

L2(€)
FEImEO(T) 4§ [ (im0 (TP ~ 1) de
Q
< B (mls(0) + E2(m} ) (0))
k
+ 5 Lm0 OF - 12z (5.4)

E, ky(m) ( « /
(b (1) + = [

For any positive integer n, m/® exists for any time 7' > 0in C>(0, T; H'()).
Since H'(Q) is embedded in IL*(Q), the right-hand side of equation (5.4) re-
mains bounded independently of n. So for all T' > 0,

11



m* ™ is bounded in H'(Q x (0,7)),

mF ™ is bounded in L®°((0,7); H'(Q)),

o ‘9mT7IZ(m is bounded in L*(Q2 x (0,7)),

(|mk™]2 — 1) is bounded in L2(2 x (0,7)).

There exists a subsequence mﬁ’j(") still written m® ™ and m®™ in H(Q x
(0,7)) such that for all "> 0

lim mb0 =m0 weakly in H'(Q x (0,7)),
T}Lngo(|mfl’(”)|2 —1) = (j]mmm 2 - 1) weakly in L?(Q x (0,7)).

Moreover, m*® belongs to L>=(0, T; H'(2)). According to Aubin’s lemma,
forall 1 <p<6and1l<qg<+oc:

lim m®5 M = m*0 strongly in L7((0,7); L*(2)).

n—oo

Hence, m*®® verifies the following properties:

(1) m*M (. 0) = my since P, (my) tends strongly to my in H'(Q x (0,7))
as n tends to infinity.

(2) We now take the limit in equation (5.4). Since |mg| = 1 and m™(0)
strongly converges to myg in H'(Q2) and in L5(€2), the right-hand side
of equation (5.4) converges to E?(myg) + E,(my). By the lower semi-
continuity of convex functions we obtain

Jon

Before considering the energy terms and the penalization term we take
for each particular T a further subsequence such that

2

da dt.

Ormkm ?

ot

8m27(77)

ot

da dt < lim inf

n—o0 QT

lim m™(T) = m*(T) weakly in H'(Q2).

n—o0

Then, by the lower semi-continuity of convex applications
/ Vm (T2 dz < liminf / Vim0 (T)|? da.
Q n—oco Jo

Moreover m>™ (T') converges strongly in L2 N LP(Q2) to m*®™(T) for
1 < p < 6. Hence,

liny E, (m" (7)) + E(mb® (T)) = B, (m*(T)) + E1(m*(T)).

n—oo

12



We derive from the previous relations that

omk |
E k() (T - /
o (M5 (T)) + o2 pr de dt
+E!(m 4/ |m ’7) 1)2dm < E,(my) + E!(my).

(5.5)

(3) For all T > 0, for all ¢ in C>(0, T;R3), for all 1 > i > n, m* ™ verifies

m k(1) k,(n)
mb® x wigoda:dt—koz/ " da dt
QT T at
14 a? / Hao(m )wchdw dt
3 k
ombEm  dpw,
—(1+a?)A Mo CPU g dt

Qri O Oz,
+(1+a2)/ H (B0 . pw, dee di
QT

—(1+a? k:/ (Jm5 12 — 1)ymPMy,p da dt.
Qr

We recall that ¢w; belongs to C*(Qr). By Aubin’s lemma, m®® tends
strongly to m®™ in L4(Q7). We take the limit in every term and obtain

k,(n)
-¢dxdt+a/ oM e dt

QT ot
=(1+ a2)/Q Hao(mF0) ap da dt

3. omk 8¢

1—|—a Z

Qr i Ox; 8@
+(1 +a2)/ HI(mF®) . p dae dt

T

dx dt

—(1+a2)k/ (Im*® 2 — 1)ymEM e da dt, (5.6)
Qr

for all ¢ in <U % > ®C>([0,T]; R?). Since this set is dense in H* (Q x

(0,7)), the equality (5.6) also holds for any v in H*(Q x (0,7)).
Convergence of the penalized problem By estimate (5 5) there exists a
subsequence of (m®®), still denoted (m*™),, and m™ in H'(Q7) and
in L>°(0,T;H*(2)) such that for all T > 0:

mk,(n) N m(n) Weakly in Hl (QT)7
|mk7(n)‘2 — 1 — 0 strongly in LQ(QT)-

13



Moreover, by Aubin’s lemma,
mP — strongly in L7(0,T;1LP(Q2)),

for 1 <p <6, and 1 < ¢ < +oo. Especially, the convergence is obtained in
LYQr).
The properties of m are

(1) For all k > 0, m*® (-, 0) = my, thus m™(-,0) = my.

(2) |m®™|2 — 1 tends strongly in L?(Q7) to both 0 and [m(|? — 1, hence
Im™| =1 a.e. in Q x (0, +00).

(3) Since the penalization term in the energy estimate is positive, it can be
omitted when passing to the limit in (5.5). The other terms are handled
as previously done in the convergence of m* to m*® and we obtain

2

(m)
oM™ e dt

ot
< E,(myg) + El(my). (5.7)

E, (m®(T)) + EI(m®™(T)) + 1fa2 / )

(4) Let ¢ be a vector field belonging to (C®(Q x (0,7))%. We take b =
m* M x ¢ in relation (5.6) and we obtain

omkm omkm
/ |mk,(n)|2m7 ~pdxdt =« mP M x m - ¢pdxdt
Qr ot Qr ot

k7
+ <mk’(’7) : 8mTt(")> mb ) . ¢ da dt
Qr

—(1+a?) / (mP® x My o (mPO) - pda dt

T

3 om*EM\  d¢p
+(1+a*)A (’mk’(”) X ) : da dt

—(1+a?) / (M0 s HI(mB0)) . pdadt. (5.8)

T

By Aubin’s lemma, we know that m®® tends strongly to m® in
L*(Qr). We can take the limit in every term in (5.8) and obtain

() &)
/ a’"az pdzdi=a | m® x ™ bz at
— (1+a?) /Q (™ x Ho(m™)) - pda dt
3 Omm 0
1 A () o
+ (14 a%) /Cgszzjl(m X o, ) a‘,]dea:dt
- (1+a2)/ (m® x H'(m™)) - ¢ dz dt.
(5.9)

14



Convergence to the weak solution We study the convergence of m as
the thickness 1 tends to 0. mg belongs? to C°((—L~, =) U (I, LT); L*(B)).

lim B, (mo) + B (mo) = Eo(mo) + Es(mo).

Hence the right-hand side of estimate (5.7) is bounded independently of 7.
Moreover |[m™| = 1 locally, for all > 0, hence:

e m is bounded in H*(Q x (0,7)),

e m" is bounded in L>(0, T; H(2)).

Since the considered spaces are reflexive, there exist a subsequence of m®
and m in H'(Q x (0,7)) NL>®(0,T; H'(Q)) such that

m" — m weakly in H'(Q x (0,7)), (5.10a)
m™ - m strongly in L*(Q x (0, 7)), (5.10b)
m" - m strongly in L>°(Z,,L*(B x (0,7))). (5.10c)

Since [m™| = 1, for all p, 2 < p < 400, m™ tends strongly to m in
L=(L,, L’(B x (0, T))).
We now prove that m is a weak solution to the Landau-Lifshitz equation:
(1) Clearly, m(-,0) = my.
(2) By the strong IL? convergence, |m| = 1 almost everywhere in Q2 x (0, 7).
(3) We take the limit in equality (5.9). All the volume terms converge to
their intuitive limit as in the previous steps of the proof. m( tends
strongly to m in L>°(Z,,L4(B x (0,T))). Thus,

lim sup
n—0

/ (m® x HI(m™)) - ¢ da dt

T

— (m x HI(m)) - ¢pdaxdt) | =0.

Qr
Moreover m belongs? , so
I Hi(m) - pdwdt = | Ho(m)) - pda dt.
liy [ (o) pdadi = [ (o m) - gda

Hence, the boundary terms converge to their intuitive limits and we
obtain relation (3.2).

(4) In order to take the limit in estimate (5.7), we extract for any 7" > 0
a subsequence, depending on T, such that m (-, T) tends to m(-, T)
weakly in H'(Q2). All the volume terms converge and are handled as
in the precedent stage. It remains to calculate the limit as 7 tends
to 0 of E7(m™ (T)), which requires a little more work. First, for any

2 This is proved in [12] or in [15].
3 This a consequence of interpolation results found in [12] to L>°(0, T’; C°(Z;; L*(B)))
or in [15].

15



0<s<1m®(. T)tends to m(-, T) strongly in H*(Q2). Hence, for any
1 < p < 4, the convergence holds in the normed spaces L>(Z,,L?(B)).
Since |m™| = |m| = 1 almost everywhere, the convergence holds even
for 1 < p < +o0. Especially, for p = 4, we obtain

E(m"(T)) — El(m(T))| = 0.

lim sup
n—0

Since m(T') belongs to H'(Q2) embedded in C°(Z;,L*(B))

lim E"(m(T)) = E*(m(T)).

n—0
Thus, m verifies the energy estimate

2

OM " b < B, (mg)+Ey(mo)

ot

By (m(T)) +Eu(m(T)) + f o2 /Q

< E(mo) (5.11)

Hence, m verifies all the required properties and is therefore a weak solu-
tion. 0O

6 Proof of theorem 5

The general idea is to introduce a sequence (m™),cy whose elements satisfy
equations (6.2), (3.1b), (3.1¢) and a variation of equation (3.4)

0 on 0N\ T,
= (@ (ym" L ym ) — (Qf (ym™ T y'm ) s ym™)ym” on T,
Q; (ym L y'm" ) — (Q; (ym" T y'm ) - ym™)ym” on I,
(6.1)
for all n > 0. We call this sequence the outer converging sequence. The limit
being the solution to theorem 5. Knowing m™, the proof of the existence of
m™ 1 require itself the convergence of yet another sequence which is denoted as
the inner converging sequence. The proof of the existence and the convergence

of such sequences is based on the method and inequalities found in [14].

The construction of the inner converging sequences uses a modification of
the proof of Carbou and Fabrie [14]. First, we recall the reader about some
inequalities.
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6.1 Some remarks about the Landau-Lifshitz system

Definition 13 We call the developed equation of Landau-Lifshitz the follow-
ing equation where the dissipating exchange term has been developed

dm = aAAm + aAlVm|*m — Am x Am

ot (6.2)

—m X Haga(m) —am x (m x Hg.(m)).

It is easily verified that if m belongs to L?(0, T; H?(2)) and if |m| = 1 almost
everywhere, then equation (3.1a) and equation (6.2) are equivalent.

Lemma 14 Let m be in L2(0,T;H3(2)) N L>°(0, T; H2(2)). If m verifies ei-
ther the Landau-Lifshitz equation (3.1a) or its developed version (6.2), then

m e H'(0, T; H'(Q2)),
m € C°(0, T; H*(Q)),
m € H2(0, T; L*(Q)).

PROOF. Calculating the gradient of either equation (6.2) or equation (3.1a),
m belongs to the space H' (0, T; H*(2)). By interpolation, see [13], m belongs
to C°(0,T;H?(Q2)). For the last assertion, we use interpolations and the fact
that if A is a continuous bilinear operator from spaces X, Y into space Z then
A is bilinear continuous from the spaces (L N Hz)(X), (L* N Hz)(Y) into
(L™ NHz)(Z).

6.2 Landau-Lifshitz with nonzero affine Neumann boundary condition

To construct the needed sequences, we need to prove the existence of solutions
of the Landau-Lifshitz system with some affine terms. From this result, we
derive the existence of solutions with an nonzero affine Neumann boundary
condition.

Proposition 15 Let T* be a positive real. Let v be in H>2(Q x (0,T)) for all
T <T* with
d(my — v(-,0))
ov
3

Then there exist a unique mazimal T* < T* and a unique w in H>Z (Q2x (0, T)),

= 0.
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forall T < T;, where w s the solution to

aa_? - ‘aa—f +aAA(u+v) + aAlV (u+v)*(u+v) — A(u +v) x Alu+v)

—(u+v) X Hga(u+v) —alu+v) X ((u+v) X Hgo(u+v)),

(6.3)
g_z’ =0, (6.4)
u(-,0) = mg — v(-,0). (6.5)

Moreover, sz; < T*, then

lim e (t) = +o0.
t—T*

PROOF. We use Galerkin’s method. For the estimates, we use inequali-
ties (4.2a) and (4.2b). Let (w;); be the scalar eigenfunctions of the Laplace
operator with the homogenous Neumann boundary condition. The eigenfunc-

tions (w;); are an orthonormal basis of L2(2) and also an orthogonal basis of
HY(Q2) and of {f € H3(Q)|%L = 0}.

We look for a local solution w” in V,, ® C*°([0,T,,); R?) of the system

un(a()) :Pn(mo —’U(',O)), (66)
ou™ n v n n 2/..m n n
P =P —EjL(XAA(u +v) + aAlV(u" +v)[*(u" +v) — A(u" +v) X A(u" + v)

- (W 0) X M+ 0) =l 0) x (0 4 0) 5 K +0)).
(6.7)

where P" is the orthogonal projector on the vector subspace V,, generated by
{wy,...,w,}. We decompose u" = >;_; ¢p(t)wy on the (wy, ..., w,) base.

By the Cauchy-Lipschitz theorem, u" exists at least locally in time. We now
give some estimates on u”. We recall that estimates on VAwu" give an estimate
on " in L(0,T;H*(Q)) by corollary 11. For the estimates, we define w" =
u™ +v. In all the subsequent estimates, 7 is a positive real that can be chosen
arbitrarily small but independently of n. C' is a constant that only depends
on the domain Q. C'(n) is a constant depending also on 7.
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First estimate Multiplying equation (6.7) by «" and integrating over {2 gives

1%+QA||VUH||2Q / : ”d:c—mA/A'v u"dz
2 at PO oo T
—_—
17

—l—aA/ |Vw"|*w" - u" de —A/ (v x Aw" ) ~u” dzc—/('v X Hyo(w")) - u"dx
Q 0 Q

117 1A% |4
_ a/Q('v x (W" X Haa(w™)) - u'dz. (6.8)

VI

First, we estimate [ = [, 2% 5¢ - u"dz. By Cauchy-Schwartz inequality, we
obtain

ov|?
ot

Then, we estimate /I = [, Av - u" dz, and we obtain

1 n

<35
L2(Q)

1 1, .
[11] < §||A’U||12L2(Q) + 5”“ H]%Q(Q)' (6.9b)

Let’s estimate I11 = [o|V(u" +v)[*(u™ + v) - u™ dz. By Holder inequality,
we obtain

[T1T] < 2(|Vu"[[2i) + VOl 20)) ([~ @) + HvHLw(n))HU"HLwEm- )
6.9¢

If we estimate IV = [,(v x A(u" + v)) - u"dx, we obtain by Holder
inequality

1V] < (18w o + [ D0lls) ol loe.  (6.90)
We estimate V = [, (v X Hgq(u" +v)) - u" dz, and obtain using theorem 1
VI < Clloflus) (lu"llu@) + [vllus@) w2 (6.9e)

Estimating VI = [ (v x (4" +v) X Hao(u"” +v))) - u™ d yields
VI < Cllofls) ([t o) + [0llsw)’[u" o). (6.9f)

Combining equations (6.9), and using classical Sobolev embeddings, we
obtain the whole first estimate

L dfjw oy |2 " o
5 AV e < Pl P )t 5
(6.10)

where P, and P, are polynomials that do not depend on n.
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Second estimate Multiplying equation (6.7) by A*u™ and integrating over
Q) gives us:

1 d|Au"fq n Vv n n
§T()+QAHVA1L IZ20) = - -VAu —aA/ VAv - VAu" dx

I I
—2aA/ w"Vw")(w" - VAu") dx aA/ |Vw"|?Vw" - VAu" de

117 v
- A/Q(Vw” x Aw") - VAu" dx +A/Q('w" x VAv) - VAu" dx

\%4 VI

- /Q(V'w” X Hao(w")) - VAu" dx — /Q(w” X VHia(w")) - VAu" dzx

VII VIII

- Cz/Q('w” X (w" X VHgo(w"))) - VAu" dx

IX

— Cz/Q('w" X (Vw" x Hyo(w"))) - VAU" do

- a/Q(V'w” % (w" X Hoa(w™))  VAu"dz. (6.11)

XTI

We estimate I = [, =5 avq; - VAu" dx, and we obtain for any positive n

v’ "
+ |V AU |22 q)- (6.12a)

L2()

a3l
Using Holder inequality in 1 = [, VAv - VAu" do, we obtain

111} < _HVAUH]LQ )+l VAU[E ). (6.12b)
Let’s estimate II1] = [, D*(u" + v)V(u" + v)(u™ + v) - VAu" dzx, using

Holder inequality, interpolation inequality for L? spaces and embedding the-
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orems for Sobolev spaces.

[I1T] < (JJu"|lL=() + |v]lLe@)) (ID*u"||1s@) + [|[D*v]120))
(IIVu"|lLs ) + [VO|ls ) VAU |2 ()

n 5
< C(llu"llmz@) + [[v]la2@))?
n n 1 n
(") + vllE2@) + VAU [L2@) + [[VAD||L2(0)) 2 [| VAU ||L2(0)

" 1 n
<C (1 i 77_> (Palllw" s20)) + Pa(|v]ls2e)))

—HVA’UHL2 ) H VA2 ).
(6.12¢)

where P, is a polynomial independent of n and n.

We estimate IV = [o|V(u™ +v)[*V(u" + v) - VAu™ dx, and we obtain
v < Svur|g 8w VAu"||} 6.12d
V] < 77|| u"{| L) + 77|| o) T nlIVAU" L2 (). (6.12d)

If we estimate V = [(V(u™ + v) x A(u" + v)) - VAu" dx using Holder
inequality and embedding properties of Sobolev spaces, we obtain

V] < (IVu[lis@) + 1Vlles@) (1A% @) + [ Av]lus@)) | VAU L2
n 3
< O(llvllm) + 1" lm2@)?
1 n
(lu"lm2@) + vllm2@) + VAU [[L2@) + [VAD[|L20) 2 [VAW" [[12(0)

1 n
gc”(u;) (Po(l ) + Po(llollean) + g1V A0l + VA"

(6.12¢)
where P; is a polynomial that do not depend on 7.
Let’s estimate VI = [((u" +v) x VAv) - VAu" dx
VI| < (u* =) + [0l @) IV AVl IV A |2
(6.12f)

C n n
< -l [E20) + lvlle=(@)* VAV q) + 1l VAU [[E2q).

Since Hg,, is continuous from LL* to L*, the estimation of VII = [,(V(u" +
V) X Hao(u"+v)) - VAu"de, and VIII = [((u"+v) X VHia(u"+v)) -
VAu" dx yields

C n n
VI + VI < SO oo + ol + VAW ) (6:128)
And we can also estimate IX Jo((u"+v) x ((u"+v) X VHg.(u"+v)))-
VAu"dx, and X = [,((u"+v) x (V(u" +v) x Hda( +v)))- VAu" de,
and XI = [(V(u" +v) x (u" +v) X Hgo(u" + v))) - VAu" dz. Since
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Ha is continuous from LS to LS,
C n 6 n||2
[IX]+ | X]+ | XI[ < E(Ilu [m2@) + [[vllr2@)” + 0l VAW"|[{2(q). (6.12h)

Then, using embedding theorems in Sobolev spaces and choosing 1 small
enough, we derive from inequalities (6.12) the whole second estimate

1 d| A

oA " n
5 T THVAu P20y < g Ps(u () + g2, (6.13)

where Pj is a polynomial independent of n, and ¢g; and g, two elements of
L1(0,T;R) only depending on the H*2(Q x (0,7)) norm of v.

If we combine the two estimates, using inequalities (4.2a) and (4.2b), we obtain

df|u”[|F2q)

B 4 VA gy < 0P (0 ) + 9

where P’ is a polynomial mdependent of n, and g and ¢’ two elements of
L1(0,T;R) depending only on the H*2(Q x (0,7)) norm of v.

Applying Gronwall’s lemma, we deduce a minimum time of existence T* for
all n. Moreover, for any 7' < T*, there exists a constant Cr such that for any
n>0

||un||L°°(O,T;H2(Q)) < CT, ||u”||L2(07T;H3(Q)) < CT-

Since u" verifies equation (6.7), we can apply, up to a minor modification,
lemma 14

We can therefore extract a subsequence u"*, such that

lim w™ =w  weakly in H'(0, T; H'(Q2)),

k—+o0

kEToou =wu  weakly in L°(0,7; H’(2)),
. ng _ . 3 T2

kEToou =wu  weakly in H2(0,7;L*(2)).

We now verify that w is a solution to system (6.3), (6.4) and (6.5). First,
u"(-,0) tends to my—v(-,0) inHZ(Q) Thus, u(+,0) = my—wv(+,0). The bound-

ary condition is 2%~ = 0. Since 2%°* tends weakly to % in L(0, T; L H2(590)),
g—z = 0. It remains to prove that equatlon (6.3) is verified by w. By compact-

ness results®, the subsequence also converges strongly in

4 See [15].

22



o H*2(Q x (0,7)) forall 0 < 53 < 3,0 < s < 3,
e CO(0,T;H*(Q2)) for all 0 < s < 2,
o L>(Q2 x (0,7)).

By Aubin’s lemma, the subsequence also converges strongly in L?(0, T; H2(Q))
for all 1 < p < +o00. Then, we take the limit in equation (6.7). w verifies
equation (6.3). A posteriori, equation (6.3) and lemma 14 imply that v + v
also belongs to H2(0,T;1L2%(Q)) for any T < T*. Hence u also belongs to
HE (0, T;1L2(2)).

Suppose now there exist two solutions w; and wy with the same initial condi-
tion and homogenous Neumann boundary condition. Multiplying equation (6.3)
by du = uy — u, and integrating over §2 yields

1 d||dulL?()*
@
aA/|V 0) 2] ? +aA/ (Vo - V(us + ur + 20)) ((us +v) - $u) da

—i—AZ/ ( (1 +v) %i?) -5u—/ﬂ((u1—|—v) X Hgo(0w)) - dude

- oz/ﬂ((ul + ) X (0w X Haa(us + ) - dude

+ QA Véul[22()

—oz/ﬂ((ul 4 ) X ((ur +v) X Haa(6w))) - Sude. (6.14)

We estimate the right-hand side of the precedent inequality. We obtain

1 df|dul|?
2 dt

@A”V(S’UJ”JQL?(Q) < @AHV(ul + ”)|’12Lw(Q)H5UHi2(Q)

(@A)Z V(! 24 9n)|I2 2 2 Sull2
+T77 [V(u" +u” + 20) |06 + v[[fx @) [0ulli2 )

A2
+ EHV(U@ +0)[[ Lo 10ul 22 () + 30l Voulliz q)

1
e (1 ' 5) (14 iz + ol + s + 02 o250l

< g(t)[loullz () + 3nlVoulis ).

where g belongs to L'(0, T; R*). Choosing n sufficiently small, we can apply
Gronwall’s lemma. Since ||ua(+,0) — uq (-, 0)”}12}(9) = 0, we obtain uy = u;.

We now prove the explosion at the end of tlme of existence. Suppose T+ < T,
choose § = min(T* — T*,T*)/2. The H¥%(Q x (T*/2,T* + §)) norm of v is
bounded so there exists a constant C' such that

V]l s <C,

Q><(T* —t,T*—t+6))

23



for any ¢ < T*/2. Suppose also that | |m2() is bounded on (0,7%). Hence,
there exists a At, such that the equation with initial condition m(-,¢) and
v(-,t + ) for any ¢ in (T*/2,T*) has a solution which exists over (0,At).
Choosing ¢ > T* — At, we construct a solution that extends the original
solution beyond 7™, hence a contradiction.

The previous proposition leads to the following corollary.

Corollary 16 Let T* > 0 and mg in H*(Q) such that

9 0 on O\ (T'#),
m
00— L QF (ymo.y/ma) — (QF (ymo.y/ma) -yma)ymq on T,

Qy (Ymw, Y'my) — (Q; (ymo, 7'm) - ymyg)ymy  on I~

Let a and b in H>3(Q x (0,T)) for all T < T* be such that

da 0b
8_1/20 on 0Q\ T, 8_1/20 on 0L\ T,
a(-,0) = my, b(-,0) = my.

Then there exists a unique mazimal T* and a unique m in H>2 (Q % (0,T)) for
all T < T* satisfying the Landau-Lifshitz developed equation (6.2) and such
that
m(-,0) = my,
0 on 0Q\ T,
am 4 / + 12 —+
5 = @ (va:v'a) = (@7 (va,v'a) - yb)yb on I,
Q. (va,v'a) - (Q; (va,7'a) - 7b)yb onT~.
Moreover, sz; < T*, then

lim ||m|m() = +oo
t—T*

PROOF. It relies on an extension result. Suppose there exists v in HS3:2 (Q x
(0,7)) for each T' < T* such that

5 0 on 00\ T,
v
oy — 1@ (va7'a) = (@7 (va,v'a) - 7b)yb on T,

Q; (va,va) — (Q; (va,7'a) -vb)yb onI'".
Since W = 0, we apply proposition 15 to construct w. Choosing m =
u + v gives the solution. The uniqueness of m is a direct consequence of the
uniqueness of w.
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We now construct v. First, we recall that H>2 (Q x (0, 7)) is an algebra. Given

X in C*°(—o00, +00; RT) such that

2

0 = 1 if o] < winoLo)
o if 2| > 3 min(LT, L7).

We define

) Qf(a,a00)—(Qf(a,a00)-b)b inQ7,
7 Q, (a,ao00)— (Qf(a,aco)-b)b inQ.

T

where o is the application that maps (z,y, z,t) to (x,y, —z,t). Then,
'U(', 2 ) = /0 X(S>g(7 S, ) dS,

is in H>2(Q x (0,7T)) and has the required properties.

6.3 The converging sequences

For the construction of sequence (6.1), we need proposition 18 whose proof
involves itself a converging sequence. It would be difficult to merge the two
sequences in one because H!(Q2) is not an algebra. Since the elements of the
sequence do not verify the Neumann homogenous condition, we cannot use
corollary 11. We must use the more general propositions 9 and 10.

To build both sequences, we need an initial guess. It is provided by the fol-
lowing lemma.

Lemma 17 Let my be in H2(2), with 2% =0 on 9Q \ T'. Then there exists
w belonging to H>2 (2 x (0,T)) such that

u(-,0) =myg in €, (6.15a)
g_:j =0 on 0Q\ T x (0,7). (6.15b)

PROOF. To construct such a function, we need in the spirit of Lions and
Magenes [15] to introduce the corresponding spaces H™(B x (0, L) x (0,T))
and to study the compatibility conditions between the traces. This construc-
tion is found in [16, App. A]. In this case, all the compatibility conditions hold:
u does exist.
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6.3.1 The inner converging sequence

Proposition 18 Let T* > 0. Let my in H?(Q) verify the condition (3.5) and
w in H33(Q x (0,T)) for all T < T* satisfy equations (6.15a) and (6.15b).

Then, there exists a unique mazimal T* and a unique v in H33(Q x (0,7))

for all T < T* satisfying equations (3.1¢c) and (6.2), and such that

0 on IQ\T x (0,7),
=1 Q7 (vu,y'u) — (QF (yu,y'u) - yv)yv  on I'Y, (6.16)
Q; (yu,vYu) — (Q. (vu,yu) -yv)yv onI~.

8_’0
ov
Moreover, sz; < T*, then

lim ||v||g2(t) = +o0.
T

If Img| =1 a.e. in Q then |[v| =1 a.e. in Q x (0,7).

PROOF. The proof is divided in three steps:

(1) We construct a sequence v™ whose elements satisfies equations (3.1c) and

(6.2), and

Gyt 0 on 0N\ I'x (0,7),
v
oy — @ (uu), —(Qr (yu,y'u) - o)yt on I

Q, (vu,7'w), —(Qr (yu,y'u) - yv")yv"  on I
(6.17)
(2) We make estimates on size of the elements of sequence (vy,)s,.
(3) The limit has the required properties and is the solution..

FIrRST STEP We need to construct a decreasing sequence of maximal 7] and
v"™ belonging to H¥2(Q x (0,T)) such that for every n > 0, v" satisfies equa-
tions (3.1¢) , (6.2), and (6.17). To construct such a sequence, we define

-1
o v !l=u.
e Given v"! in H*2(Q x (0,7)), we construct v™ using corollary 16 with

a=wuand b=ov"1

We initialize the sequence with u at n = —1 instead of n = 0 so that v satisfy
equation (6.2).

Before making estimates, we note that compared to the proof of 15, the new
Neumann boundary condition forces us to modify the proof. First, an integral
over the boundary may appear in each of the estimate. Second, since inequal-
ities (4.1a) and (4.1b) contain a boundary term on the right-hand side, an
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upper bound of ||v||pz, ||Av||L2 and [[VAwv|L2 do not yield an upper bound
of ||v||lgz or ||v]|gs. We infer from Proposition 9 and the boundary condition
verified by v™ for all positive integer n that

™12 < G<Hv"“Hi2m> A g,

2
(@ (v, ') — (@F (v ) oty

2 >
1
HZ ()

< C (" 20y + 180" 2agqy) + Pr(lullieo)) (1 + 0"l @)
<O ([l M2 + 180" 22y ) + 3Pullnll @) (1 + [[0" [ o) 0" 12w )

< C (0" 2oy + 120" F20)) + C Prllluallz)) (1 + 0™ 1 @) 10" 20y
(6.18)

* HQZ(VUW’U) —(Q; (hu,y'u) 'vv")'y'v”‘

Thus,

" ey < C (Ilo" 2y + 189" |F20)) + C”(1+ Prlllullmze)*) (L + 0" [1E @)

”vnH]%I?(Q)
2 )
(6.19)

where P, is a given polynomial. The inequalities above are justified because
H?(Q) is an algebra and because of lemma 7. Thus, if N > 1

sup {[[0" [ | < 20( sup {[|v" |22y} + sup {||Avn||i2<m})
1<n<N 1<n<N 1<n<N
+ 20" Pu([lulle)*(1+ swp {[0"e)}) (020

+10°lf ) + 2C" Pr(llullizi)* (1 + [v° [l @))-

By the same method and proposition 10, we get

o™ sy < 0(||v”+1||%12<m VAT e

2

@ (v, v'w) — (@F (v w) oy

o)
3
HZ(T-)

< O (I 2y + IV A" |22y ) + Palllwllzz@) 10" e @)
(6.21)

+ @ (vu,vu) = (Qr (Yu,y'u) - yv")yo"|
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where P, is a given polynomial. Thus if N > 1,

sup {[[v"|[fs0)} < sup {[[v"[[Z2q)} + sup {IVA0"[F2q)}
1<n<N 1<n<N 1<n<N
Pa([[ullm2 ) ISUEN{H'UHHJ%IQ(Q)} + Po([Juflz2 () 10°] 2 ) -
(6.22)

SECOND STEP We now make three estimates on the norm of v™ for n > 1.

(1) We multiply equation (6.2) by v™ and integrate over ).

(2) We take the gradient of equation (6.2), multiply it by VAv™ and integrate
over §2.

(3) We take the gradient of equation (6.2), multiply it by Vo™ and integrate
over §2.

The first two estimates have mostly been made in the proof of proposition 15 or
by Carbou-Fabrie in [14], except for the nonzero Neumann boundary condition.
The third estimate is a simplification of the second estimate.

First estimate Using trace theorems, we obtain

1d|’vn"i2(ﬂ)

5 P do(x)

+ QAT ) < AT B 0" ey + 0 |50

< Pi(flv"le2e)),
(6.23)

where P is a given polynomial.
Second estimate See [14] for the estimates of the volume terms for the sec-
ond estimate. We obtain

1 dl|Av™|[F2 0

n 1 n n
5 aAIT 80" gy < (14 ) Palo i) + D%
2,41
A/ N
r

tadl ) avar

do(x)

1 ., 0
- <1 . F) Po(|lo" [sy) + 71|V 20" Py

0*v"
ovot
(6.24)

- A"

do(x).

n—1
P[0 o) + [

The boundary term has a meaning even before using the boundary condi-

tion. If v belongs to H*2 (Q x (0, T)), then ggjj belongs to H™1(0, T L2(R))

and yAv belongs to H1 (0, T;L%(Q2)). The evaluation of the integral on 't
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for n > 1 gives

0o 1 P
Aol d < 2| Av™ 2
But,
120" |20+ < ClAV" 1220y (| A" |L2(@) + HVA’U 2z (6:25)
2
‘_32’"” < Hw@r(wu,vu» oo - QF (yu, /) [
7 ot )
0Q; (yu,y'u) n—
e Iy T
L2(T+)
- a,vn—l 2
+81QF (7 ) ey 0" ey | 22|
L2(T+)
(6.26)
There exists a polynomial P such that
1 3
oQ( vu ') ou ||* ou ||*
H < < Pullulay |22 |22 (6.27a)
L2(I+) L2(Q) H(€2)
\Q+(7u,7 w) L) < Ps(lluflie @) (6.27b)
n—11|2 n—1 % n—1 %
‘ v < C‘ v v
O Mooy O Nz Il 98 ey
n— non—1y5 6.27
< Pyl o) o s o (6279
1 n— n—
<l Py([|v" " lm20))® + nllo" ™ o)
Thus,

oAl n / 1 n n
soar AV dol@) ¢ {1+ 5 ) v 520y + 110"l o)

I

1 _ n—
Lo (1 . F) oo™ szqen) + nllo™ s

ou”
ot

H'Unil”ioo(g)a

+c‘
(@)

(6.28)

2
where Py, P5 are polynomials and H%—ﬂ m LY(0,T) function.

Third estimate This is a simplification of the previous estimate and we ob-
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tain for n > 1

1 d[[Vo™|F2q)
2 dt

oo™
A"
ov v

+ 0P |z)) + 0 A /Fi

(6.29)

The evaluation of the boundary term on I't gives

Js

2

ov"
ov

ov"

L ov

I 1
o) < G180 ey + 5

L2(0H)

n 1 n n
Fadlao g, < (1+ 15 ) Pulo" ko) + 11950

do(x).

1 3 —
< CllA"|[f2) IV AV (120 + Pa(lullmz@) 0" e o)

1 n n— n—
< $P4(||’U le2() + Clv" g @) llv" ™ IFe@
+7I||VA"’”||12L2(Q)>

where the P, are polynomials and C' a constant only depending on the
L>(0,T; H?*(2)) norm of w which is bounded for all T' < T*.

We choose 1 small enough, then combine all three estimates. Taking the max-
imum over 1 < n < N, we obtain, for all ¢ in (O,O£Hi<nN Tr),
_n_

sup {|[v" @) + [Av"|lL2@)}
1<n<N

t t
+ sup {1900 @y ds) < [ PI sup 07 ey ds

1<n<N 1<n<N
t t
+ [ P lliey) ds +n [ IV 200y ds

t
+n/0 IV A0 220 ds.
(6.30)

We now replace the H?(Q2) norm of v" using inequality (6.20). Gronwall’s
lemma implies that the L°°(0,7;1L?(Q)) norms of v™, Av"™ and Vv", as well
as the L*(0,T;1L%(Q2)) norm of VAwv™ cannot explode before a given time
T* independent of n. Thus, using again inequality (6.20), the H? norm of
v" remains bounded independently of n. Hence, there exists a common time
of existence T* for all n > 0. By lemma 14, for every T" < T™, the norm
H32(Q x (0,7)) is bounded independently of n. Thus, there exists a weakly

3

converging subsequence v™ in H*2(Q x (0,7T)) for all T < T*.

THIRD STEP We need to prove that the limit v has the required proper-
ties (3.1c), (6.2), and (6.16). As in proposition 15, we can take the limit in
equation (6.2) and v verifies this equation. Since for all positive integers n,
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v"(+,0) = my, then v(-,0) = my. Since 92~ =0 on IQ\ T, 2 =0 on 9Q\ .
We only need to verify the Neumann nonhomogenous boundary condition on
.

Suppose® that if v™ and ™! both converge weakly, then they converge to
the same limit. Extract a further subsequence such that v™*! also converges.
According to our supposition, the limit is the same. On I'T,

a,vnk-i-l
ov

= Qf (yu,y'u) — (QF (yu,y'w) - yv™* )yv"™*).
We take the limit,

0
2 = Qf (u,/u) — (@] (v ow) - o)),

The corresponding result holds on I'~.

We now prove that if |mg| = 1 a.e., then |v| = 1 a.e. We work by estimates,
multiplying equation (6.2) by (Jv|?> — 1)v and integrating over

1d

T (10 = ey + 22 9ol ~ )}

&A/\V'v| (w2 = 1)? de

aA £ 0v|?
- /. (‘()J (|v|2—1) do(x).

L2(Q) —

We estimate the boundary integral with (6.16).

+ 9|v)? / ,
" —‘a,,' (0 = 1) do(@) =2 [ Qf (yu,y'w) (o ~ 1) do(a)
2
2 , ’ 2 1) do(x).
+ /F_ Q, (vu,7'u) (|’U| ) o(x)
We finally obtain

S (o = ey + 22 [Vl ~ 1)}

L2(Q)

1 3
< QA”V’UH%OO(Q)HWP—1||%2(Q)+004AP1(||’U||L°°)|||’U|2_1||E2(Q |||’U|2—1||1311(Q
< C(n) Rz [[1v]* = UE2i) + 0l V(I0[* = D2

We choose 7 small enough, then we absorb ||V (|v[? = 1)|[fq) in the left-hand

side. We apply Gronwall’s lemma and since |||mo|* — 1[[f2q) = 0, [v] = 1 a.e.
in Q x (0,7).

It remains to prove our precedent assumption.

> We prove this supposition later in lemma 19.
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Lemma 19 ForeachT < T*, the L>(0,T; H?*(Q2)) norm and the L2(0, T; H?(Q2))
norm of v" — v" tends to 0.

PROOF. First, using inequality (4.1a), we evaluate the H? norm of §"v =
v — v forn >1

16"l < C (150 20 + 145" vl1E2(0))

» . 6.31
+ Pil(fullszie) sup{l|o e 15 ol (02
J
and for the H? norm using inequality (4.1b)
16" |0y < C (|’5%HJ2L2(Q) + HVA(STL’U”JQL?(Q))
(6.32)

+ Pa([[ullzz) sup{[|v? [l o) O™ ollfe ) -
J

Next, we make some estimates. For the first estimate, we multiply equa-
tion (6.2) by §"v = v" ™! — o™ and integrate over Q. For the second estimate,
we take the gradient of equation (6.2), multiply the result by VA(v" ™! — v")
and integrate over (2. For the third estimate, we take the gradient of equa-
tion (6.2), multiply by V(v"*! — v") and integrate over 2. We add the three
estimates, combine them with the regularity inequalities (6.31) and (6.32), and
integrate over (0,t). Hence,
¢
1600y + 186" 0@y + [ IV 20|y ds
¢
< [Py (0 g 0" e ) 1670y ds
t .
+/0 Py(|lullez=@)) sup{ v/ [ z2e) 110" 0]z, ds
j
¢ ¢
1 [ IV ATVl ds + 1 [ IVAT 0" [ ds,

where 1 may be chosen arbitrarily small. If we sum over 0 < k < n, then

n

noot
> (18" vlEs @) + 120°0]E0) + 3 [ IVA(040)|Eaqq ds
k=1 k=1
<0 (00l ) +20 31
k=1 k=1
+i(t)|[v' = V) +0llVAR! = 0°)|Eq),
where ¥, is a L(0,7) function. Since 37_; 6*v(-,0) = 0, the H?*(Q2) norm

of the initial condition remains bounded independently of n. After the use of
inequality (6.31), we can apply Gronwall’s lemma. Hence, for any T < T*,
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there exists a constant Cr such that
Nk k
1 2
Yoo = 0Ffe o rm2 () < Crs
k=0
Nk k|2
YNV = v 1Ea 0 s ) < Cr
k=0

Hence, the term in the sum tends to 0.

The uniqueness is proven by the same kind of estimates as in the proof of
lemma 19. As in the proof of proposition 15, there is explosion of the H? norm
of v at the end of time of existence if T* < T*. If that were not the case, we
could extend the lifetime of the solution beyond 7™, hence a contradiction.

6.3.2 Convergence of sequence (6.1)

The existence of a sequence satisfying equations (3.1b), (3.1c), (6.1), and (6.2)
is a direct consequence of lemma 17 and proposition 18. Each element of the
sequence is in H*2 (2 x (0, 7)) for all T < T7*, where T7 is the lifetime of m™.
We adapt the proof of proposition 18. The only differences are the regularity
estimate (6.19) and inequality (6.28). The latter is replaced for n > 1 by

2 2

‘ 0’m”" < H (@ (ym" ! y'm ") - m™)m” — Qf (ym"~!, y'm" ™))
ovot L2re) ot L2(r)
C n— 2 n|2
< E(Hm 1‘ H2(I+) +[m |’H2(F+))
ol oy [, e
UM 2oty |71 L2(T+) M2+ )-
The former is replaced by
") < ClIm L) + [[AM™ L2
[ ) (@)
2
+||@F (ym™ y'm") — (QF (ym™, y'm") - ym™ ) ym +1}H%(F+)
2
+ @ (ym™, Am™) = (Q (ym™, y'm™) - ym ) ym | H%(F_)>

< C ([[lm™ 2y + 1AM Eag) + C (I [Fi oy + llm™ ) )

This inequality holds because the local norm of m” is equal to 1 for all n > 1.
The rest of the proof of proposition 18 can be applied with no differences.

It is possible to find a common time of existence 7™ and a converging subse-
quence m™, such that m™*! converges to the same limit.
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The limit is thus the strong solution to theorem 5. There is only one solution,
and if T < 400, then
lim
t—T*
If that were not the case, we could extend the solution past 7™, hence a

contradiction.

m”HQ(Q) = +0o0

7 Conclusion

We have proved for a particular geometry the existence of finite time strong
solutions and infinite time weak solutions to Landau-Lifshitz system. The ex-
istence of such solutions is certainly valid with more complicated geometries.
The proof of such existence would only require some technical modifications.
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