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In this chapter we first briefly review the robot components,
and then elaborate on spatial motion description. For this
means, position and orientation representation by rotation

fi; 2o Chapter 2: Motion Description
e

matrix, screw axis, quaternions and Euler angles are introduces.

General motion of a rigid body is then represented by Chasles’s
theorem, homogeneous transformation and screw axis
representation.
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About ARAS

ARAS Research group originated in 1997 and is proud of its 22+ years of brilliant background, and its contributions to
the advancement of academic education and research in the field of Dynamical System Analysis and Control in the
robotics application. ARAS are well represented by the industrial engineers, researchers, and scientific figures
graduated from this group, and numerous industrial and R&D projects being conducted in this group. The main asset of
our research group is its human resources devoted all their time and effort to the advancement of science and
technology. One of our main objectives is to use these potentials to extend our educational and industrial collaborations
at both national and international levels. In order to accomplish that, our mission is to enhance the breadth and enrich
the quality of our education and research in a dynamic environment.
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€3 Motion Description

 Robot Components:

v" Links and Joints

Rigid Links
Flexible Links
@® Joint
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€3 Motion Description

 Robot Components:

v Primary Joints
Revolute (R)

Follower

%
+/

Axis Direction

1 Rotary DoF

Prismatic (P)

Follower

1 Translational DoF
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€3 Motion Description

 Robot Components:

v' Compound Joints
Universal (U) Cylindrical (C)

Spherical (S)

2R DoFs
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€3 Motion Description

« Robot Kinematic Structure

v’ Crank and Piston (Planar)
- RRRP RRPP

&

Single Kinematic Loop
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€3 Motion Description

« Robot Kinematic Structure

v Chain of Kinematic Loops (Planar)
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&g Motion Description

« Robot Kinematic Structure
v Single Kinematic Chain (Spatial)
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€3 Motion Description

« Robot Kinematic Structure
v' Open Kinematic Chain (Spatial)

/ joint axes 5 & 6 intercept

non- i ;
spherical PO e
wrist i TN joint 5
'L” joint6 % & elbow offsets
¢ join ’
J'oirzmt 7 K
I/ll
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Joint 2:)3?" \ spherical

! shoulder
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|
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€3 Motion Description

« Robot Kinematic Structure

v' Different Serial Robots (Planar)
RR (x¢, Ye) RRR (x¢, Ve, 6¢)

@: center of mass

A
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€3 Motion Description

« Robot Kinematic Structure

v' Different Serial Robots (Planar)
E (xer yer 08)

d, .

. IC].—>

g g (o

X,  1,m \\,
é 2

link 1

1
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‘,'?33 Motion Description

« Robot Kinematic Structure

v’ Different Serial Robots (Spatial)
SCARA RRRP PUMA 6R

WAIST
JOINT 1

320°

(&5 ) %2 qu

SHOULDER
JOINT 2

ELBOW
JOINT 3

WRIST BEND
JOINT &

200°

WRIST
SWIVEL
JOINT &
WRIST ROLL 600°
JOINT 4

532°
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€3 Motion Description

« Coordinate Systems

v' Cartesian coordinate

Body Frame: ([ {B}

= Reference Frame {A} N
With origin @ 0, o
and {X, 9,2} unit direction in space. ap ’ o/Point P
= Moving Frame {B} o
With origin @ Og - >y
and {@, D, w} unit direction in space. Fixed Frame: {4}
v" Cylindrical or Spherical )
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€3 Motion Description

« Spatial Motion Description
v" Position of a point in rigid body

Body Frame: ([ {B}

= With reference to frame {A} N
Jz\ Os v
PJL‘ Bp
AP = Py “p */Point P
P >
Ap
= Superscript A denote the reference frame N "
] Fixed Frame: {4}
= Index {x,y, z} denote the Cartesian
component of vector P. x
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€3 Motion Description

« Spatial Motion Description

v" Orientation of the whole rigid body
= Consider pure rotation

4}

= Affix a moving frame {B} to the rigid body
=  Represent the rotation of two frames

v' Rotation Matrix

"1 ri2 13

ARp = [4ip | 495 | 28] =|ra 12 7123

r31 r32 133
‘/ Or Iy [ W
Rp=[%% | % | w]|=|uy vy wy
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€3 Motion Description

v' Rotation Matrix

. A A T - e
= Component wise: Xp = "0 =uyi +uyj + uzk,
AgB = A5 =Ux§+ij}+UzE,

An A

Zg = = wIi+wF1 “l"w‘zk,

= Use dot product u,, = X5 - X4 (in any frame)

M N 4 Xg-XA B-XA Zp-Xa
RB:[IE|A!/E| ZB]= XB-YA YB YA ZB- YA
X-24 UB-2a Zp-2a

= Direction Cosine representation
= The leading superscript is intentionally omitted, since the dot
product is a scalar that can be evaluated in any frame {A} or {B}.
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‘,'?33 Motion Description =

v" Rotation Matrix ”
= Example 1: B
a) Rotation about x axis with an angle of a \ .
(v 4
1 0 0 0 ]
ARE =Ry(@)= |0 cosa —sina|, g
0 sino COS & . @
{4}
b) Rotation about y axis with an angle of 8 [
{B}
cosff 0 sinp NS
ARg=Ry)=| 0 1 0 |, v
—sinf 0 cosp N
u (b)
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering, ’
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€3 Motion Description

v' Rotation Matrix

{4}

= Example 1: (Cont.) $.

c) Rotation about z axis with an angle of y )
cosy —siny 0 ) .
ARp =R:(y) = [siny cosy 0 0. ~

0 0 1 y
. . . u (©
v Rotation Matrix Properties x

= Property 1: Orthonormal g-g=p-v=w-w=1

Rotation matrix is an orthonormal matrix, i.e. u-v=v - w=1w-u=>0.
Rotation matrix; Nine Parameters with Six constraints.

Furthermore: #xv=w, UVXW=Uu, WXU=T7.

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Department of Systems and Control, Advanced Robotics and Automated Systems January 10, 2021
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€3 Motion Description e

v Rotation Matrix Properties

= Property 2: Transposition

By inspection: Rows of the rotation matrix 4Rp are the unit vectors of
frame {A} expressed in frame {B}:

Bii

A - - - - —- EaT—‘

Rp = [‘”‘xs | Ays | AZB] = { Ja| = PRa=“R}.
BT
ZA

= Property 3: Inverse
The inverse of the rotation matrix is equal to its transpose
BR, = .A_Rgl = ART.
Note on the inverse of the rotation map.
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&g Motion Description

v Rotation Matrix Properties

= Property 4. Pure rotation map
For a pure rotation:

Ap — AREBP.

¥ See the proof in reference book [4].

= Example 2: Consider

0933 —0.067 —0.354
ARp = | —0.067 0933 —0.354
0354 0354  0.866

} and 2p=[2 -1 0]"

Then: AP=ARB BP

0.933 —-0.067 —0.354 2 1.93
= | —0.067 0933 —0354||-1|=|-107].
0.354 0.354 0.866 0 0.35

Norm of the vector in {4} and {B} frames are both +/5, they are just rotated.
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€3 Motion Description

v Rotation Matrix Properties

= Property 5: Determinant

det(“Rp) = 1. (2.19)
Proof:

det(ARE) = Wx(uyu;: - Uyuz) - w!’f(uxﬂz - Uxuz) + wx(uxl,'y - Uxu.y)
=w- (U Xv)
=w-w

=1.

Norm of the vector under pure rotational map is preserved.
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€3 Motion Description

v Rotation Matrix Properties

Robotics: Mechanics and Control
Prof. Hamid D. Taghirad

Property 6: Eigenvalues

Eigenvalues of a rotation matrix are: 1,e'?,e~%, where,
1 tr(“Rp) — 1
5 :
The angle of rotation in a pure rotational map is denoted by 6.

€ = cos

What about the axis of Rotation?
It might be related to the real eigenvector of rotation matrix?!

K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Department of Systems and Control, Advanced Robotics and Automated Systems

January 10, 2021



€3 Motion Description e

« Orientation Representation

v’ Euler Angle-Axis of Rotation: Screw Axis

S

= In rotation matrix representation some invariant
parameters remain unchanged regardless of the
frame of representation.

The pure rotation angle 6 found by (2.21)

The Euler axis of rotation is the real eigenvalue of the
rotation matrix, represented by s.

Euler or Screw Axis Representation s = 6§

Four parameters: {$,,3,,3,,0} , while ||$]| = 1. x
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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€3 Motion Description

« Orientation Representation

v" Rotation Matrix from Screw Axis

« Given A 11 "2 T3
Rp = r21 22 Fa23
r31 r32 133
Euler or Screw Axis Representation s = 65, where
_1 r(“Rp) -1
6 = cos
And 2
5. — r32 — 123
* 256 '
- '3 — 131
Y 256
21 — 112
Se = ———.
where, sin 8 = s6. 256
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€3 Motion Description

« Orientation Representation

v Screw Axis from Rotation Matrix

= Given the rotation axis and angle: s = 6§

Using Rodrigues’s rotation formula

Py = P1cosf + (8§ x P1)sinf + (P1 - 8)(1 — cosd)s

Then the rotation matrix is found by:

sfuﬂ + cf sxsguﬂ — 8-80  sy85-v8 + sysﬁ'
ARB = sysxuﬂ + 550 symﬁ + cf syszuﬁ' — 5456
Sz8xv8 — 5480 8:5,v0 + 550 sguﬁ + c@

where, s8 =sinf,c6 =,v0 =1 — cos 9.
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€3 Motion Description

« Orientation Representation

v Euler Parameters or Unit Quaternion
= Given the rotation axis and angle: s = 6§

= Four Euler parameters are defined as:

X

€1 =5y sin(B/2); e = Sy sin(@/2); e3 =s;sin(0/2); €4 =cos(0/2). (2.77)

= Unit Quaternion: 4 x 1 tuple
T . :
e=[e1 e e e inwhich llel>=¢f+e+e+e=1
Very common in instrumentation systems.
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€3 Motion Description

« Orientation Representation

v Euler Parameters or Unit Quaternion
- Given the quaternions: €=[a e e ws.@]T
= The rotation matrix is found:

1-— Zeg — 2-53% 2(e1€7 —€3€4) 2(€1€3 + €2€4)
ARB = | 2(e16p +€3¢4) 1-— 25% - 25§ 2(ere3 — €1€4) | . (2.78)
2(e1€3 — €2€4)  2(exe3 +€1€4) 1 —2e2 —2€2

= Given The rotation matrix, the quaternions are found:

o (r32 —123) . (r21 —112)
-_— —r 3 —_— et
dey 4ey 7
(r13 —r31) 1
€2 =—————; E4=—\/1+?‘11+f’22-|-r33.
deg 2
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o Scientist Bio

Leonhard Euler
(15 April 1707 — 18 September 1783)

Was a Swiss mathematician, physicist, astronomer, geographer,

logician and engineer who made important and influential discoveries
in many branches of mathematics, such as infinitesimal

calculus and graph theory, while also making pioneering contributions
to several branches such as topology and analytic number theory. He
also introduced much of the modern mathematical terminology

and notation, particularly for mathematical analysis, such as the
notion of a mathematical function. He is also known for his work

in mechanics, fluid dynamics, optics, astronomy and music theory

rigid bodies.

Euler was one of the most eminent mathematicians of the 18th
century and is held to be one of the greatest in history. He is also
widely considered to be the most prolific, as his collected works fill 92
volumes, more than anyone else in the field.

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems
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€3 Motion Description

* Orientation Representation

v Euler Angles: Three parameter representation
= Pitch-Roll-Yaw

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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Cf Motion Description
v Euler Angles:

=  Pitch-Roll-Yaw: rotation about fixed frame axes

{4} {43} {4}
z z z
{B"} A A
w' Yaw a2 V
B} A
r V” W
v
Roll
A y Oa y

s

Rotate moving frame about x with angle a (pitch angle), then rotate
about y with angle g (roll angle), and then rotate about z with angle y
(yaw angle)

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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€3 Motion Description

v Fixed Axes Euler Angles:

= Pitch-Roll-Yaw: Pre-Multiplication
Rpry(@, B,¥) = Rz(y)Ry(B)Rx()

cy —sy 0| e 0 sg|[1 O 0
=|sy cy O 0 1 0 0 ca =—so|, (2.37)
0 0 1{|=s8 0 c¢B8||0 sa co

{cﬁcy sasfcy —casy  casfcy -i-sarsy]

—_—

cfsy sasPsy +cacy casfsy — sacy (2.38)

—sf sacf cacf

= [nverse Map:

_ A = Atan2 (—=rs, :I:“.“ri"l1 + rzzl}, ) \ & = atan2(y,x)
(if cf # 0) y = Atan2 (r1/cf, 111/ch), T T

a = Atan2 (r32/cfB,r33/cB).
where atan(1.0/—1.0) = —n/4 while atan2(1.0,—1.0) = 3 /4.
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€3 Motion Description

v Fixed Axes Euler Angles:
= Pitch-Roll-Yaw:
= Inverse Map: (ifcf =0orf =+mn/2)
The rotation matrix is reduced to:

0 Zsacy —casy Zsacy + casy
0 Lsacy +casy =Lsacy — casy
+1 0 0
The inverse solution degenerates

Rpry =

Only the sum or difference of @ and y may be computed:

or
o —y = Atan2 (r12,7r2) a + y = Atan2 (—r12,122)
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
Prof. Hamid D. Taghirad Department of Systems and Control, Advanced Robotics and Automated Systems
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P Motion Description

v Euler Angles:

= u — v — w: Rotation about moving frame axes

{4} ,
sz (B} {B"}
BT Yoow
W ’ , V'
v v
Oa > ¥ ﬂ
o
u,u’
X ’
u {B"}

Rotate moving frame about u with angle «, then rotate about v with
angle B, and then rotate about w with angle y.

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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€3 Motion Description

v' Moving Axes Euler Angles:

= u — v —w: Post-Multiplication

“Rp(e, B,y) = Ry(@)Ry(B)R,(y). (242)
1 0 0 ¢ 0 sBl[cy —=sy 0O
Rypwla, B,y)=|0 ca —so 0 1 0 5y cy 0
0 s co —s8 0 B 0 0 1
i chey —cBsy sp
= | swsfcy +casy  —sasfisy +cacy —secf | . (2.43)
| —casficy +sasy  casfsy +sacy coec

= [nverse Map:
. 13 = Atan2 I: .r:]: 2 + Z }.r
(if ¢ # 0) M EY I T
o = Atan2 (=13 /cB, r33/cB),
y = Atan2 (—rq2/cB, r11/cB).
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€3 Motion Description

v' Moving Axes Euler Angles:

= u — v —w: Post-Multiplication
= Inverse Map: (if ¢ = 0)
The inverse solution degenerates
Only the sum or difference of a and y may be computed:

g=m/2 or f=—-m/2
o + ¥ = Atan2 (rss, r») o —y = Atan2 (rss, r»)
= Example:
0 0 1.0000
= 1/7 = —x/2
For R=|09658 —02588 0 |—cf =0, and {ﬁ T/ oy O !ﬁ m’S "

02588  0.9658 0 a+y=on/ « —y =>5u/fl12.
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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Cf Motion Description
v Other Euler Angles: (24 Angle Set)

= Moving frame:w —v —w
Ruvw(a, B,y) = Ru(e)Ry(B)Rw(y)

cacfcy — sasy —cacfsy —sacy casp
= | sacficy + casy  —swcfsy +cacy  swsf | .
—sfcy spsy cp

Moving frame:w —u —w

Ruuwl(e, B,¥) = Ru()Ru(B)Ruw(y)
|:mc}r —sacfisy —casy —sacfcy  sosp }

—

secy +cacfsy —sasy +cwcfcy —casf
sfsy sfcy cf

= All other set components in Appendix B.
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o Scientist Bio

Michel Floréal Chasles
(15 November 1793 — 18 December 1880)

Was a French mathematician. In 1837 he published the book Apercu
historique sur l'origine et le développement des méethodes en
géomeétrie ("Historical view of the origin and development of methods
in geometry"), a study of the method of reciprocal polars in projective
geometry. The work gained him considerable fame and respect and
he was appointed Professor at the Ecole Polytechnique in 1841, then
he was awarded a chair at the Sorbonne in 1846. In 1841, Charles
published an English version as 7wo Geometrical Memoirs on the
General Properties of Cones of the Second Degree and on the
Spherical Conics, adding a significant amount of original material.

In kinematics, Chasles's description of a Euclidean motion in space as
screw displacement was seminal to the development of the theories
of dynamics of rigid bodies.

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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Cf Motion Description
« General Motion of a Rigid Body

Chasles’ Theorem: The most general rigid body displacement can be
produced by a translation along a line (called its screw axis) followed by

a rotation about that same line. Body Frame: ([ (B}
v Simple Version: '
= General Motion = Rotation + Translation 4 s
p
Ap = ARz BP + 4Pg,. (2.52) ‘. Point P
= Full matrix representation »
Homogeneous Transformation Matrix (4 X 4): o >y
Fixed Frame: {4}
0 0 0 | 1
Then:
Ap = 415 Bp, (2.53)
Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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Cf Motion Description
* General Motion of a Rigid Body

v Screw Displacement

=  General Motion =
Rotation about § + Translation along §
{$,0} + {s0,d}
= The frame displacement “p,,
is represented by s,, and
The screw lead is denoted by d
= Eight parameter representation

With two constraints:
T

§8=1;, slag=d.
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€3 Motion Description

* General Motion of a Rigid Body
v Given"Ts Find Screw Parameters by:
= Find {3, 8} from Slide 28 and find {sy, d} by s.="Po,; d=s;3.
v' Given Screw Parameters Find “T's by:

sfufi‘ + cf sxs,{uﬂ — 5,58 s5.508 +sysE-' Px

Susy v + 556 sivd + cf SuS- 0 — 54580
Arg — | S¥Sx z y ysz x Py (2.64)
58y U6 — sysEJ szsyuﬂ + 5¢58 s;vf + cf Pz
0 0 0 | 1
while,
2
Px =d 5y — S, (5; — 1)vh — sﬂy(sxsyuﬁ — 5250) — 5o, (5x5:08 + 5y50)
2
Py = d 5y — S, (55,08 + 5,56) — Soy [sy — Db — 5, (54508 — 5;56) (2.65)
Pz =d 5z — Sp, (Sz5x v — sys0) — say{szsyvﬂ + 5y58) — Sa. {s;? - Do
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&g Motion Description

« General Motion of a Rigid Body

v' Example: Given

+0.7500  0.6124 02500 | 41.4142
ATB — —0.6124 05000 —0.6124 | —1.5764
—0.2500 06124 07500 | —1.4142 {°
0 0 0 | 1

= The screw displacement is found as:

1
{a =T s=_—_,0 —1]T]

3 V2
and
{d =2; sp=[14142, —1.5?54,—1.41421T] .
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\“y‘ja Contents

QR

Robot Components

'I Links and joints, primary joints, compound joints, robot
kinematic structures, Some serial robot structures.

Spatial Motion Description

Coordinate systems, position and orientation representation,
2 rotation matrix, rotation matrix properties, screw axis, unit

quaternion, Euler angles.

General Motion of a Rigid Body

3 Chasles’ Theorem, rotation plus orientation, screw axis
representation.

Homogeneous Transformation

4 Definition, consecutive transformation, inverse transformation,
finite and infinitesimal angle rotation.

In this chapter we first briefly review the robot components, and then elaborate on spatial motion description. For this means, position and
orientation representation by rotation matrix, screw axis, quaternions and Euler angles are introduces. General motion of a rigid body is then
represented by Chasles’s theorem, homogeneous transformation and screw axis representation.
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&g Motion Description

« General Motion of a Rigid Body

v" Transformation Arithmetic " B

= Consecutive Transformation

Ap —AT, B~ Cp. R o ¢

Hence, P,

Ox »Y
ATe =A4Tg BT, °p o.

Rotation matrix: P v

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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&g Motion Description

v Transformation Arithmetic

= |nverse Transformation
Direct inverse calculation of “T's might be computationally intensive.

ART _ART Ap
BTA =A Tgl — B B Op
0 0 0 | 1
= Proof:
Recall BR, = “RT
Furthermore A
’ Pp, = —"Pgy
B B A B A
Po,="Ra“"Pp,=—"Ra “"Ppy
— _ApT A
= Rp “Poy
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‘,'?33 Motion Description 2

v Transformation Arithmetic

= Finite Angle Rotations
For finite angle of rotation the order of rotations are important.

_ 10 0
. Example. Re(6)= |0 ¢ —sl:| ,
10 s1 @

Consider, first rotation about x with 9;. o e 0
R:(p)= |52 2 0:|,

Then, rotate about Z with 9,. 0 0 1
; v . e —8 0
The total rotation matrix is R Rt = Reon Reor = | 2 o2 _SI]
5152 S102 €1
: (02 —c1s2 s1:;
The order cannot be exchanged: . = |2 _sm]
R, # R, L0 A

Finite rotations obey matrix manipulation rules, and are not vector, and
do not commute.
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€3 Motion Description e

v Transformation Arithmetic

= Infinitesimal Angle Rotations

Infinitesimal angle of rotation act like vectors.

= Example:
Consider, first rotation about X with §6,, then, rotate about Z with §6,.
. .. [ 1 -3

The total rotation matrix is R;: Ry = Re(6y) Ru() = | 565 1'92 _,291 ,

| 56186, 864 1
_ (1 —b6p 50156,

Exchange the order of rotation R,: Re=R:62)R:(61)= |86, 1  —86; |,

|0 86 1

For infinitesimal §6;’s, the higher orders are close to zero, and the order
can be exchanged: R, = R,

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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‘,'?33 Motion Description

v' Example:
Consider the following rotation matrix is given

0933 0.167  0.354
ORy=| 0067 0933 —0.354].

—0.354 0.354 0.866

While, °Po, =[2 -1 0]"; Find °Ty.
Solution: The given rotation matrix is not orthonormal, by inspection
correct the mistyping error by: r;, = 0.067. Then

0RT _ORT 0p
17, =0 Tl—l = 1 1 50
o o0 0| 1
(0933 0067 —0354 | —1.80
_|0067 0933 0354 080
T 10354 0354 0866 | —1.06 |
0 0 0| 1

Robotics: Mechanics and Control K. N. Toosi University of Technology, Faculty of Electrical Engineering,
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