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Notions of optimal behavior expressed in natural systems led researchers to develop
reinforcement learning (RL) as a computational tool in machine learning to learn actions
by trial and error interactions yielding either a reward or punishment. RL provides a way
for learning agents to optimally interact with uncertain complex environments, and hence,
can address problems from a variety of domains, including artificial intelligence, controls,
economics, operations research, etc.

The focus of this work is to investigate the use of RL methods in feedback control
to improve the closed-loop performance of nonlinear systems. Most RL-based controllers
are limited to discrete-time systems, are offline methods, require knowledge of system
dynamics and/or lack a rigorous stability analysis. This research investigates new control
methods as an approach to address some of the limitations associated with traditional
RL-based controllers.

A robust adaptive controller with an adaptive critic or actor-critic (AC) architecture
is developed for a class of uncertain nonlinear systems with disturbances. The AC
structure is inspired from RL and uses a two pronged neural network (NN) architecture —
an action NN, also called the actor, which approximates the plant dynamics and generates
appropriate control actions; and a critic NN, which evaluates the performance of the actor,

based on some performance index.
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In the context of current literature on RL-based control, the contribution of this
work is the development of controllers which learn the optimal policy (approximately)
for uncertain nonlinear systems. In contrast to model learning strategies for RL-based
control of uncertain systems, the requirement of model knowledge is obviated in this work
by the development of a robust identification-based state derivative estimator. The robust
identifier is designed to yield asymptotically convergent state derivative estimates which
are leveraged for model-free formulation of the Bellman error. The identifier is combined
with the traditional actor-critic resulting in a novel actor-critic-identifier architecture,
which is used to approximate the infinite-horizon optimal control for continuous-time
uncertain nonlinear systems. The method is online, partially model-free, and is the first

ever indirect adaptive control approach to continuous-time RL.
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CHAPTER 1
INTRODUCTION

1.1 Background and Motivation

RL refers to an agent which interacts with its environment and modifies its actions
based on stimuli received in response to its actions. Learning happens through trial
and error and is based on a cause and effect relationship between the actions and the
rewards/punishment. Decisions/actions which lead to a satisfactory outcome are reinforced
and are more likely to be taken when the same situation arises again. Although RL
originated in psychology to explain human behavior, it has become a useful computational
tool for learning by experience in many engineering applications, such as computer game
playing, industrial manufacturing, traffic management, robotics and control, etc. From
a computational intelligence perspective, an RL agent chooses actions which minimize
the cost of its long-term interactions with the environment [1, 2]. A cost function,
which captures the performance criteria, is used to critique the actions of the agent as
a numerical reward, called the reinforcement signal. Unlike supervised learning where
learning is instructional and based on a set of examples of correct input/output behavior,
RL is more evaluative and indicates only the measure of goodness of a particular action.
Since interaction is done without a teacher, RL is particularly effective in situations
where examples of desired behavior are not available but it is possible to evaluate the
performance of actions based on some performance criterion. Improving the closed-loop
performance of nonlinear systems has been an active research area in the controls
community. Strong connections between RL and feedback control [3] have prompted
a major effort towards convergence of the two fields — computational intelligence and
controls. Several issues still exist that hinder RL methods for control of nonlinear systems,
such as stability, convergence, choice of function approximator, etc. This work attempts
to highlight and address some of these issues and provide a scaffolding for constructive

RL-based methods for optimal control of uncertain nonlinear systems.
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1.2 Problem Statement

The analogy between a continuously learning RL-agent in an unknown environment
and a continuously adapting and improving controller for an uncertain system define
the problem statement of this work. Specifically, the problem addressed in this work is
developing RIL-based controllers for continuous-time uncertain nonlinear systems. These
controllers are inspired by RL and inherit many important features, like learning by
interacting with an uncertain environment, reward-based learning, online implementation,
and optimality:.

1.3 Literature Survey

AC architectures have been proposed as models of RL [2, 4]. Since AC methods are
amenable to online implementation, they have become an important subject of research,
particularly in the controls community [5-14]. In AC-based RL, an actor network learns
to select actions based on evaluative feedback from the critic to maximize future rewards.
Due to the success of NNs as universal approximators [15, 16], they have become a natural
choice in AC architectures for approximating unknown plant dynamics and cost functions
[17, 18]. Typically, the AC architecture consists of two NNs — an action or actor NN and
a critic NN. The critic NN approximates the evaluation function, mapping states to an
estimated measure of the value function, while the action NN approximates an optimal
control law and generates actions or control signals. Following the works of Sutton [1],
Barto [19], Watkins [20], and Werbos [21], current research focuses on the relationship
between RL and dynamic programming (DP) [22] methods for solving optimal control
problems. Due to the curse of dimensionality associated with using DP [22], Werbos [5]
introduced an alternative Approximate Dynamic Programming (ADP) approach which
gives an approximate solution to the DP problem, or the Hamiltonian-Jacobi-Bellman
(HJB) equation for optimal control. A detailed review of ADP designs can be found in [6].

Various modifications to ADP algorithms have since been proposed [7, 23, 24].
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The performance of ADP-based controllers have been successfully demonstrated
on various nonlinear plants with unknown dynamics. Venayagamoorthy et al. used
ADP for control of turbogenerators, synchronous generators, and power systems [25,

26]. Ferrari and Stengel [27] used a Dual Heuristic Programming (DHP) based ADP
approach to control a nonlinear simulation of a jet aircraft in the presence of parameter
variations and control failures. Jagannathan et al. [28] used ACs for grasping control of
a three-finger-gripper. Some other interesting applications are missile control [29], HVAC
control [30], and control of distributed parameter systems [11].

Convergence of ADP algorithms for RL-based control is studied in [7-10, 31, 32]. A
policy iteration (PI) algorithm is proposed in [33] using Q-functions for the discrete-time
LQR problem and convergence to the state feedback optimal solution is proven. In
[34], model-free Q-learning is proposed for linear discrete-time systems with guaranteed
convergence to the Hy and H,, state feedback control solution. Most of the previous work
on ADP has focused on either finite state Markovian systems or discrete-time systems [35,
36]. The inherently iterative nature of the ADP algorithm has impeded the development
of closed-loop controllers for continuous-time uncertain nonlinear systems. Extensions of
ADP-based controllers to continuous-time systems entails challenges in proving stability,
convergence, and ensuring the algorithm is online and model-free. Early solutions to
the problem consisted of using a discrete-time formulation of time and state, and then
applying an RL algorithm on the discretized system. Discretizing the state space for high
dimensional systems requires a large memory space and a computationally prohibitive
learning process. Convergence of PI for continuous-time LQR was first proved in [37].
Baird [38] proposed Advantage Updating, an extension of the Q-learning algorithm which
could be implemented in continuous-time and provided faster convergence. Doya [39]
used an HJB framework to derive algorithms for value function approximation and policy
improvement, based on a continuous-time version of the temporal difference (TD) error.

Murray et al. [8] also used the HJB framework to develop a stepwise stable iterative ADP
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algorithm for continuous-time input-affine systems with an input quadratic performance
measure. In Beard et al. [40], Galerkin’s spectral method is used to approximate the
solution to the generalized HJB (GHJB), using which a stabilizing feedback controller
was computed offline. Similar to [40], Abu-Khalaf and Lewis [41] proposed a least-squares
successive approximation solution to the GHJB, where an NN is trained offline to learn
the GHJB solution. Another continuous-time formulation of adaptive critic is proposed in
Hanselman [12].

All of the aforementioned approaches for continuous-time nonlinear systems require
complete knowledge of system dynamics. The fact that continuous-time ADP requires
knowledge of the system dynamics has hampered the development of continuous-time
extensions to ADP-based controllers for nonlinear systems. Recent results by [13, 42] have
made new inroads by addressing the problem for partially unknown nonlinear systems.

A Pl-based hybrid continuous-time/discrete-time sampled data controller is designed
in [13, 42|, where the feedback control operation of the actor occurs at faster time scale
than the learning process of the critic. Vamvoudakis and Lewis [14] extended the idea
by designing a model-based online algorithm called synchronous PI which involved
synchronous continuous-time adaptation of both actor and critic NNs.

1.4 Dissertation Outline

Chapter 1 serves as an introduction. The motivation, problem statement, literature
survey and the contributions of the work are provided in this chapter.

Chapter 2 discusses the key elements in the field of RL from a computational
intelligence point of view and discusses how these techniques can be applied to solve
control problems. Further, the optimal control problem, optimal control methods,
and their limitations are discussed. Connections between RL and optimal control are
established and implementation issues are highlighted.

Chapter 3 develops a continuous-time adaptive critic controller to yield asymptotic

tracking of a class of uncertain nonlinear systems with bounded disturbances. The
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proposed AC-based controller consists of two NNs - an action NN, also called the actor,
which approximates the plant dynamics and generates appropriate control actions; and a
critic NN, which evaluates the performance of the actor based on some performance index.
The reinforcement signal from the critic is used to develop a composite weight tuning

law for the action NN based on Lyapunov stability analysis. A recently developed robust
feedback technique, RISE (Robust Integral of the Sign of the Error), is used in conjunction
with the feedforward action NN to yield a semi-global asymptotic result.

Chapter 4 develops a robust identification-based state derivative estimation
method for uncertain nonlinear systems. The identifier architecture consists of a
recurrent multi-layer dynamic NN which approximates the system dynamics online,
and a continuous robust feedback RISE term which accounts for modeling errors and
exogenous disturbances. The developed method finds applications in RL-based control
methods for uncertain nonlinear systems.

Chapter 5 develops an online adaptive RL-based solution for the infinite-horizon
optimal control problem for continuous-time uncertain nonlinear systems. A novel
actor-critic-identifier (ACI) is developed to approximate the HJB equation using three
NN structures - actor and critic NNs approximate the optimal control and the optimal
value function, respectively, and a robust dynamic NN (DNN) identifier asymptotically
approximates the uncertain system dynamics. An advantage of the using the ACI
architecture is that learning by the actor, critic, and identifier is continuous and
simultaneous, without requiring knowledge of system drift dynamics. Convergence of
the algorithm is analyzed using Lyapunov-based adaptive control methods.

Chapter 6 concludes the dissertation with a discussion of the key ideas, contributions
and limitations of this work. It also points to future research directions and paves a path

forward for further developments in the field.
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1.5 Contributions

This work focuses on developing RL-based controllers for continuous-time nonlinear
systems. The contributions of Chapters 3-5 are as follows.

Asymptotic tracking by a RL-based adaptive critic controller: AC-based
controllers are typically discrete and/or yield a uniformly ultimately bounded stability
result due to the presence of disturbances and uncertain approximation errors. A
continuous asymptotic AC-based tracking controller is developed for a class of nonlinear
systems with bounded disturbances. The approach is different from the optimal
control-based ADP approaches proposed in literature [8-10, 13, 14, 32, 42|, where the
critic usually approximates a long-term cost function and the actor approximates the
optimal control. However, the similarity with the ADP-based methods is in the use of
the AC architecture, borrowed from RL, where the critic, through a reinforcement signal
affects the behavior of the actor leading to an improved performance. The proposed robust
adaptive controller consists of a NN feedforward term (actor NN) and a robust feedback
term, where the weight update laws of the actor NN are designed as a composite of a
tracking error term and a RL term (from the critic), with the objective of minimizing the
tracking error [43-45]. The robust term is designed to withstand the external disturbances
and modeling errors in the plant. Typically, the presence of bounded disturbances and
NN approximation errors lead to a uniformly ultimately bounded (UUB) result. The main
contribution of this work is the use of a recently developed continuous feedback technique,
RISE [46, 47], in conjunction with the AC architecture to yield asymptotic tracking of
an unknown nonlinear system subjected to bounded external disturbances. The use of
RISE in conjunction with the action NN makes the design of the critic NN architecture
challenging from a stability standpoint. To this end, the critic NN is combined with an
additional RISE-like term to yield a reinforcement signal, which is used to update the

weights of the action NN. A Lyapunov stability analysis guarantees closed-loop stability
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of the system. Experiments are performed to demonstrate the improved performance with
the proposed RL-based AC method.

Robust identification-based state derivative estimation for nonlinear
systems: A state derivative estimation method is developed which can be used to design
complete or partial model-free RL-methods for control of uncertain nonlinear systems. The
developed robust identifier provides online estimates of the state derivative of uncertain
nonlinear systems in the presence of exogenous disturbances. The result differs from
existing pure robust methods in that the proposed method combines an adaptive DNN
system identifier with a robust RISE feedback to ensure asymptotic convergence to the
state derivative, which is proven using a Lyapunov-based stability analysis. Simulation
results in the presence of noise show an improved transient and steady state performance
of the developed identifier in comparison to several other derivative estimation methods
including: a high gain observer, a 2-sliding mode robust exact differentiator, and numerical
differentiation methods, such as backward difference and central difference.

A novel actor-critic-identifier architecture for approximate optimal control
of uncertain nonlinear systems: A novel actor-critic-identifier architecture is developed
to learn the approximate solution to the HJB equation for infinite-horizon optimal control
of uncertain nonlinear systems. The online method is the first ever indirect adaptive
control approach to continuous-time RL. Another contribution of the developed method
is that unlike previous results in literature, the learning by the actor, critic and identifier
is continuous and simultaneous, and the novel addition of the identifier to the traditional
actor-critic architecture eliminates the need to know the system drift dynamics. The
stability and convergence of the algorithm is rigorously analyzed. A PE condition is
required to ensure exponential convergence to a bounded region in the neighborhood of the

optimal control and UUB stability of the closed-loop system.
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CHAPTER 2
REINFORCEMENT LEARNING AND OPTIMAL CONTROL

RL refers to the problem of a goal-directed agent interacting with an uncertain
environment. The goal of an RL agent is to maximize a long-term scalar reward by sensing
the state of the environment and taking actions which affect the state. At each step, an
RL system gets evaluative feedback about the performance of its action, allowing it to
improve the performance of subsequent actions. Several RL methods have been developed
and successfully applied in machine learning to learn optimal policies for finite-state
finite-action discrete-time Markov Decision Processes (MDPs), shown in Fig. 2-1. An
analogous RL control system is shown in Fig. 2-2, where the controller, based on state
feedback and reinforcement feedback about its previous action, calculates the next control
which should lead to an improved performance. The reinforcement signal is the output
of a performance evaluator function, which is typically a function of the state and the
control. An RL system has a similar objective to an optimal controller which aims to
optimize a long-term performance criterion while maintaining stability. This chapter
discusses the key elements in the field of RL and how they can be applied to solve control
problems. Further, the optimal control problem, optimal control methods, and their
limitations are discussed. Connections between RL and optimal control are established
and implementation issues are highlighted, which motivate the methods developed in this
dissertation.

2.1 Reinforcement Learning Methods

RL methods typically estimate the value function, which is a measure of goodness
of a given action for a given state. The value function represents the reward/penalty
accumulated by the agent in the long run, and for a deterministic MDP, may be defined as

an infinite-horizon discounted return as [2]

o0

V¥(xo) = Z Vre,

k=0
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function v>

reward

Figure 2-1. Reinforcement Learning for MDP.

Performance

) function
reinforcement

Figure 2-2. Reinforcement Learning control system.

where x; and u, are the state and action, respectively, for the discrete-time system

Tpy1 = f(2p, up), Tey1 = 7(2p, up) is the reward/penalty at the k' step, and y€ [0, 1)

is the discount factor used to discount future rewards. The objective of an RL method

is to determine a policy which maximizes the value function. Since the value function is
unknown, typically the first step is to estimate the value function, which can be expressed

using Bellman’s equation as [2]

Vix) = r(z,u) +9VE(f(2,u),
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where the index k is suppressed. The optimal value function is defined as

V*(x) = minV"%(x),

u

which can also be expressed using the Bellman optimality condition as

Vi@) = minfr(z,u) + V" (f(z,u))]

w'(z) = argminlr(z, u) +yV*(f(z,u))]. (2-1)

The above Bellman relations form the basis of all RL methods — policy iteration,
value iteration, and Q-learning [2, 20, 35]. RL methods can be categorized as model-based
and model-free. Model-based or DP-based RL algorithms utilize the expression in Eq.

2-1 but are offline and require perfect knowledge of the environment, as seen from Eq.
2—1. On the other hand, model-free RL algorithms are based on temporal difference

(TD), which refers to the difference between temporally successive estimates of the same
quantity. In contrast to DP-based RL methods, TD-based RL methods are online and do
not use an explicit model of the system, rather they use data (set of samples, trajectories
etc.) obtained from the process, i.e., they learn by interacting with the environment. Some
of the popular RL methods are subsequently discussed.

2.1.1 Policy Iteration

Policy Iteration (PI) algorithms [22, 48] successively alternate between policy
evaluation and policy improvement. The algorithm starts with an initial admissible
policy, estimates the value function (policy evaluation), and then improves the policy
using a greedy search on the estimated value function (policy improvement). The policy
evaluation step in DP-based PI is performed using the following recurrence relations until

convergence to the value function

Via) (e u) +9VE(f(2,u)), (2-2)
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where the symbol ‘<’ denotes the value on the right being assigned to the quantity on the

left. After the convergence of policy evaluation, policy improvement is performed using
a(e) = argmin[r(z,a) +V(f(z,a)] (2-3)

It can be seen from Eqs. 2-2 and 2-3 that the DP-based PI algorithm requires knowledge
of the system model f(z,u). Using the model-free 7'D(0) algorithm [1], which learns from
interacting with the environment, this limitation is overcome. Using the T'D(0) algorithm,

the value function is estimated using the following update
Vi(z) « V%zx)+alr(z,u) +yV*(z) — V*(x)], (2-4)

where a € (0, 1] is the learning rate, and Z denotes the next state observed after
performing action u at x. In contrast to DP-based policy evaluation, the value function
estimation in Eq. 2-4 does not require an explicit model of the system. The PI algorithm
converges to the optimal policy [48]. Online PI algorithms do not wait for the convergence
of the policy evaluation step to implement policy improvement; however, their convergence
can only be guaranteed only under very restrictive conditions, such as generation of
infinitely long trajectories for each iteration [49].
2.1.2 Value Iteration

Value Iteration (VI) algorithms directly estimate the optimal value function, which is
then used to compute the optimal policy. It combines the truncated policy evaluation and

policy improvement steps in one step using the following recurrence relations from DP [2]
V(z) « min[r(z,a) +V(f(z,a))]

VI converges to the optimal V*(x), and is said to be less computationally intensive than

PI, although PI typically converges in fewer iterations [35].
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2.1.3 Q-Learning
Q-Learning algorithms use Q-factors Q(z, ), which are state-action pairs instead of
the state value function V' (x). The Q-iteration algorithm uses TD learning to find the

optimal Q-factor Q*(x, u) as
Q(z,u) + Qx,u)+« [r(x, u) + vmgn Q(z,a) — Q(x,u)

The Q-learning algorithm [20] is one of the major breakthroughs in reinforcement learning,
since it involves learning the optimal action-value function independent of the policy being
followed (also called off-policy)! , which greatly simplifies the convergence analysis of

the algorithm. Adequate exploration is, however, needed for the convergence to *. The

optimal policy can be directly found from performing a greedy search on Q* as
u*(z) = argminQ*(z,a).

2.2 Aspects of Reinforcement Learning Methods

This section discusses aspects and issues in implementation of the RL methods on
high dimensional and large-scale practical systems.
2.2.1 Curse of Dimensionality and Function Approximation

RL methods where value function estimates are represented as a table require, at
every iteration, storage and updating of all the table entries corresponding to the entire
state space. In fact, the computation and storage requirements increase exponentially
with the size of the state space, also called the curse of dimensionality. The problem
is compounded when considering continuous spaces which contain infinitely many
states and actions. One solution approach is to represent value functions using function

approximators, which are based on supervised learning, and generalize based on limited

1 An on-policy variant of Q-learning, SARSA [50], is based on policy iteration.
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information about the state space [2]. A convenient way to represent value functions is by
using linearly parameterized approximators of the form 67 ¢(x), where @ is the unknown
parameter vector, and ¢ is a user-defined basis function. Selecting the right basis function
which represents all the independent features of the value function is crucial in solving the
RL problem. Some prior knowledge regarding the process is typically included in the basis
function. The parameter vector is estimated using optimization algorithms, e.g., gradient
descent, least squares etc. Multi-layer neural networks may also be used as nonlinearly
parameterized approximators; however, weight convergence is harder to prove as compared
to linearly parameterized network structures.
2.2.2 Actor-Critic Architecture

Actor-critic methods, introduced by Barto [19], implement the policy iteration
algorithm online, where the critic is typically a neural network which implements policy
evaluation and approximates the value function, whereas the actor is another neural
network which approximates the control. The critic evaluates the performance of the actor
using a scalar reward from the environment and generates a TD error. The actor-critic
neural networks, shown in Fig. 2-3 are updated using gradient update laws based on the
TD error.
2.2.3 Exploitation Vs Exploration

The trade-off between exploitation and exploration has been a topic of much research
in the RL community [51]. For an agent in an unknown environment, exploration is
required to try out different actions and learn based on trial and error, whereas past
experience may also be exploited to select the best actions and minimize the cost
of learning. For sample or trajectory based RL methods (e.g., Monte Carlo) in large
dimensional spaces, selecting best actions (e.g., greedy policy) based on current estimates
is not sufficient because better alternative actions may potentially never be explored.
Sufficient exploration is essential to learn the global optimal solution. However, too much

exploration can also be costly in terms of performance and stability when the method is
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Figure 2-3. Actor-critic architecture for online policy iteration.

implemented online. One approach is to use a e-greedy policy, where the exploration is the
highest when the agent starts learning, but gradually decays as experience is gained and
exploitation is preferred to reach the optimal solution.
2.3 Infinite Horizon Optimal Control Problem
RL has close connections with optimal control. In this section, the undiscounted
infinite horizon optimal control problem is formulated for continuous-time nonlinear

systems. Consider a continuous-time nonlinear system
T = F(.’L’,U), (275)

where z(t) € X C R™, u(t) € U C R™ is the control input, F' : X x U —R" is Lipschitz
continuous on X X U containing the origin, such that the solution z(t) of the system in
Eq. 2-5 is unique for any finite initial condition zy and control u € U. It is also assumed
that F'(0,0) = 0. Further, the system is stabilizable, i.e. there exists a continuous feedback

control law w(z(t)) such that the closed-loop system is asymptotically stable.
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The infinite-horizon scalar cost function for the system Eq. 2-5 can be defined as
Hatt), ulr)) = [ r(as).uts) ds, (2:6)
t<r<oo t
where ¢ is the initial time, 7(x,u) € R is the immediate or local cost for the state and

control, defined as
r(z,u) = Q(z)+u'Ru, (2-7)

where Q(x) € R is continuously differentiable and positive definite, and R € R™*™ is a
positive-definite symmetric matrix. The optimal control problem is to find an admissible
control u* € W(X'), such that the cost in Eq. 2-6 associated with the system Eq. 2-5 is
minimized [52]. An admissible control input u(t) can be defined as a continuous feedback
control law u(z(t)) € W(X), where ¥(-) denotes the set of admissible controls, which
asymptotically stabilizes the system Eq. 2-5 on X', u(0) =0, and J(-) in Eq. 2-6 is finite.

The optimal value function can be defined as

u(T)ev(X
t<rT<oo

V*i(x(t) = min )/toor(x(s),u(x(s))) ds. (2-8)

Assuming the value function is continuously differentiable, Bellman’s principle of

optimality can be used to derive the following optimality condition [52]

oV*(x)
ox

0 = min )[r(m,u)+ F(z,u)|, (2-9)

u(t)ev (X

which is a nonlinear partial differential equation (PDE), also called the HJB equation.
Based on the assumption that V*(x) is continuously differentiable, the HJB in Eq. 2-9
provides a means to obtain the optimal control v*(x) in feedback form. Using the convex
local cost in Eqs. 2-7 and 2-9, a closed-form expression for the optimal control can be

derived as

OF (z,u)" oV *(x)"
ou oxr

u*(z) = —%R‘l (2-10)
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For the control-affine dynamics of the form

o= flz)+glr)u, (2-11)

where f(z) € R" and g(x) € R"™, the expression in Eq. 2-10 can be written in terms of
the system state as

ov*(x)"
ox )

w@) = R () (2-12)

In general, the solutions to the optimal control problem may not be smooth [53].
Existence of a unique non-smooth solution (called the viscosity solution) is studied in
(53], [54].

The HJB in Eq. 2-9 can be rewritten in terms of the optimal value function by

substituting for the local cost in Eq. 27, the system in Eq. 2-11 and the optimal control

in Eq. 2-12, as
0 = Q)+ W sy LV o prgr D g
0 = V*0).

Although in closed-form, the optimal policy in Eq. 2-12 requires knowledge of the optimal
value function V*(x), the solution of the HJB equation in Eq. 2-13. The HJB equation is
problematic to solve in general and may not have an analytical solution.
2.4 Optimal Control Methods

Since the solution of the HJB is prohibitively difficult and sometimes even impossible,
several alternative methods are investigated in literature. The calculus of variations
approach generates a set of a first-order necessary optimality conditions, called the
Euler-Lagrange equations, resulting in a two-point (or multi-point) boundary value
problem, which is typically solved numerically using indirect methods, such as shooting,
multiple shooting etc [52]. Another numerical approach is to use direct methods where the

state and/or control are approximated using function approximators or discretized using
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collocation and the optimal control problem is transcribed to a nonlinear programming
problem, which can solved using methods such as direct shooting, direct collocation,
pseudo-spectral methods etc. [55, 56]. Although these numerical approaches are
effective and practical, they are open-loop, offline, require exact model knowledge and
are dependent on initial conditions. Another approach based on feedback linearization
involves robustly canceling the system nonlinearities, thereby reducing the system to a
linear system, and solving the associated Algebraic Riccati Equation (ARE)/Differential
Riccati Equation (DRE) for optimal control [57, 58]. A drawback of feedback linearization
is that it solves a transformed optimal control problem with respect to a part of the
control while the other part is used to cancel the nonlinear terms. Moreover, linearization
cancels all nonlinearities, some of which may be useful for the system. Inverse optimal
controllers circumvent the task of solving the HJB by proving optimality of a control law
for a meaningful cost function [59-61]. The fact that the cost function cannot be chosen a
priori by the user limits the applicability of the method.

Given the limitations of methods that seek an exact optimal solution, the focus
of some literature has shifted towards developing methods which yield a sub-optimal
or an approximately optimal solution. Model-predictive control (MPC) or receding
horizon control (RHC) [62, 63] is an example of an online model-based approximate
optimal control method which solve the optimal control problem over a finite time horizon
at every state transition leading to a state feedback optimal control solution. These
methods have been successfully applied in process control where the model is exactly
known and the dynamics are slowly varying [64, 65]. An offline successive approximation
method, proposed in [66], improves the performance of an initial stabilizing control by
approximating the solution to the generalized HJB (GHJB) equation and then using
the Bellman’s optimality principle to compute an improved control law. This process
is repeated and proven to converge to the optimal policy. The GHJB, unlike the HJB,

is a linear PDE which is more tractable to solve, e.g., using methods like the Galerkin
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projection [40]. The successive approximation method is similar to the policy iteration
algorithm in RL; however, the method is offline and requires complete model knowledge.
To alleviate the curse of dimensionality associated with dynamic programming, a family
of methods, called AC designs (also called ADP), were developed in [6, 17, 35, 36] to solve
the optimal control problem using RL and neural network backpropagation algorithms.
The methods are, however, applicable only for discrete-time systems and lack a rigorous
Lyapunov stability analysis.
2.5 Adaptive Optimal Control and Reinforcement Learning

Most optimal control approaches discussed in Section 2.4 are offline and require
complete model knowledge. Even for linear systems, where the LQR gives the closed-form
analytical solution to the optimal control problem, the ARE is solved offline and requires
exact knowledge of the system dynamics. Adaptive control provides an inroad to design
controllers which can adapt online to the uncertainties in system dynamics, based on
minimization of the output error (e.g., using gradient or least squares methods). However,
classical adaptive control methods do not maximize a long-term performance function,
and hence are not optimal. Adaptive optimal control refers to methods which learn the
optimal solution online for uncertain systems. RL methods described in Section 2.1 have
been successfully used in MDPs to learn optimal polices in uncertain environments, e.g.,
TD-based Q-learning is an online model-free RL method for learning optimal policies. In
[3], Sutton et al. argue that RL is a direct adaptive optimal control technique. Owing
to the discrete nature of RL algorithms, many methods have been proposed for adaptive
optimal control of discrete-time systems [6, 7, 10, 33, 67-70]. Unfortunately, an RL
formulation for continuous-time systems is not as straightforward as in the discrete-time
case, because while the TD error in the latter is model-free, it is not the case with the
former, where the TD error formulation inherently requires complete knowledge of the
system dynamics (see Eq. 2-9). RL methods based on the model-based TD error for

continuous-time systems are proposed in [8, 14, 39, 41]. A partial model-free solution
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is proposed in [13] using an actor-critic architecture, however, the resulting controller is
hybrid with a continuous-time actor and a discrete-time critic. Other issues concerning
RL-based controllers are: closed-loop stability, convergence to the optimal control,
function approximation, and tradeoff between exploitation and exploration. Few results
have rigorously addressed these issues which are critical for successful implementation
of RL methods for feedback control. The work in this dissertation is motivated by the
need to provide a theoretical foundation for RL-based control methods and explore their

potential as adaptive optimal control methods.
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CHAPTER 3
ASYMPTOTIC TRACKING BY A REINFORCEMENT LEARNING-BASED
ADAPTIVE CRITIC CONTROLLER

AC based controllers are typically discrete and/or yield a uniformly ultimately
bounded stability result due to the presence of disturbances and unknown approximation
errors. The objective in this chapter is to design a continuous-time AC controller which
yields asymptotic tracking of a class of uncertain nonlinear systems with bounded
disturbances. The proposed AC-based controller architecture consists of two NNs —
an action NN, also called the actor, which approximates the plant dynamics and generates
appropriate control actions; and a critic NN, which evaluates the performance of the actor
based on some performance index. The reinforcement signal from the critic is used to
develop a composite weight tuning law for the action NN based on Lyapunov stability
analysis. A recently developed robust feedback technique, RISE, is used in conjunction
with the feedforward action neural network to yield a semi-global asymptotic result.

3.1 Dynamic Model and Properties

The mn-th order MIMO Brunovsky form! can be written as [43]

l"l = X2
(3-1)
Tp_1 = Tp

T, = glz)+u+d

! The Brunovsky form can be used to model many physical systems, e.g.,
Euler-Lagrange systems.
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where z(t) 2 [¢7 21 ... 2T]" € R™ are the measurable system states, u(t) € R™, y € R™
are the control input and system output, respectively; g(z) € R™ is an unknown smooth
function, locally Lipschitz in z; and d(t) € R™ is an external bounded disturbance.
Assumption 3.1. The function g(z) is second order differentiable, i.e., g(+),g(-),q(-) €
Loo if 29 (t) € Lo, i = 0,1,2 where ()7 (t) denotes the i derivative with respect to time.
Assumption 3.2. The desired trajectory yq(t) € R™ is designed such that yéi)(t) €
Lo, 1=0,1,...,n+ 1.
Assumption 3.3. The disturbance term and its first and second time derivatives are
bounded i.e. d(t),d(t),d(t) € Lo
3.2 Control Objective
The control objective is to design a continuous RL-based NN controller such that

the output y(t) tracks a desired trajectory y4(t). To quantify the control objective, the

tracking error e;(t) € R™ is defined as
€1 S Y —Yd- (372)

The following filtered tracking errors are defined to facilitate the subsequent stability

analysis

A .
e = e+ e

lI>

€; €i—1 + Q16,1 + €;_2, i=3,.,n (3-3)

lI>

én + aneén, (3-4)

where ay, ..., , € R are positive constant control gains. Note that the signals e (), ...,
en(t)€ R™ are measurable whereas the filtered tracking error r(¢t) € R™ in Eq. 34 is
not measurable since it depends on #,(t). The filtered tracking errors in Eq. 3-3 can be

expressed in terms of the tracking error e;(t) as

i—1
e, = Zaijegj), 1=2,..,n (375)
=0
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where a;; € R are positive constants obtained from substituting Eq. 3-5 in Eq. 3-3 and

comparing coefficients [47]. It can be easily shown that

3.3 Action NN-Based Control

Using Eqgs. 3-2-3-6, the open loop error system can be written as

r=y™ -y + ¥, (3-7)

(n—l))

where f(eq,éq,...,€6; € R™ is a function of known and measurable terms, defined as

n—2
f= Z an; (€9 + ey + el
=0
Substituting the dynamics from Eq. 3-1 into Eq. 3-7 yields
r=glx)+d—y" + f+u (3-8)

Adding and subtracting g(z4) : R™ — R™, where g(z4) is a smooth unknown function of

the desired trajectory z4(t) = [y 31 ... (yc(l"_l))T]T € R™", the expression in Eq. 3-8 can

be written as

r=glzq) + S+d+Y +u, (3-9)
where Y (eq, éq, ..., eﬁ"‘”, yé")) € R™ contains known and measurable terms and is defined
as

Y24, (3-10)

and the auxiliary function S(z,z;) € R™ is defined as

S = g(x) — g(za).

The unknown nonlinear term g(x4) can be represented by a multi-layer NN as

g(xq) = WEo(VEx,) + e (24), (3-11)
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where z,(t) € R™*1 £ [1 2717 is the input to the NN, W, € RWetD>xm anqd v, ¢
R(mn+1)xNa are the constant bounded ideal weights for the output and hidden layers
respectively with N, being the number of neurons in the hidden layer, o (-) € R¥a*! is the
bounded activation function, and € (z,) € R™ is the function reconstruction error.
Remark 3.1. The NN used in Eq. 3-11 is referred to as the action NN or the associative
search element (ASE) [19], and it is used to approzimate the system dynamics and
generate appropriate control signals.

Based on the assumption that the desired trajectory is bounded, the following

inequalities hold
lea (@a)|l < €ary €0 (Tas Ta)l| < €apy €0 (Tas Ty Ta) || < €agzs (3-12)

where €,,, €4,, €4 € R are known positive constants. Also, the ideal weights are assumed to

exist and be bounded by known positive constants [18], such that
IVall < Voo [Wall £ W (3-13)
Substituting Eq. 3-11 in Eq. 3-9, the open loop error system can now be written as
r=Wlo(Viz,) +e(@,) +S+d+Y +u. (3-14)
The NN approximation for g(x4) can be represented as
g(wa) = W o(V za),

where W, (t) € RWatDxm and V,(t) € RO HD*Ne gre the subsequently designed estimates

of the ideal weights. The control input u(t) in Eq. 3-14 can now be designed as
u = =Y —§(2a) — fta, (3-15)
where p,(t) € R™ denotes the RISE feedback term defined as [46, 47]

ta = (kg + Den(t) — (kg + 1)en(0) + v, (3-16)

36



where v (t) € R™ is the generalized solution to
0 = (ks + D)age, + Bisgn(e,), ©v(0)=0 (3-17)

where k,, 81 € R are constant positive control gains, and sgn (-) denotes a vector signum
function.

Remark 3.2. Typically, the presence of the function reconstruction error and disturbance
terms in Eq. 3-1/ would lead to a UUB stability result. The RISE term used in Eq. 3-15
robustly accounts for these terms guaranteeing asymptotic tracking with a continuous
controller [71] (i.e., compared with similar results that can be obtained by discontinuous
sliding mode control). The derivative of the RISE structure includes a sgn(-) term in Eq.
3—17 which allows it to implicitly learn and cancel terms in the stability analysis that are
C? with bounded time derivatives.

Substituting the control input from Eq. 3-15 in Eq. 3-14 yields
r=Wro(V ) = WEo(Vix,) + S+ d+eq — jta (3-18)

To facilitate the subsequent stability analysis, the time derivative of Eq. 3-18 is expressed
as
i = Wo'(VIe)VEig+ WEo' (Vi )VEiig+ W' (V2 )V — WEo' (V2 )V,

~ A

WIS (VT a) Vi — WEa(VEia) — WTo! (VT 2V kg + S+ d + €0 — jta, (3-19)

where o/(V) = dor (V) /4 (V) gy and Walt) € ROWD40 and
V,(t) € R0"+1)xNe are the mismatch between the ideal and the estimated weights, and are
defined as

Vo2 Vo=V, W2 W,—W,.

37



The weight update laws for the action NN are designed based on the subsequent stability

analysis as

proj(Fawana'(VaTata)\ZLTiaef + Fawa(VaTata)RWga'(f/cTen)VCT)

=
I

V, = proj(Favan:banWga'(f/fza) + FavxaRWcTa'(VcTen)VCTWEU'(VGT%)), (3-20)

where 'y, € RWatDx(Nat1) = ¢ RmntDx(mntl) are constant, positive definite,
symmetric gain matrices, R(t) € R is the subsequently designed reinforcement signal,
proj(+) is a smooth projection operator utilized to guarantee that the weight estimates
W,(t) and V,(t) remain bounded [72], [73], and V,(t) € R™Ne and W,(t) € RWetDx1 are
the subsequently introduced weight estimates for the critic NN. The NN weight update
law in Eq. 3-20 is composite in the sense that it consists of two terms, one of which is
affine in the tracking error e,(t) and the other in the reinforcement signal R(t).

The update law in Eq. 3-20 can be decomposed into two terms

A

W=V +xy V= xY +xh (3-21)

Using Assumption 3.2, Eq. 3-13 and the use of projection algorithm in Eq. 3-20, the

following bounds can be established

el < lleal Xz || <721R],

3 x| Xkl < 74lRI, (3-22)

IA

[l

where v1,v2, 73,71 € R are known positive constants. Substituting Eqs. 3-16, 3-20, and

3-21 in Eq. 3-19, and grouping terms, the following expression is obtained
=N+ Ng+ N —e, — (ko + 1)r — Bisgn(en), (3-23)
where the unknown auxiliary terms N(t) € R™ and Ng(t) € R™ are defined as

N2S+4e,— XZO’(VGTZL’Q) - Wga'(%Txa)X‘e/na:a, (3-24)
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NR £ _X}/‘%/O’(‘A/CLTxa) - Wga/(‘zsza)nga-

The auxiliary term N(t) € R™ is segregated into two terms as
N = Ny + N,
where Ny(t) € R™ is defined as
Ny 2 W o' (VI )WV, +d+ éa,
and Np(t) € R™ is further segregated into two terms as
Np = Npi1 + Np

where Npi(t), Npa(t) € R™ are defined as

Nt & ~WTo! (V) Vs — W (V) Ve,

Npa 2 W'o' (VEwa) Vi da + W o' (Vi wa)V, .

(3-25)

(3-26)

(3-27)

(3-28)

(3-29)

Using the Mean Value Theorem, the following upper bound can be developed [47], [71]

INGIEE(ENED
where z(t) € R"D™ is defined as

zé[elT eg...eT rT]T

(3-30)

(3-31)

and the bounding function p;(-) € R is a positive, globally invertible, non-decreasing

function. Using Assumptions 3.2 and 3.3, Eqs. 3-12, 3-13, and 3-20, the following bounds

can be developed for Eqs. 3-25-3-29

INal] < G INp1|| < ¢ s | Np2| < (5

N[ < G+ G+, |Ng| < {4 |R].
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The bounds for the time derivative of Eqs. 3-27 and 3-28 can be developed using
Assumptions 3.2 and 3.3, Eqgs. 3-12 and 3-20

[ < G [[9]| < ot Grleall + GBI, (333

where (; € R, (i = 1,2,...,8) are computable positive constants.
Remark 3.3. The segregation of the auxiliary terms in FEqs. 3-21 and 3-23 follows a
typical RISE strateqy [71] which is motivated by the desire to separate terms that can be
upper bounded by state-dependent terms and terms that can be upper bounded by constants.
Specifically, N(t) contains terms upper bounded by tracking error state-dependent terms,
N(t) has terms bounded by a constant, and is further segregated into Ny(t) and Np(t)
whose derivatives are bounded by a constant and linear combination of tracking error
states, respectively. Similarly, Ng(t) contains reinforcement signal dependent terms. The
terms in Eq. 3-28 are further segregated because Npi(t) will be rejected by the RISE
feedback, whereas Npo(t) will be partially rejected by the RISE feedback and partially
canceled by the NN weight update law.
3.4 Critic NN Architecture

In RL literature [2], the critic generates a scalar evaluation signal which is then used
to tune the action NN. The critic itself consists of a NN which approximates an evaluation
function based on some performance measure. The proposed AC architecture is shown in
Fig. 3-1. The filtered tracking error e,(t) can be considered as an instantaneous utility
function of the plant performance [43, 44].

The reinforcement signal R(t) € R is defined as [43]
REAWTe(VTe,) + 1, (3-34)

where V, € R™Ne 17, € RWNetDx1 5 (1) € RNet! ig the nonlinear activation function,
N, are the number of hidden layer neurons of the critic NN, and the performance measure

en(t) defined in Eq. 3-3 is the input to the critic NN, and ¢ € R is an auxilliary term
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Figure 3-1. Architecture of the RISE-based AC controller.

generated as

b =WIo' (Ve )V (fta + anen) — keR — Basgn(R), (3-35)

where k., B2 € R are constant positive control gains. The weight update law for the critic

NN is generated based on the subsequent stability analysis as

W, = proj(-Te,o(V e,)R — o) (3-36)

~ ~

V. = proj(~Tewe,WEa'(VEe, )R — T, V,),

where I'.,, ', € R are constant positive control gains.

Remark 3.4. The structure of the reinforcement signal R(t) in Eq. 8-34 is motivated by
literature such as [43—45], where the reinforcement signal is typically the output of a critic
NN which tunes the actor based on a performance measure. The performance measure

considered in this work is the tracking error e,(t), and the critic weight update laws are
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designed using a gradient algorithm to minimize the tracking error, as seen from the
subsequent stability analysis. The auziliary term ¥ (t) in 3-34 is a RISE-like robustifying
term which is added to account for certain disturbance terms which appear in the error
system of the reinforcement learning signal. Specifically, the inclusion of ¥ (t) is used to
implicitly learn and compensate for disturbances and function reconstruction errors in the
reinforcement signal dynamics, yielding an asymptotic tracking result.

To aid the subsequent stability analysis, the time derivative of the reinforcement

signal in Eq. 3-34 is obtained as
o= Wlo(Vle,) + WEo'(VEen Vi en+ WEo (Ve )VEie, +4.  (3-37)
Using Eqs. 3-18, 3-35, 3-36, and the Taylor series expansion [18]
o(VIra) = 0 (VEes) + 0/ (VFan) Ve, +0 (Vin,)
where O(+)? represents higher order terms, the expression in Eq. 3-37 can be written as
o= WIa(VTen) + WIo (VT eV en + Noc + Ny + W o' (VT ) VW o (Vi
AW o' (VEe )VIWT o' (V) Ve, — kR — Basgn(R), (3-38)
where the auxiliary terms Ng.(t) € R and N,(t) € R are unknown functions defined as
Ny & Wl (Ve )WVIW o' (VI )\VEe, +WEo <‘~/QT$Q>2 +d+e,
N, &2 Wlo'(VTe,VTS. (3-39)

Using Assumptions 3.2 and 3.3, Eqs. 3-12, 3-36, and the Mean Value Theorem, the

following bounds can be developed for Eq. 3-39

[Naell < o, IINSNl < pa(ll2) 1111 (3-40)

where (9 € R is a computable positive constant, and py(-) € R is a positive, globally

invertible, non-decreasing function.
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3.5 Stability Analysis
Theorem 3.1. The RISE-based AC controller given in Eqs. 3-15 and 3-34 along with the
weight update laws for the action and critic NN given in Eqs. 3-20 and 3-36, respectively,
ensure that all system signals are bounded under closed-loop operation and that the

tracking error is requlated in the sense that
llex(t)]| — 0 as t— o0

provided the control gains k, and k. are selected sufficiently large based on the initial
conditions of the states, a,_1, an, B, and k., are chosen according to the following

sufficient conditions

1 1
Ap—1 > 57 Ay > 63 + 57 52 > C9> kc > 54> (3741)

and By, B3, By € R, introduced in Eq. 3—46, are chosen to satisfy the following sufficient

conditions 2

G Ge

pr > maX<C1+C2+C37C1+C2+a—+—), ﬁ3>§7+@

2 )

Gs

B> (3-42)

n  Qn
Proof. Let D C R"™+3 he a domain containing y(t) = 0, where y(t) € RM+Im+3 ig
defined as
y2 [T R VP QI, (3-43)

where the auxiliary function Q(t) € R is defined as

I, = < 1, = ~ 1, s 1, e
Q = Str(W/T o Wa) + 5tr (VT Va) + Str(WIWe) + otr(VIVG), - (3-44)

2 The derivation of the sufficient conditions in Eq. 3-42 is provided in the Appendix
Al
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where tr(-) is the trace of a matrix. The auxiliary function P(z, R,t) € R in Eq. 3-43 is

the generalized solution to the differential equation

P=—L P(0)=7p Z i (0)] — €,(0)"N(0), (3-45)

where the subscript ¢ = 1,2, .., m denotes the ith element of the vector, and the auxiliary

function L(z, R,t) € R is defined as
L 2 vT(Ng+ Npi — Bisgn(en)) + - Npy — B |len]|* — Ba |R|?, (3-46)

where (1, 83,84 € R are chosen according to the sufficient conditions in Eq. 3-42.
Provided the sufficient conditions introduced in Eq. 3-42 are satisfied, then P(z, R,t) > 0.
From Eqgs. 3-23, 3-32, 3-38 and 340, some disturbance terms in the closed-loop error
systems are bounded by a constant. Typically, such terms (e.g., NN reconstruction error)
lead to a UUB stability result. The definition of P(z, R,t) is motivated by the RISE
control structure to compensate for such disturbances so that an asymptotic tracking
result is obtained.

Let V(y) : D x [0,00) — R be a Lipschitz continuous regular positive definite function
defined as

1

1
= 5sz + §R2 +P+Q (3-47)

which satisfies the following inequalities:
Ur(y) < V(y) < Us(y) (3-48)

where U;(y), Us(y) € R are continuous positive definite functions. From Eqs. 3-3,

3-4, 3-23, 3-38, 3-44, and 3-45, the differential equations of the closed-loop system

are continuous except in the set {(y,t)|e, = 0 or R = 0}. Using Filippov’s differential
inclusion [74-77], the existence and uniqueness of solutions can be established for y =
f(y,t) (a.e.), where f(y,t) € R®+1)m+3 denotes the right-hand side of the the closed-loop

error signals. Under Filippov’s framework, a generalized Lyapunov stability theory can be
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used (see [77-80] and Appendix A.2 for further details) to establish strong stability of the
closed-loop system. The generalized time derivative of Eq. 3-47 exists almost everywhere

(a.e.), and V (y) € f/(y) where

T
= N gTK{ R 1P=P 1Q2Q 1| .
ceoV(y
where OV is the generalized gradient of V' [78], and K[| is defined as [79, 80]
§>0 uN=0
where ]@ . denotes the intersection of all sets N of Lebesgue measure zero, ¢o denotes
M =

convex closure, and B(y, d) represents a ball of radius § around y. Since V' (y) is a

Lipschitz continuous regular function,

T
V = VV'K { R IPEP lQTQ 1 ]
T
= [ZT R 2Pz 2Q> O]K[ZT R 1p=P 1QQ 1}
Using the calculus for K-| from [80] and substituting the dynamics from Eqs. 3-23, 3-38,
344, and 3-45, and splitting k. as k. = k. + ke, yields
‘L/ C T‘T(N—l—NR—l—N—en—(k: + 1)r — 81K [sgn(e,)]) Ze é;
FRWTo(VTen) + Nyo + Ny) + WEo' (VT en)VTen R — BoRK [sgn(R)]
+ W' (Ve )VIW o (‘A/;Txa) R—k R+ Wl (Ve )VIW o' (Ve )V xR
—r"(Na+ Np1 — ﬁlK[sgn(en)]) — én(t)" Npy + Bs ||enl|” + 81 | RI*

_%WWCLT%W )= —t (VT Va) - %”(WZW) - §tr(f/ Vo).

= =Y ailleil + el yen — |Ir|? = (ke + ke2) [RI* + 1" (N + Ng — ko)

2
- Fcw

2

A

Y R(Nge + Ny — koR) — B |R| — Tow |R|? Ha(f/jen) W,
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~ ~ ~ ~ 2
2 || W (V) W (VEen)|| lleall” |RP

[

+ B3 ||en||2 + 54 |R‘2 - ch

~ |12 A A ~
ool |[Vel| = 2 | W' Ve lewll | Ve | 17D, (3-50)

leall|

where the NN weight update laws from Eqs. 3-20, 3-36, and the fact that (r’ —
rT);SGN (en;) = 0 is used (the subscript i denotes the i element), where K[sgn(e,)] =
SGN (e,) [80], such that SGN(e,;) = 1if e,; > 0, [—1,1] if e,; = 0, and —1 if e,; < 0.

Upper bounding the expression in Eq. 3-50 using Eqs. 3-30, 3-32, and 3-40, yields

. n—2 1 1
Vo< =Yl = (o= 3 ) lewall = Il = (0= 52 3 ) leal?
=1
~(kea = Bu) 1R+ (Go — ) 1R8] = B I = o (1) =1 )

~lkez [RI” = (pa(ll=11) + Ca) [ R 12]]]: (3-51)

Provided the gains are selected according to Eq. 3-41, the expression in Eq. 3-51 can be

further upper bounded by completing the squares as

: (D E 2
Vo< =7 +T—(kd—ﬁ4)|3\

< -Uly) VyeD, (3-52)
where k £ min(k,, k) and A € R is a positive constant defined as

1 1
A = min {041,0427 ceey Q2 <an—1 - 5) ; <an — 3 — 5) 71} :

In Eq. 3-52, p(-) € R is a positive, globally invertible, non-decreasing function defined as

Pl = 23 Il + (o2 (1=11) + ¢a)?

2
, for some positive constant ¢, is a continuous, positive

and U(y) = cH[zT R}T‘

semi-definite function defined on the domain

D& {y(t) e RO |y < p' (2V2k) }.
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The size of the domain D can be increased by increasing k. The result in Eq. 3-52
indicates that V(y) < —U(y) ¥V V(y) € V(y) Vy € D. The inequalities in Eqgs. 3-48

and 3-52 can be used to show that V(y) € L, in D; hence, e;(t), es(t),...e,(t), r(t) and
R(t) € L in D. Standard linear analysis methods can be used along with Eqs. 3-1-3-5
to prove that é,(t), é(t), ...6,(t), 9 (t) € Lo (i = 0,1,2) in D. Further, Assumptions 3.1
and 3.3 can be used to conclude that u(t) € L, in D. From these results, Eqs. 3-12, 3-13,

3-19, 3-20, and 3-34-3-37 can be used to conclude that 7(t),1(t), R(t) € L in D. Hence,

U(y) is uniformly continuous in D. Let S C D denote a set defined as follows:

sa {y(t)c D| Us(y(t)) < A (/)_1 (2@))2} . (3-53)

The region of attraction in Eq. 3-53 can be made arbitrarily large to include any initial
conditions by increasing the control gain k (i.e. a semi-global type of stability result), and
hence

ler(®)]|,|R| — 0 as t— o0 Yy(0) € S.

3.6 Experimental Results

To test the performance of the proposed AC-based approach, the controller in Eqs.
3-15, 3-20, 3-34-3-36 was implemented on a two-link robot manipulator, where two
aluminum links are mounted on a 240 Nm (first link) and a 20 Nm (second link) switched
reluctance motor. The motor resolvers provide rotor position measurements with a
resolution of 614400 pulses/revolution, and a standard backwards difference algorithm
is used to numerically determine angular velocity from the encoder readings (Fig. 3-2).
The two-link revolute robot is modeled as an Euler-Lagrange system with the following
dynamics

M(q)q+ Vin(g,d)q + F(¢) +7a =T, (3-54)
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Figure 3-2. Two-link experiment testbed.

where M(q) € R?*? denotes the inertia matrix, V;,(q, ¢) € R**? denotes the centripetal-Coriolis
matrix, F(¢) € R? denotes friction, 74(¢) € R? denotes an unknown external disturbance,
7(t) € R? represents the control torque, and ¢(t), ¢(t), G(t) € R? denote the link position,

velocity and acceleration. The dynamics in (3-54) can be transformed into the Brunovsky

form as

3'71:.1’2

Ty = g(x)+u+d, (3-55)

where 21 £ ¢, 73 £ ¢, = [11 2]", g(2) = =M1 (@)[Viu(q, 9)q + F(@)], u = M~} (q)7(1),
and d £ M~'(q)7(t). The control objective is to track a desired link trajectory, selected as
(in degrees):

qa(t) = 60sin(2.5t)(1 — e‘0~01t3)_

Two controllers are implemented on the system, both having the same expression for the

control u(t) as in Eq. 3-15; however, they differ in the NN weight update laws. The first

! For this experiment, the inertia matrix is assumed to be known as it is required for
calculation of joint torques 7(t), which are determined using the expression 7 = M(q)u.
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controller (denoted by NN+4+RISE) employs a standard NN gradient-based weight update

law which is affine in the tracking error, given as
W, & Tuw [proj(ana'(VaT:Ea)\A/aT:baeg)}
Vo = T [proj(anianWfa'(VaTa:a))] :

The proposed AC-based controller (denoted by AC4+RISE) uses a composite weight
update law, consisting of a gradient-based term and a reinforcement-based term, as in
Eq. 3-20, where the reinforcement term is generated from the critic architecture in Eq.
3-34. For the NN+RISE controller, the initial weights of the NN, T,(0) is chosen to
be zero, whereas V,(0) is randomly initialized in [—1, 1], such that it forms a basis [81].
The input to the action NN is chosen as z, = [1 ¢} ¢1], and the number of hidden
layer neurons are chosen by trial and error as N, = 10. All other states are initialized
to zero. A sigmoid activation function is chosen for the NN and the adaptation gains are
selected as 'y, = Iy [y = 0.1131, with feedback gains selected as «; = diag(10,15),
ay = diag(20,15), k, = (20,15) and 51 = diag(2,1). For the AC+RISE controller, the
critic is added to the NN+RISE by including an additional RL term in the weight update
law of the action NN. The actor NN and the RISE term in AC4+RISE use the same gains
as NN4+RISE. The number of hidden layer neurons for the critic are selected by trial and
error as N, = 3. The initial critic NN weights WW,(0) and V,(0) are randomly chosen in [—1,
1]. The control gains for the critic are selected as k. =5 [ =0.1 I'y, =04 Ty = 1.
Experiments for both controllers were repeated 10 consecutive times with the same gains
to check the repeatability and accuracy of results. For each run, the RMS values of the
tracking error e;(t) and torques 7(t) are calculated. A one-tail unpaired t-test is performed
with a significance level of & = 0.05. A summary of comparative results with the two
controllers are tabulated in Tables 3-1 and 3-2.

Tables 3-1 and 3-2 indicate that the AC+RISE controller has statistically smaller
mean RMS errors for Link 1 (P = 0.003) and Link 2 (P = 0.046) as compared to
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Table 3-1. Summarized experimental results and P values of one tailed unpaired t-test for

Link 1.

Experiment RMS error [Link1] Torque [Link1] (Nm)

NN+RISE AC+RISE NN+RISE ACHRISE
Maximum 0.143° 0.123° 15.937 16.013
Minimum 0.101° 0.098° 15.451 15.470
Mean 0.125° 0.108° 15.687 15.764
Std. dev. 0.014° 0.009° 0.152 0.148
P(T<=t) 0.003* 0.134

x denotes statistically significant value.

Table 3-2. Summarized experimental results and P values of one tailed unpaired t-test for

Link 2.

Experiment RMS error [Link?2] Torque [Link2] (Nm)

NN+RISE AC+RISE NN+RISE AC+RISE
Maximum 0.161° 0.138° 1.856 1.858
Minimum 0.112° 0.107° 1.717 1.670
Mean 0.137° 0.127° 1.783 1.753
Std. dev. 0.015° 0.010° 0.045 0.054
P(T<=t) 0.046* 0.098

x denotes statistically significant value.

the NN4+RISE controller. The AC+RISE controller, while having a reduced error, uses
approximately the same amount of control torque (statistically insignificant difference) as
NN+RISE. The results indicate that the mean RMS the position tracking errors for Link 1
and Link 2 are approximately 14% and 7% smaller for the proposed AC+RISE controller.
The plots for tracking error and control torques are shown for a typical experiment in
Figs. 3-3 and 3-4.
3.7 Comparison with Related Work

A continuous asymptotic AC-based tracking controller is developed for a class of
nonlinear systems with bounded disturbances. The approach is different from the optimal
control-based ADP approaches proposed in literature [8-10, 13, 14, 32, 42|, where the
critic usually approximates a long-term cost function and the actor approximates the
optimal control. However, the similarity with the ADP-based methods is in the use
of the AC architecture, borrowed from RL, where the critic, through a reinforcement

signal affects the behavior of the actor leading to an improved performance. The
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Figure 3-3. Comparison of tracking errors and torques between NN+RISE and AC+RISE
for link 1 (a) Tracking error with NN+RISE, (b) Control Torque with
NN+RISE, (¢) Tracking error with AC+RISE, (d) Control Torque with
AC+RISE.

proposed adaptive robust controller consists of a NN feedforward term (actor NN) and

a robust feedback term, where the weight update laws of the actor NN are designed as

a composite of a tracking error term and a RL term (from the critic), with the objective
of minimizing the tracking error [43-45]. The robust term is designed to withstand

the external disturbances and modeling errors in the plant. Typically, the presence of
bounded disturbances and NN approximation errors lead to a UUB result. The main
contribution of this work is the use of a recently developed continuous feedback technique,

RISE [46, 47], in conjunction with the AC architecture to yield asymptotic tracking of
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Figure 3-4. Comparison of tracking errors and torques between NN+RISE and AC+RISE
for link 2 (a) Tracking error with NN+RISE, (b) Control Torque with
NN+RISE, (¢) Tracking error with AC+RISE, (d) Control Torque with
AC+RISE.

an unknown nonlinear system subjected to bounded external disturbances. The use of
RISE in conjunction with the action NN makes the design of the critic NN architecture
challenging from a stability standpoint. To this end, the critic NN is combined with an
additional RISE-like term to yield a reinforcement signal, which is used to update the
weights of the action NN. A smooth projection algorithm is used to bound the NN weight

estimates and a Lyapunov stability analysis guarantees closed-loop stability of the system.
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3.8 Summary

An AC-based controller is developed for a class of uncertain nonlinear systems with
additive bounded disturbances. The main contribution of this work is the combination of
the continuous RISE feedback with the AC architecture to guarantee asymptotic tracking
for the nonlinear system. The feedforward action NN approximates the nonlinear system
dynamics and the robust feedback (RISE) rejects the NN functional reconstruction error
and disturbances. In addition, the action NN is trained online using a combination of
tracking error and a reinforcement signal, generated by the critic. Experimental results
and t-test analysis demonstrate faster convergence of the tracking error when a RL term is

included in the NN weight update laws.
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CHAPTER 4
ROBUST IDENTIFICATION-BASED STATE DERIVATIVE ESTIMATION FOR
NONLINEAR SYSTEMS

The requirement of complete model knowledge has impeded the development of
RL-based optimal control solutions for continuous-time uncertain nonlinear systems, which
motivates the development of state derivative estimator in this chapter. Besides providing
a model-free value function approximation in RL-based control, estimation of the state
derivative is useful for many other applications including: disturbance and parameter
estimation [82], fault detection in dynamical systems [83], digital differentiation in signal
processing, acceleration feedback in robot contact transition control [84], DC motor control
[85] and active vibration control [86]. The problem of computing the state derivative
becomes trivial if the state is fully measurable and the system dynamics are exactly
known. The presence of uncertainties (parametric and non-parametric) and exogenous
disturbances, however, make the problem challenging and motivate the state derivative
estimation method for uncertain nonlinear systems developed in this work.

4.1 Robust Identification-Based State Derivative Estimation

Consider a control-affine uncertain nonlinear system

m

= f(z)+ ) gilx)u; +d, (4-1)

i=1
where z(t) € R" is the measurable system state, f(z) € R” and g;(z) € R", i = 1,....m
are unknown functions, u;(t) € R, ¢ = 1,...,m is the control input, and d(¢) € R" is an
exogenous disturbance. The objective is to design an estimator for the state derivative
#(t) using a robust identification-based approach that adaptively identifies the uncertain
dynamics.

Assumption 4.1. The functions f(x) and g;(x), i = 1,...,m are second-order differen-

tiable.
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Assumption 4.2. The system in Eq. /-1 is bounded input bounded state (BIBS) sta-
ble, i.e., ui(t),z(t) € Lo, i = 1,...,m. Also, u;(t) is second order differentiable, and
U;(t),1;(t) € Looi=1,...,m.
Assumption 4.3. The disturbance d(t) is second order differentiable, and d(t),d(t),d(t) €
L.
Assumption 4.4. Given a continuous function F : S — R™, where S is a compact simply
connected set, there exists ideal weights 0, such that the output of the NN, denoted by
F(-, 0), approximates F(-) to an arbitrary accuracy [15].
Remark 4.1. Assumptions 4.1-4.3 indicate that the technique developed in this work is
only applicable for sufficiently smooth systems (i.e. at least second-order differentiable)
that are BIBS stable. The requirement that the disturbance is C? can be restrictive. For
example, random noise does not satisfy this assumption; however, simulations with added
noise show robustness to these disturbances as well. Assumption 4.4 states the universal
approximation property of the NNs which is proved for sigmoidal activation functions
in [15]. Since x(t) is assumed to be bounded (Assumption 4.2), the functions f(x) and
g(x) can be defined on a compact set; hence, the NN universal approzimation property
(Assumption 4.4) holds.

Using Assumption 4.4, the dynamic system in Eq. 4-1 can be represented by

replacing the unknown functions with multi-layer NNs, as

m

i o= Wio(Viz)+epx)+ > [Waho(Vi) + egi(a)] i+ d, (4-2)

i=1

where W; € Risttxn v, e Rlr W, € Rlaitltxn e Rm*Lai § = 1 ... m are the
unknown ideal NN weights, oy £ o(V/z) € RY™ and oy £ o(V,[z) € R are the
NN activation functions, and €;(x) € R" and £4(z) € R™ are the function reconstruction
erTors.

Assumption 4.5. The ideal weights are bounded by known positive constants [18], i.e.

Wille < We Vil < Vi IWeill p < Wy and [Vl < Vg, Vi
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Assumption 4.6. The activation functions os(-) and o4(-), and their derivatives with
respect to their arguments, o';(-), oy,(+), 0’(+), og;(+), are bounded with known bounds (e.g.,
sigmoidal and hyperbolic tangent activation functions).
Assumption 4.7. The function reconstruction errors £¢(-) and £4(+), and their deriva-
tives with respect to their arguments, €%(-), €y,(+), €7(-), €y;(+), are bounded with known
bounds [18].

The following multi-layer dynamic neural network (MLDNN) identifier is proposed to

identify the system in Eq. 4-2 and estimate the state derivative
I= Wf&f + Z Wfi&giui + 1, (4-3)
i=1

where (t) € R" is the identifier state, Wy(t) € REF1 Vi) € R™Er, W(t) €
REst1xn 17 (t) € R™Foi j = 1,...,m are the weight estimates, 6 £ U(VfTi) € R+
Gy 2 o(VED) € Rlotl i = 1,..,m, and p(t) € R" denotes the RISE feedback term
defined as [47, 71]

p = ki(t) — kx(0) + v,

where 7(t) £ z(t) — &(t) € R" is the identification error, and v(¢) € R" is the generalized

solution (in Filippov’s sense [74]) to
v = (ka+7)T+ fisgn(z); v (0)=0,

where k, a, 7, f1 € R are positive constant control gains, and sgn (-) denotes a vector
signum function.

Remark 4.2. The DNN-based system identifiers in literature, [87-91], typically do not
include a feedback term based on the identification error, except in results such as [92-94],
where a high gain proportional feedback term is used to guarantee bounded stability. The
novel use of RISE feedback term, u(t) in Eq. 4-3, ensures asymptotic requlation of the

identification error in the presence of disturbance and NN function approximation errors.
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The identification error dynamics can be written as

T = Wf af — Wf oy + Z [ 092 WTUQZ) +egi(w) | wi +ep(a) +d—p. (44)
=1
A filtered identification error is defined as
rE T+l (4-5)

Taking the time derivative of Eq. 4-5 and using Eq. 4-4 yields

. . m
io= WioVie - Wle, - Wl Ve —wle i+ Z Loy — Wk,

IVl

T 1 y/T, Tt Y/T 4 1T~ YT A
+ [ngagivgixul W ;0 gilli — W 0y V LU — ngagi‘/gixui}

=1

[€gi(x)u; + egi(@);] + £4() + d — kr — & — Bisgn(i) + ai. (4-6)

-

+

=1

The weight update laws for the DNN in Eq. 4-3 are developed based on the subsequent

stability analysis as

W, = proj(wa&}Vf:Ei'T), Vf = proj(vaiti'TWf&}),

Wy = proj(ng,UgZVTzu 21, Vo = proj(Togidus xTWT y) i=1.m, (47)

where proj(-) is a smooth projection operator, and I,y € REFHIXE 1T o e R T 0 €
REsit1xLoitl T o € R™™ are constant positive diagonal adaptation gain matrices. The
space of DNN weight estimates is projected onto a compact convex set, constructed using
known upper bounds of the ideal weights (Assumption 4.5). This ensures that the weight
estimates are always bounded, which is exploited in the subsequent stability analysis.

Any of the several smooth projection algorithms may be used ([72, 73]). Adding and
subtracting %WfT&}Vf T+ %WfT&}Vf T+ [1W£ ;ZVT:wZ 1W£0;ZVT1'U, , and

grouping similar terms, the expression in Eq. 4-6 can be rewritten as

r = N+N31+NBQ—k:r—vi:—ﬁlsgn(:i"), (4-8)
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where the auxiliary signals, N (z, Z, r, Wf, Vf, ng, Vgi, t), Npi(zx,z, Wf, Vf, ng, f/g,-, t), and

NBg(i, z, Wf, Vf, ng, ‘A/gi, t) € R™ in Eq. 4-8 are defined as
v oA i T st s Yor g ors ey ors

2 gt~ gl ) gl gi

m
A « X 1 . . 1 P
T A TAar /T 4 Tart ;T 4 TAr ;T 4
— E {ngagiu,-—l—ngagiV;ﬂxui— W0, Vyidu — W0,V du; |,
i=1

gr- g

NBl =S Z[ngag,umLWTU’V;fzcumtsgz(x)uﬁ—eg,(:ﬂ)uz]+W]%FU}VfT:£
i=1
: Rl LT Lot o YT -
+ép(z) +d— Z §ngagngi Tu; + §ngagngi B A W, 6 gl (4-10)
i=1
_1WTA/‘A/—T- _ 1WTA/VT‘
QW OpVy T Wy oy
N, & i Lt Ui 4 Mt Vi | 4+ L te vt - Lyire v
B2 = o "V giTgiVgi TUi = 5V giOgiV gi Tli o VOVt Wy Oy L
i=1

(4-11)

To facilitate the subsequent stability analysis, an auxiliary term Npo(Z, &, Wf, Vf, ng, Vgi, t) €
R" is defined by replacing z(t) in Npa(-) by @(t), and Npo(&, &, Wy, Vi, Wy, Viir t) 2
N32(~) — Npa(+). The terms Npi(+) and Npa(-) are grouped as Ng = Np; + Npy. Using
Assumptions 4.2, 4.5-4.7, Eq. 4-5 and Eq. 4-7, the following bound can be obtained for
Eq. 4-9

R ECEDIE (412)

where z £ [:ItT T’T}T € R?" and p,(-) € R is a positive, globally invertible, non-decreasing

function. The following bounds can be developed based on Eq. 4-2, Assumptions 4.2-4.3,
4.5-4.7, Eq. 4-7, Eq. 4-10 and Eq. 4-11

INgill < G N2l Gy || W] < G+ CamaClz) D1 (413)

|8 Nea | < G 2 + G Il (4-14)
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where (; € R, i = 1,...,6 are computable positive constants, and py(-) € R is a positive,
globally invertible, non-decreasing function.
To facilitate the subsequent stability analysis, let D C R?"*2 be a domain containing

y(t) = 0, where y(t) € R?? is defined as

y2 [ " VPV (4 15)

where the auxiliary function P(z,t) € R is the generalized solution (in Filippov’s sense) to

the differential equation

P = -IL, =B Z |#:(0)] — 2" (0) Np(0), (4-16)
where the auxiliary function L(z,t) € R is defined as

L 2 1"(Np1 — pisgn(#)) + 2" Nz — Bapa(l12]) 1] 1], (4-17)

where (31, 8> € R are selected according to the following sufficient conditions® :

G3

Bi > max(( + G, G+ a) B2 > (4, (4-18)

to ensure that P(¢t) > 0. The auxiliary function Q(Wf, Vf, Wg,-, f/g,) € Rin Eq. 4-15 is
defined as

1 N m
Q & —a|tr(WIT jWy) +tr(VIT}Vy) + ) (tr(WyT b W) + tr(VE T4 Ve)) |
=1

4 gl wgt gt~ vgi

(4-19)

where tr(-) denotes the trace of a matrix.

! The derivation of the sufficient conditions in Eq. 4-18 is provided in the Appendix.
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Theorem 4.1. The identifier developed in Eq. 4—3 along with its weight update laws in

Eq. 4-7 ensures asymptotic convergence, in the sense that

lim ||Z(t)|| = 0 and lim H:i(t)H =0

t—00 t—00

provided the control gains k and ~ are selected sufficiently large based on the initial

conditions of the states® , and satisfy the following sufficient conditions
G
Y>>, k> Cﬁv (4720)
e

where (5 and (g are introduced in Fq. 4—14, and By and By are selected according to the

sufficient conditions in Eq. 4—18.

Proof. Let V : D — R be a Lipschitz continuous regular positive definite function defined
as
1

1
7= irTT + 57:Z'T57 +P+Q, (4-21)

which satisfies the following inequalities:

Ui(y) < V(y) < Ua(y), (4-22)

where U, (y), Ux(y) € R are continuous positive definite functions defined as U; £
smin(1,) Ilyl? and Us £ max(1,7) ||ly||?, respectively.

Let § = F(y,t) represent the closed-loop differential equations in Eqs. 4-4, 4-7,
4-8, and 4-16, where F'(-) € R?""2 denotes the right-hand side of the the closed-loop
error signals. Since F'(y,t) is discontinuous in the set {(y,)|Z = 0}, the existence and
stability of solutions cannot be studied in the classical sense. Using the differential

inclusion § € F(y,t), where y is absolutely continuous and F'(-) is Lebesgue measurable

and locally bounded, existence and uniqueness of solutions can be established in the

2 See subsequent stability analysis.
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Filippov’s sense (see [74, 76] and Appendix A.2 for further details). Stability of solutions
based on differential inclusion is studied using non-smooth Lyapunov functions, using
the development in [79, 80]. The generalized time derivative of Eq. 4-21 exists almost

everywhere (a.e.), and V(y) €%¢ V(y) where
: 1 1 1 1 T
7 Ty |om 2 Lp-lp Ly 1 N
V= ﬂfK{r:): 2P2P2Q2Q1], (4-23)
£eoV(y)

where OV is the generalized gradient of V' [78], and K] is defined in 3-49. Since V' (y) is a

Lipschitz continuous regular function, Eq. 4-23 can be simplified as [79]

B N | .17
vV = VWK [ﬂ i SPTIP 5Q7Q 1]

L S T BN D
= [rT v&" 2P2 2Q: O]K[fT " SPP SQ7EQ 1)

Using the calculus for K7-| from [80] (Theorem 1, Properties 2,5,7), and substituting the

dynamics from Eq. 4-8 and Eq. 4-16, yields

V. C rT(N + Ngy + Npy — kr — 1 K[sgn(&)] — v&) +v&L (r — o)
—r (N1 — 1K [sgn(&)]) — 2" Nps + Bapa(||2])) ||l 1]
1 ~ LA ~ L
5o [tV T W) + (V] T V)|
1 n ~ LA ~ g A
—5ay” [tr(W;;Fw;ini) +tr(V7 rvgiv;ﬂ)] .
i=1
1 By | . .
_ T~ T T ~T i T A1 (/T A T3/ T 2
= —ayz' T —kr'r+r N+§aa: Wfa}fo+§ax W;ahVia
1 psg, ors Lo pera o1 ST (R
i=1
~ 1 ~ NS A~ 1 > A~ x ~
+Bapa(l12ID) 1121 |Z]] — §atr(WfTJ}VfT:ch) — §atr(VfoxTWfTa}) (4-24)
—lozzm: [tr(WT&' VEiui") 4 tr(VEiws"Wie! )]
2 g’ gi "’ gl 2 gt ? g1~ gi )
i=1

where Eq. 4-7, K[sgn(Z)] = SGN(Z) [80], and the fact that (r’ — r7);SGN(7;) = 0, is

used (the subscript i denotes the i element), such that SGN(%;) = 1 if #; > 0, [—1,1]
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if #; = 0, and —1 if #; < 0. Canceling common terms, substituting for k = k; + k, and
v £ v, 4 79, using Egs. 4-12, 4-14, and completing the squares, the expression in Eq. 4-24

can be upper bounded as

Bzpa(ll21)*

prll=)?
4oy,

2 J—
" 21 (4-25)

Vo< —(am =G EI = (k= G) Il + I=11* +

Provided the sufficient conditions in Eq. 4-20 are satisfied, the expression in Eq. 4-25 can
be rewritten as

p(l=1)* 2
Vo< M2+ z
&l I 2]l

< -Uly) YyeD (4-26)

A

where A = min{ay — G, ki — Go} n = mindks, G2}, p(ll2])* = pr(ll2])* + p2(ll21])?

is a positive, globally invertible, non-decreasing function, and U(y) = ¢||z||*, for some
positive constant ¢, is a continuous, positive semi-definite function defined on the domain
D £ {y(t) e R*||ly|| < p~* (2v/An) } . The size of the domain D can be increased

by increasing the gains k and ~. The result in Eq. 4-26 indicates that V(y) < —U(y)
VV(y) e V(y) Vy € D. The inequalities in Eq. 4-22 and Eq. 4-26 can be used

to show that V(y) € L. in D; hence, z(t),r(t) € L in D. Using Eq. 4-5, standard
linear analysis can be used to show that Z(t) € Lo in D. Since i(t) € Lo from Eq.

4-1 and Assumption 4.2-4.3, z(t) € L in D. From the use of projection in Eq. 4-7,
Wf(t), ng(t) € Lo, i = 1...m. Using the above bounding arguments, it can be shown
from Eq. 4-8 that 7(t) € L in D. Since &(t),r(t) € L, the definition of U(y) can be
used to show that it is uniformly continuous in D. Let & C D denote a set defined as

S 2 {y(t)c D | Us(y(t)) <3 (p7" (2%))2} , where the region of attraction can be made
arbitrarily large to include any initial conditions by increasing the control gain 7 (i.e. a
semi-global type of stability result), and hence ¢||z||*> = 0 as t — oo Vy(0) € S. Using the

definition of z(t), it can be shown that ||z (t)||, H:’i’(t)

Al =0 ast— o0 Vy(0)eS. O
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4.2 Comparison with Related Work

The most common approach to estimate derivatives is by using numerical differentiation
methods. The Euler backward difference approach is one of the simplest and the most
common numerical methods to differentiate a signal; however, this ad hoc approach yields
erroneous results in the presence of sensor noise. The central difference algorithm performs
better than backward difference; however, the central difference algorithm is non-causal
since it requires future state values to estimate the current derivative. Noise attenuation
in numerical differentiators may be achieved by using a low-pass filter, at the cost of
introducing a phase delay in the system. A more analytically rigorous approach is to cast
the problem of state derivative estimation as an observer design problem by augmenting
the state with its derivative, where the state is fully measurable and the state derivative
is not, thereby, reducing the problem to designing an observer for the unmeasurable state
derivative. Previous approaches to solve the problem use pure robust feedback methods
requiring infinite gain or infinite frequency [95-97]. A high gain observer is presented in
[96] to estimate the output derivatives, and asymptotic convergence to the derivative is
achieved as the gain tends to infinity, which is problematic in general and especially in the
presence of noise. In [97], a robust exact differentiator using a 2-sliding mode algorithm is
developed which assumes a known upper bound for a Lipschitz constant of the derivative.

All the above mentioned methods are robust non model-based approaches. In contrast
to purely robust feedback methods, an identification-based robust adaptive approach is
considered in this work. The proposed identifier consists of a dynamic neural network
(DNN) [87, 88, 90, 98] and a RISE (Robust Integral of the Sign of the Error) term [47, 71],
where the DNN adaptively identifies the unknown system dynamics online, while RISE, a
continuous robust feedback term, is used to guarantee asymptotic convergence to the state
derivative in the presence of uncertainties and exogenous disturbances. The DNN with
its recurrent feedback connections has been shown to learn dynamics of high dimensional

uncertain nonlinear systems with arbitrary accuracy [98, 99], motivating their use in the
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proposed identifier. Unlike most previous results on DNN-based system identification
[88-91, 94|, which only guarantee bounded stability of the identification error system in
the presence of DNN approximation errors and exogenous disturbances, the addition of
RISE to the DNN identifier guarantees asymptotic identification.

The RISE structure combines the features of the high gain observer and higher order
sliding mode methods, in the sense that it consists of high gain proportional and integral
state feedback terms (similar to a high gain observer), and the integral of a signum term,
allowing it to implicitly learn and cancel the effects of DNN approximation errors and
exogenous disturbances in the Lyapunov stability analysis, guaranteeing asymptotic
convergence.

4.3 Experiment and Simulation Results

Experiments and simulations on a two-link robot manipulator (Fig. 3-2) are

performed to compare the proposed method with several other derivative estimation

methods. The following robot dynamics are considered:

M(Q)q + Vm(Qu Q)q + Faq + FS(Q) = u(t)v (4727)

where q(t) = [¢1 ¢ and ¢(t) = [¢1 ¢o]" are the angular positions (rad) and angular
velocities (rad/sec) of the two links, respectively, M(q) is the inertia matrix, and V;,(q, ¢)

is the centripetal-Coriolis matrix, defined as

P1+ 2p3ca p2 + p3cy —p3Sada —D352 (G1 + o)

M 2 VoA
P2 + p3co D2 P3S2q1 0

where p; = 3.473 kg - m?, py = 0.196 kg - m?, p3 = 0.242 kg - m?, ¢y = cos(qu), s2 = sin(q),
Fy = diag{5.3, 1.1} Nm - sec and F¢(q) = diag {8.45tanh(q,), 2.35tanh(g2)} Nm are
the models for dynamic and static friction, respectively. The robot model in Eq. 4-27
can be expressed as # = f(z) + g(x)u + d, where the state z(t) € R* is defined as

A

2(t) 2 (g1 @ @ @, d(t) = 0.1sin(10t)[1 1 1 1]7 is an exogenous disturbance, and
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T
f(z) € R and g(x) € R are defined as f(z) £ | ¢7 (M~ (=V,, — Fy)q— F,}"

and g(z) = [0axa M ™'], respectively. The control input is designed as a PD controller

to track the desired trajectory qq(t) = [0.5sin(2t) 0.5cos(2t)]T, as u(t) = —2[q:(t) —
0.5sin(2t)  qo(t) — 0.5c0s(2t)]T — [G1(t) — cos(2t) Ga(t) + sin(2t)]T. The objective

is to design a state derivative estimator z(t) to asymptotically converge to @(t). The
performance of the developed RISE-based DNN identifier in Eqs. 4-3 and 4-7 is compared

with the 2-sliding mode robust exact differentiator [97]

A

T = zs+ )\s |i|sgn(5:), Z:s - O‘ss.gn(:i'% (4728)

and the high gain observer [96]

X « - . Q .
io= a4 7)), = 2(F). (4-29)
€n1 €h2

The motor encoders in Fig. 3-2 provide position measurements for the two links (x;(¢) and
x9(t)) with a resolution of 614400 pulses/revolution, and a standard backwards difference
algorithm is used to numerically determine angular velocities (z3(t) and x4(¢)) from the
encoder readings. The experimental results for the state derivative estimates with the
2-sliding mode, the high gain observer, the proposed method, and the backward difference
algorithm, are shown in Fig. 4-1. Because of unavailability of velocity and acceleration
sensors to verify the state derivative estimates, no performance comparisons could be
made. However, a few observations can be made from Fig. 4-1 — the steady-state estimates
of the state derivative for the 2-sliding mode, the high gain observer, and the proposed
method look similar; however, the transient response of the 2-sliding mode differs from
that of the high gain observer and the proposed method. On the other hand, the state
derivative estimate with backward difference is very noisy and does not resemble the
response of any of the other methods. The experimental results demonstrate that the
performance of the proposed identifier-based state derivative estimator is comparable

to existing methods in literature, and that the estimates from backward difference are
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(a) State Derivative Estimate (2-sliding mode) (b) State Derivative Estimate (High gain observer)
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(c) State Derivative Estimate (Proposed) (d) State Derivative Estimate (Backward Difference)
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Figure 4-1. Comparison of the state derivative estimate (¢) for (a) 2-sliding mode, (b)
high gain observer, (c) proposed method, and (d) backward difference on a
two-link experiment testbed.

prone to error in presence of sensor noise. Simulations are performed to compare,
qualitatively and quantitatively, the performance of the different estimators. The gains
for the identifier in Eqs. 4-3 and 4-7 are selected as k = 20, a = 5, v = 200, 5, = 1.25,
and the DNN adaptation gains are selected as I'y,y = 0.1L11x11, I'yp = Lixa, Tyt =
0.7Tyxa, Twge = 0.4l4a, Tygi = Toge = Luxa, where I,,,,, denotes an identity matrix of
appropriate dimensions. The neural networks for f(x) and g(z) are designed to have 10
and 3 hidden layer neurons, respectively, and the DNN weights are initialized as uniformly
distributed random numbers in the interval [—1,1]. The gains for the 2-sliding mode
differentiator in Eq. 4-28 are selected as Ay = 4.1, a, = 4, while the gains for the high
gain observer in Eq. 4-29 are selected as ap; = 0.2, €1 = 0.01, ape = 0.3, g2 = 0.001.
To ensure a fair comparison, the gains of all the three estimators were tuned for best
performance (least RMS error) for the same settling time of approximately 0.4 seconds
for the state derivative estimation errors. A white Gaussian noise was added to the state
measurements, maintaining a signal to noise ratio of 60 dB. The initial conditions of the

system and the estimators are chosen as z(t) = 2(t) = [1 11 1]7.
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(a) State Estimation Error (2-sliding mode) (b) State Estimation Error (High gain observer)
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(c) State Estimation Error (Proposed)
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Figure 4-2. Comparison of the state estimation errors Z(¢) for (a) 2-sliding mode, (b) high
gain observer, and (c) proposed methods, in the presence of sensor noise (SNR
60 dB).

Table 4-1. Comparison of transient (¢ = 0 — 5 sec.) and steady-state (t =5 — 10 sec.) state
derivative estimation errors Z(t) for different derivative estimation methods in
presence of noise (60 dB).

Backward Central 2-sliding High gain Proposed
difference difference mode observer
Transient 14.4443 7.6307 2.3480 2.1326 1.7808
RMS error
Steady state 14.1461 7.0583 0.1095 0.0414 0.0297
RMS error

Figs. 4-2-4-4 show the simulation results for state estimation and state derivative
estimation errors for the 2-sliding mode robust exact differentiator in [97], the high gain
observer in [96], and the developed RISE-based DNN estimator. While the maximum

overshoot in estimating the state derivative (Fig. 4-3) using 2-sliding mode is smaller,
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(a) State Derivative Estimation Error (2-sliding mode) (b) State Derivative Estimation Error (High gain observer)
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(c) State Derivative Estimation Error (Proposed)
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Figure 4-3. Comparison of the state derivative estimation errors Z(t) for (a) 2-sliding
mode, (b) high gain observer, and (c) proposed methods, in the presence of

sensor noise (SNR 60 dB).

(a) State Derivative Estimation Error at Steady State (2-sliding mode)
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(b) State Derivative Estimation Error at Steady State (High gain observer)
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Figure 4-4. Comparison of the state derivative estimation errors fé(t) at steady state, for
(a) 2-sliding mode, (b) high gain observer, and (c) proposed methods, in the
presence of sensor noise (SNR 60 dB).
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(a) State Derivative Estimation Error with Backward Difference (b) State Derivative Estimation Error with Central Difference
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Figure 4-5. State derivative estimation errors #(t) for numerical differentiation methods
(a) backward difference and (b) central difference with step-size of 107%, in the
presence of sensor noise (SNR 60 dB).

the steady state errors are comparatively larger than both the high gain observer and the
proposed method. Table 4-1 gives a comparison of the transient and steady state RMS
state derivative estimation errors for different estimation methods. Results of standard
numerical differentiation algorithms - backward difference and central difference (with a
step-size of 1071) are also included; as seen from Table 4-1 and Fig. 4-5, they perform
significantly worse than the other methods, in presence of noise. Although, simulation
results for the high gain observer and the developed method are comparable, as seen
from Figs. 4-2-4-4 and Table 4-1, differences exist in the structure of the estimators

and proof of convergence of the estimates. The developed identifier includes the RISE
structure, which combines the features of the high gain observer with the integral of a
signum term, allowing it to implicitly learn and cancel terms in the stability analysis;
thus, guaranteeing asymptotic convergence. While singular perturbation methods can
be used to prove asymptotic convergence of the high gain observer to the derivative of
the output signal (#(¢) in this case) as the gains tend to infinity [100], Lyapunov-based
stability methods are used to prove asymptotic convergence of the proposed identifier
(as t — oo) with finite gains. Further, while both high gain observer and 2-sliding mode

robust exact differentiator are purely robust feedback methods, the developed method,
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in addition to using a robust RISE feedback term, uses a DNN to adaptively identify the
system dynamics.
4.4 Summary
A robust identifier is developed for online estimation of the state derivative of

uncertain nonlinear systems in the presence of exogenous disturbances. The result differs
from existing pure robust methods in that the proposed method combines a DNN system
identifier with a robust RISE feedback to ensure asymptotic convergence to the state
derivative, which is proven using a Lyapunov-based stability analysis. Simulation results
in the presence of noise show an improved transient and steady state performance of the

developed identifier in comparison to several other derivative estimation methods.
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CHAPTER 5
AN ACTOR-CRITIC-IDENTIFIER ARCHITECTURE FOR APPROXIMATE
OPTIMAL CONTROL OF UNCERTAIN NONLINEAR SYSTEMS

RL uses evaluative feedback from the environment to take appropriate actions
[101]. One of the most widely used architectures to implement RL algorithms is the AC
architecture, where an actor performs certain actions by interacting with its environment,
the critic evaluates the actions and gives feedback to the actor, leading to improvement in
performance of subsequent actions [4, 19, 101]. AC algorithms are pervasive in machine
learning and are used to learn the optimal policy online for finite-space discrete-time
Markov decision problems [6, 17, 19, 101, 102]. The objective of this chapter is to append
an identifier structure to the standard AC architecture, called actor-critic-identifier,
which solves the continuous-time optimal control problem for nonlinear systems without
requiring complete knowledge of system dynamics.

5.1 Actor-Critic-Identifier Architecture for HJB Approximation

Consider a continuous-time nonlinear system
o= Fru),

where z(t) € X C R™, u(t) € U C R™ is the control input, F' : X x U —R" is Lipschitz
continuous on X' x U containing the origin, such that the solution x(¢) of the system is
unique for any finite initial condition xy and control u € Y. The optimal value function

can be defined as

Vi) = | min [ el ute(s) ds 5)

where U(X) is a set of admissible policies, and r(z,u) € R is the immediate or local cost,

defined as

r(r,u) = Q(z)+u'Ru, (5-2)

71



where Q(x) € R is continuously differentiable and positive definite, and R € R™*™ is a
positive-definite symmetric matrix. For the local cost in Eq. 5-2, which is convex in the

control, and control-affine dynamics of the form

& = f@)+g(@), (5-3)

where f(x) € R™ and g(z) € R"™, the closed-form expression for optimal control is

derived as [52]

» 1__ av*(x)"
) = i 02

where it is assumed that the value function V*(x) is continuously differentiable and
satisfies V*(0) = 0.

The Hamiltonian of the system in Eq. 5-3 is given by

where V7 £ 22 ¢ R™" denotes the gradient of the optimal value function V*(z),
F,(z,u) £ f(z) + g(r)u € R" denotes the system dynamics with control u(z), and
7. = (7, u) denotes the local cost with control u(x). The optimal value function V*(z) in

Eq. 5-1 and the associated optimal policy u*(z) in Eq. 54 satisfy the HJB equation
H*(z,u*, V) = VIFu+r, =0. (5-5)

Replacing u*(x), V. (x), and F,«(z,u*) in Eq. 5-5 by their approximations, u(z) (actor),

V (x)(critic), and Fy(z, 2, 4) (identifier), respectively, the approximate HIJB equation is

given by

H*(Zlf, A>'&a‘2’0) - :(:Fﬂ‘l’ra, (5*6)

where #(t) denotes the state of the identifier. Using Eqs. 5-5 and 5-6, the error between

the actual and the approximate HJB equation is given by the Bellman residual error
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Figure 5-1. Actor-critic-identifier architecture to approximate the HJB.
Onjo(z, T, 4, f/x), defined as

Ony = H*(z,&,1,V,) — H*(z,u*, V). (5-7)
Since H*(x,u*, V,f) = 0, the Bellman error can be written in a measurable form as

O = H*(x, 8,0, V,) = Vo Fy + r(x, @) (5-8)

The actor and critic learn based on the Bellman error dj,,(+), whereas the identifier
estimates the system dynamics online using the identification error Z(t) = x(t) — @(t),
and hence is decoupled from the design of actor and critic. The block diagram of the ACI
architecture is shown in Fig. 5-1.

The following assumptions are made about the control-affine system in Eq. 5-3.
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Assumption 5.1. The functions f(x) and g(x) are second-order differentiable.
Assumption 5.2. The input gain matriz g(x) is known and bounded i.e. 0 < ||g(z)|| < g,
where g is a known positive constant.

Assuming the optimal control, the optimal value function and the system dynamics
are continuous and defined on compact sets, NNs can be used to approximate them
[15, 103]. Some standard NN assumptions which will be used throughout the work are:
Assumption 5.3. Given a continuous function T : S — R", where S is a compact simply

connected set, there exists ideal weights W, V' such that the function can be represented by

a NN as
Y(z) = Who(VTz) +e(x),

where o(-) is the nonlinear activation function, and e(x) is the function reconstruction
error.
Assumption 5.4. The ideal NN weights are bounded by known positive constants i.e.
W <W, [Vl <V [18].
Assumption 5.5. The NN activation function o(-) and its derivative with respect to its
arguments, o'(-), are bounded.
Assumption 5.6. Using the NN universal approximation property [15, 103], the function
reconstruction errors and its derivative with respect to its arguments are bounded [18] as
le)l <& €GO <€
5.2 Actor-Critic Design
Using Assumption 5.3 and Eq. 54, the optimal value function and the optimal

control can be represented by NNs as

Vi) = Whe(z) + e,(z),

w(e) = 3R @)W ), 5-9)
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where W € RY are unknown ideal NN weights, N is the number of neurons, ¢(z) =
[p1(x) da(). .. dn(2)]T € RY is a smooth NN activation function such that ¢;(0) = 0 and
¢.(0) =0 Vi=1...N, and ¢,(-) € R is the function reconstruction error.

Assumption 5.7. The NN activation functions {¢;(x) : i = 1..N} are selected so that as
N — o0, ¢(x) provides a complete independent basis for V*(x).

Using Assumption 5.7 and the Weierstrass higher-order approximation Theorem, both

V*(z) and axg;m) can be uniformly approximated by NNs in Eq. 5-9, i.e. as N — oo, the

approximation errors e,(z), &, (z)— 0 [41]. The critic V(z) and the actor @(z) approximate

the optimal value function and the optimal control in Eq. 5-9, and are given by
. . 1 .
V(z) = Wlg(x);  afe)= —53‘19T($)¢’T($)Wa, (5-10)

where W,(t) € RN and W,(t) € RN are estimates of the ideal weights of the critic and
actor NNs, respectively. The weight estimation errors for the critic and actor NNs are
defined as W,(t) £ W — W,(t) € RN and W,(t) £ W — W,(t) € RN, respectively.
Remark 5.1. Since the optimal control is determined using the gradient of the optimal
value function in Fq. 5-9, the critic NN in Eq. 5-10 may be used to determine the actor
without using another NN for the actor. However, for ease in deriving weight update laws
and subsequent stability analysis, separate NNs are used for the actor and the critic [14].

The actor and critic NN weights are both updated based on the minimization of the
Bellman error &,55(-) in Eq. 5-8, which can be rewritten by substituting V() from Eq.
5-10 as

oy = Wl +r(x,a), (5-11)

where w(z, 2, 1) £ ¢/(2)Fy(z, 2, 1) € RY is the critic NN regressor vector.
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5.2.1 Least Squares Update for the Critic

Let E.(0p;5) € RT denote the integral squared Bellman error as

t

E, = / 85 5(7) dr. (5-12)

0

The least squares (LS) update law for the critic is generated by minimizing Eq. 5-12 as

t
0F. OO
= 2 / Snin(7) DL (5-13)
oW, OW,(t)
Using % = w” from Eq. 5-11, the batch LS critic weight estimate is determined from

Eq. 5-13 as [104]
W) = - / (P ()T dr / () (r) dr, (5-14)

-1
provided the inverse ( f(f w(T)w(T)T d7‘> exists. For online implementation, a normalized
recursive formulation of the LS algorithm is developed by taking the time derivative Eq.

5-14 and normalizing as [104]

w

W, — —pl—
" 14+ vwITw

Onjb; (5-15)

1
where v, 7. € R are constant positive gains, and I'(t) £ <f0tw(7‘)w(7‘)T dT) € RV*N ig a

symmetric estimation gain matrix generated as

wwt

———— T T(th) =T(0) = pol 516
ol D) = T(0) = ol (5-16)

r = —n.l

where ¢ is the resetting time at which A\, {I'(£)} <¢1, o > ¢1 > 0. The covariance
resetting ensures that I'(¢) is positive-definite for all time and prevents its value from
becoming arbitrarily small in some directions, thus avoiding slow adaptation in some

directions (also called the covariance wind-up problem) [104]. From Eq. 5-16, it is clear
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that I' < 0, which means that the covariance matrix I'(£) can be bounded as
el < T(1) < pol. (5-17)

5.2.2 Gradient Update for the Actor

The actor update, like the critic update in Section 5.2.1, is based on the minimization
of the Bellman error &y, (-). However, unlike the critic weights, the actor weights appear
nonlinearly in d,,(+), making it problematic to develop a LS update law. Hence, a
gradient update law is developed for the actor which minimizes the squared Bellman error

E,(t) & 5075, Whose gradient is given by

oE, D ) s T
2= 25, = | W L WG Ohibs 5-18
aWa aWa hjb ( ¢ au aWa (b (b hjb ( )

where Eq. 5-11 is used, and G(z) £ g(x)R'g(x)T € R™" is a symmetric matrix. Using

Eq. 5-18, the gradient-based update law for the actor NN is given by

. T

A . Na1 T /aFﬂ ou Ta1 / T 13

W, = roj { ————— | W/ ——— | i — —————0'G" W,
o \/1+wTw< "0 aw) W Tt 0 Wl

“na(Wa = W0}, (519)

where proj{-} is a projection operator used to bound the weight estimates [72], [73],

1
vV 14+wTw

term in Eq. 5-19 is added for stability (based on the subsequent stability analysis).

Na1,Na2 € R are positive adaptation gains, is the normalization term, and the last
5.3 Identifier Design
The following assumption is made for the identifier design:
Assumption 5.8. The control input is bounded i.e. u(t) € L.
Remark 5.2. Using Assumptions 5.2 and 5.5, and the projection algorithm in Eq. 5-19,

Assumption 5.8 holds for the control design u(t) = u(z) in Eq. 5-10.
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Using Assumption 5.3, the dynamic system in Eq. 5-3, with control 4(x), can be

represented using a multi-layer NN as
i = Fy(z,0) =W/o(Vix)+ep(x) + g(x)i, (5-20)

where W, € RMH1" V; € R™** are the unknown ideal NN weights, oy = o(V/z) €
REs+1 is the NN activation function, and e7(x) € R™ is the function reconstruction
error. The following multi-layer dynamic neural network (MLDNN) identifier is used to

approximate the system in Eq. 5-20
& o= Fa(e,@,0) = Wia;+g(x)a+ p, (5-21)

where #(t) € R" is the DNN state, 67 = O’(VfTi’) e RUHL TWi(t) € REH1m and
Vi(t) € R™r are weight estimates, and u(t) € R” denotes the RISE feedback term

defined as [47, 71]

where 7(t) 2 z(t) — &(t) € R" is the identification error, and v(t) € R" is the generalized

solution (in Filippov’s sense [105]) to
v = (ka+7)T+ fisgn(Z); v (0)=0,

where k, «, 7, 1 € R are positive constant control gains, and sgn (-) denotes a vector

signum function. The identification error dynamics can be written as
i = Ey(z,%u)= Wfaf — WfT&f +ep(x) — 11, (5-22)
where Fy(z,#,0) £ Fy(x,4) — Fy(z,#,4) € R". A filtered identification error is defined as

r 2 I+ ai. (5-23)
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Taking the time derivative of Eq. 5-23 and using Eq. 522 yields

io= WioWle —W/e, —Wie\Vie —Wie\Via+épa) —kr—yz  (5-24)

—Bysgn(z) + o

Based on Eq. 524 and the subsequent stability analysis, the weight update laws for the
DNN are designed as

W, = proj(wa&}VfT:fi'T),

Vi = proj(T,z2i" Wie)), (5-25)

where proj(-) is a smooth projection operator [72], [73], and T,y € REsHIxEsH1 T o R0
are positive constant adaptation gain matrices. The expression in Eq. 524 can be

rewritten as

7 = N+ Npy + Npy — kr — YT — Prsgn(), (5-26)

A

where the auxiliary signals, N (z, Z, r, Wf, Vf,t), Npi(z, 2, Wf, Vf,t), and NBg(i,f, Wy, Vf,t) €

R™ are defined as

- . i “ X 1 PP 1 . .
.y z T A T A S T A < T A <
N £ oz —-Wioy—W;oiViz+ §Wf oy ViT+ §Wf oV x, (5-27)
1 - 1.
Npw = WiopVis — SWiehVie — Wi o3V +é(), (5-28)
N 1 ~ e 1 .
Npo & SWieiVie+ SWie,Vie, (5-29)

where Wy £ Wy — Wi(t) € REH" and V; 2 Vy — Vi(t) € R, To facilitate the
subsequent stability analysis, an auxiliary term Npo(Z, &, Wf, Vf, t) € R™ is defined by
replacing (t) in Npy(-) by @(t), and Npy(Z, &, Wy, Vi, t) £ Npa(-) — Npo(-). The terms
Npi(-) and Npy(-) are grouped as Ng 2 Np; + Npg,. Using Assumptions 5.2, 5.4-5.6, and
Eqgs. 5-23, 5-25, 528 and 5-29, the following bounds can be obtained

I e E (5-30)
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INp1l| < G, |[Np2| < ¢,

|%a| < G+ miz 121, (5-31)

|5 Nesl| < Gl + o I, (5-32)

where z £ [z7 rT]T € R?™ pi(+), p2(*) € R are positive, globally invertible, non-decreasing

functions, and (; € R, i = 1,...,6 are computable positive constants. To facilitate the
subsequent stability analysis, let D C R?*"*2 be a domain containing y(¢) = 0, where

y(t) € R?*"*2 is defined as
y 2 [T VP VQ|T (5-33)

where the auxiliary function P(z,t) € R is the generalized solution to the differential

equation

n

P o= L PO)=pY |&(0)-2"(0)Ns(0), (5-34)

i=1

where the auxiliary function L(z,t) € R is defined as
L £ 7" (Np1 = pisgn(#)) + 2" Npz = Bapa(l1]) 1] 1], (5-35)

where (1, 32 € R are chosen according to the following sufficient conditions to ensure
P(z,t) >0 [71]

Bi > max(( +Co, G+ %), B2 > (4. (5-36)
The auxiliary function Q(W;,V;) € R in Eq. 5-33 is defined as

1 s . 5 5
Q 2 Jalr(WIT Wy +ur(VIT,}Vy)],

where tr(-) denotes the trace of a matrix.
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Theorem 5.1. For the system in Eq. 5-3, the identifier developed in Eq. 5-21 along with
the weight update laws in Eq. 5-25 ensures asymptotic identification of the state and its

derivative, in the sense that

lim |#(t)|| = 0  and lim ||2(t)]| = 0,

t—00 t—00

provided the control gains k and ~ are chosen sufficiently large based on the initial

conditions of the states' , and satisfy the following sufficient conditions

v > 8 k> G (5-37)

where (5 and (g are introduced in Eq. 5-32, and 1, B2 introduced in Eq. 5-35, are chosen

according to the sufficient conditions in Fq. 5-36.

Proof. The proof is similar to the proof of Theorem 4.1, the difference being that g(z) is
assumed to be exactly known in this chapter. This simplifies the design of the identifier,

where g(z) is directly used, unlike in Chapter 4 where its NN estimate is used instead. O

Using the developed identifier in Eq. 5-21, the actor weight update law can now be

simplified using Eq. 5-19 as

- . Na o~ T (17 2 2 o
W, = proj {—\/ﬁ¢ G¢ <Wa - Wc> Onjo — Naz(We — Wc)} : (5-38)

5.4 Convergence and Stability Analysis
The unmeasurable form of the Bellman error can be written using Eqs. 5-5-5-8 and

Eq. 5-11, as

-~ ~ ~ T
Snip = Wlw—WI¢F. +a"Ri—u* Ru* — &, Fy.

. .1 -
= —Wlw—-WT¢F, + 1Wg“ dG W, — Zs;Ge;T — &' Fye, (5-39)

1 See subsequent semi-global stability analysis.
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where Eqs. 5-9 and 5-10 are used. The dynamics of the critic weight estimation error

W.(t) can now be developed by substituting Eq. 5-39 in Eq. 5-15, as

Z - w - 1 - T ~ 1 T
We= =0l We+ nl ————— |-W ¢ Fy + W] §'Go W, — —e,Ge,, — e, Fye
1, . r
- G e /Fu*
48'[) EU 8'[) ?
(5-40)
where 9 (t) = w(t) € RY is the normalized critic regressor vector, bounded as
V1+vw®)TT ()w(t)
1
[v] < (5-41)

NI
where ¢ is introduced in Eq. 5-17. The error system in Eq. 5-40 can be represented by

the following perturbed system
Wc = Qnom + A;DGT7 (5742)

where Qmm(Wc, t) & —n LYy TW, € RY, denotes the nominal system, and Aper(t) =
el i |~ WO Fa + W § G W, — je,Gel, — 8;Fu*] € RV denotes the

perturbation. Using Theorem 2.5.1 in [104], the nominal system
We = —n gy W, (5-43)

is globally exponentially stable, if the bounded signal v (¢) is PE, i.e.

to+0
ol > / S dr = I Ve =0,

to
for some positive constants pq, po, 0 € R. Since Qnom(Wc, t) is continuously differentiable
and the Jacobian agﬁ = —n.YpT is bounded for the exponentially stable system in Eq.

5-43, the converse Lyapunov Theorem 4.14 in [106] can be used to show that there exists
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a function V, : RY x [0, co) — R, which satisfies the following inequalities

2

C1 HWC S ‘/C(Wcat) S Co Wc
ov. IV, - <2
—-< < - —
o 8WCQmm(WC,t) < —e )WC (5-44)
H 8[/0 AN 671 Wc )
OW.

for some positive constants c;, co, c3, ¢4 € R. Using Assumptions 5.2, 5.4-5.6 and 5.8, the
projection bounds in Eq. 5-19, the fact that F,,« € L., (since u*(z) is stabilizing), and
provided the conditions of Theorem 1 hold (required to prove that F, e L), the following

bounds can be developed:

| el

S K1, ‘

’§K27

1 ~ - ~
kW%GﬁMfW%Eﬁ%R*S%

1 1 1 -1
H§WT¢’G5;T + 55;&{ + §WT¢’G¢’TWCL + §E;G¢'T < Ky, (5-45)

where k1, ko, k3, k4 € R are computable positive constants.
Theorem 5.2. [f Assumptions 5.1-5.8 hold, the normalized critic regressor ¥ (t) defined
in 5—40 is PE (persistently exciting), and provided Eq. 5-36, Eq. 5-37 and the following

sufficient gain condition is satisfied?

& > K1k, (5746)
Ta1

where M,1, 3, K1, Ko are introduced in Eqs. 5-19, 544, and 545, then the controller in

Eq. 5-10, the actor and critic weight update laws in Eqs. 5—15-5-16 and 5-38, and the

2 Since c3 is a function of the critic adaptation gain 7., 1, is the actor adaptation gain,
and k1, ke are known constants, the sufficient gain condition in Eq. 5-46 can be easily
satisfied.
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identifier in Eq. 5-21 and 5-25, guarantee that the state of the system x(t), and the actor

and critic weight estimation errors W,(t) and We(t) are UUB.

Proof. To investigate the stability of Eq. 5-3 with control @(z), and the perturbed system
in Eq. 542, consider V7, : X x RY x RY x [0,00) — R as the continuously differentiable,

positive-definite Lyapunov function candidate defined as

- 1o s
Vi(z, We, Wo, t) = V*(x) + Vo(W,, t) + §WCLTW,1,

where V*(x) (the optimal value function), is the Lyapunov function for Eq. 5-3, and
VC(WC, t) is the Lyapunov function for the exponentially stable system in Eq. 5-43. Since
V*(x) is continuously differentiable and positive-definite from Eq. 5-1 and 5-2, there exist
class IC functions «; and ay defined on [0, r|, where B, C X ( Lemma 4.3 in [106]), such

that

ar(fJ=l]) < V7(x) < ap(llxl)) Yz e B, (5-47)

Using Eqs. 544 and 5-47, Vi (z, W., W,,t) can be bounded as

2

Y

2 ~

2 1 - -
+—HWa < Vi(a, W, Wi, 1) §a2(||:)3||)+02HWC

2 1 -
: |

_I_ a Wa

() +ex |[ W 2

which can be written as

as([l2l) < Vile, We, Wo,t) < au(llZ])) V2 € B,

where 2(t) 2 [z(t)T W.(6)T W,(t)T]" € R™?N | a3 and a4 are class K functions defined on

[0, s], where By C X x RY x RY . Taking the time derivative of V() yields

. ov:  ov* ov, oV, oV, N
VvV, = { ¢ L om + —— Ay — WIW,, 5-48
v ar 1ttt 8t+awc +awc P a (5-48)

where the time derivative of V*(-) is taken along the the trajectories of the system Eq. 5-3
with control @(-) and the time derivative of V,(-) is taken along the along the trajectories

of the perturbed system Eq. 5-42. To facilitate the subsequent analysis, the HJB in Eq.
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5-5 is rewritten as %f = —aa%gu* —Q(x) — u*" Ru*. Substituting for %f in Eq. 548,
using the fact that % g = —2u* R from Eq. 5-4, and using Eqgs. 5-19 and 5-44, Eq.

5-48) can be upper bounded as

. ~ 112 ~
V, < —-Q-u"Ru —03HWC +ea Wl 1A o || + 20" R(u — @)

e W (W, — W) + —— TG (W, — W)ons. 5-49
Ma2 ( ) m (b (b( )h]b ( )

Substituting for w*, @, s, and A, using Eqgs. 54, 5-10, 5-39, and 5-42, respectively,
and using Eq. 5-17 and Eq. 541 in Eq. 5-49, yields

. ~ |12 2 1 T 1 T 1 T _~
V, < —Q— ey HW — g + s WIHGE] + seGel + WG W,

.
1
4

+ Ca NP0

2\/Vp1

Na1 5T 1 Ty I 5T T 111~
e WG (W, — W) (W w — WY, +
V14 wlw P9 )< ¢

1 1 ~
—ngGef — egFu) + §€;G¢’TWG + N2

_WT¢,Fﬂ + HWC

- -1
WTe'Ge" W, — Zg;Gs;T — & F,. (5-50)

1

4W5 &G W,

.

.

Using the bounds developed in Eqs. 5-45, 5-50 can be further upper bounded as

2
— Na2

) 2
Vi < —Q — (3 — Na1k1k2) HWC + Na1 K3 Kok + Ky

.

CaNe ~
( 20 1o+ a1 Kikiy + T 2K + nazf-ﬂl) HWC

2\/Vp1
Provided c3 > 1,1k1k2, and completing the square yields

2

) 2
Vi < —Q —(1—0)(cs — Nark1k2) HWC — Na2 + 77(11'%%'%2/{3 + Ky

W,

_|_

1 {cwcwo
49(03 — T]allillig) 2«/V§01

where 0 < 6 < 1. Since Q(z) is positive definite, Lemma 4.3 in [106] indicates that there

2
K3 + Na1K1Ka2k3 + Ua1f€%f<62 + ﬁa2f11] (5-51)

exist class K functions a5 and ag such that

2

Q+ (1 —0)(c3 — Nar1k1kK2) HWC

< ag(||Z]]) Yv € Bs. (5-52)

2
as (| 2[]) + Na2

IN

W,
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Using Eq. 5-52, the expression in Eq. 5-51 can be further upper bounded as

vV, < —as(||2]]) + Nark3koks + Ky

1 |:C4770900
49(03 — T]allillig) 2«/V§01

which proves that V(-) is negative whenever Z(t) lies outside the compact set Q; £

_|_

2
2
K3 + Na1K1Kak3 + Na1 K K2 + 7]a2’i1:| 3

{5 IE < agt (49(53_771111“@) [;%H?, + Na1K1kaks + Na1KTR2 + Tazk1 + Ta1 K] Kok + fi4] 2) }7
and hence, [|Z(t)|| is UUB (Theorem 4.18 in [106]). The bounds in Eq. 5-45 depend on

the actor NN approximation error €/, which can be reduced by increasing the number

of neurons N, thereby reducing the size of the residual set ;. From Assumption 5.7,

as the number of neurons of the actor and critic NNs N — oo, the reconstruction error

e, — 0. 0

Remark 5.3. Since the actor, critic and identifier are continuously updated, the developed
RL algorithm can be compared to fully optimistic PI in machine learning literature [107],
where policy evaluation and policy improvement are done after every state transition,
unlike traditional PI, where policy improvement is done after convergence of the policy
evaluation step. Proving convergence of optimistic PI is complicated and is an active area
of research in machine learning [107, 108]. By considering an adaptive control framework,
this result investigates the convergence and stability behavior of fully optimistic PI in
continuous-time.
Remark 5.4. The PE condition in Theorem 2 is equivalent to the exploration paradigm
in RL which ensures sufficient sampling of the state space and convergence to the optimal
policy [101].
5.5 Comparison with Related Work

Similar to RL, optimal control involves selection of an optimal policy based on some
long-term performance criteria. DP provides a means to solve optimal control problems
[52]; however, DP is implemented backward in time, making it offline and computationally

expensive for complex systems. Owing to the similarities between optimal control and
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RL [3], Werbos [17] introduced RL-based AC methods for optimal control, called ADP.
ADP uses NNs to approximately solve DP forward-in-time, thus avoiding the curse of
dimensionality. A detailed discussion of ADP-based designs is found in [6, 24, 107]. The
success of ADP prompted a major research effort towards designing ADP-based optimal
feedback controllers. The discrete/iterative nature of the ADP formulation lends itself
naturally to the design of discrete-time optimal controllers [7, 10, 67-70, 109].

Extensions of ADP-based controllers to continuous-time systems entails challenges
in proving stability, convergence, and ensuring the algorithm is online and model-free.
Early solutions to the problem consisted of using a discrete-time formulation of time and
state, and then applying an RL algorithm on the discretized system. Discretizing the state
space for high dimensional systems requires a large memory space and a computationally
prohibitive learning process. Baird [38] proposed Advantage Updating, an extension of
the Q-learning algorithm which could be implemented in continuous-time and provided
faster convergence. Doya [39] used a HJB framework to derive algorithms for value
function approximation and policy improvement, based on a continuous-time version of
the temporal difference error. Murray et al. [8] also used the HJB framework to develop
a stepwise stable iterative ADP algorithm for continuous-time input-affine systems with
an input quadratic performance measure. In Beard et al. [40], Galerkin’s spectral method
is used to approximate the solution to the GHJB, using which a stabilizing feedback
controller was computed offline. Similar to [40], Abu-Khalaf and Lewis [41] proposed a
least-squares successive approximation solution to the GHJB, where an NN is trained
offline to learn the GHJB solution. Recent results by [13, 42] have made new inroads by
addressing the problem for partially unknown nonlinear systems. However, the inherently
iterative nature of the ADP algorithm has prevented the development of rigorous stability
proofs of closed-loop controllers for continuous-time uncertain nonlinear systems.

All the aforementioned approaches for continuous-time nonlinear systems are offline

and /or require complete knowledge of system dynamics. One of the contributions in
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[13] is that only partial knowledge of the system dynamics is required, and a hybrid
continuous-time/discrete-time sampled data controller is developed based on PI, where
the feedback control operation of the actor occurs at faster time scale than the learning
process of the critic. Vamvoudakis and Lewis [14] extended the idea by designing a
model-based online algorithm called synchronous PI which involved synchronous,
continuous-time adaptation of both actor and critic neural networks. Inspired by the
work in [14], a novel actor-critic-identifier architecture is proposed in this work to
approximately solve the continuous-time infinite horizon optimal control problem for
uncertain nonlinear systems; however, unlike [14], the developed method does not require
knowledge of the system drift dynamics. The actor and critic NNs approximate the
optimal control and the optimal value function, respectively, whereas the identifier

DNN estimates the system dynamics online. The integral RL technique in [13] leads

to a hybrid continuous-time/discrete-time controller with two time-scale actor and

critic learning process, whereas the approach in [14], although continuous-time, requires
complete knowledge of system dynamics. A contribution of this work is the use of a
novel actor-critic-identifier architecture, which obviates the need to know the system drift
dynamics, and where the learning of the actor, critic and identifier is continuous and
simultaneous. Moreover, the actor-critic-identifier method utilizes an identification-based
online learning scheme, and hence is the first ever indirect adaptive control approach

to RL. The idea is similar to the Heuristic Dynamic Programming (HDP) algorithm

[5], where Werbos suggested the use of a model network along with the actor and critic
networks.

In the developed method, the actor and critic NNs use gradient and least squares-based
update laws, respectively, to minimize the Bellman error, which is the difference between
the exact and the approximate HJB equation. The identifier DNN is a combination of
a Hopfield-type [110] component, in parallel configuration with the system [111], and a

novel RISE (Robust Integral of Sign of the Error) component. The Hopfield component of
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the DNN learns the system dynamics based on online gradient-based weight tuning laws,
while the RISE term robustly accounts for the function reconstruction errors, guaranteeing
asymptotic estimation of the state and the state derivative. The online estimation of
the state derivative allows the actor-critic-identifier architecture to be implemented
without knowledge of system drift dynamics; however, knowledge of the input gain matrix
is required to implement the control policy. While the design of the actor and critic
are coupled through the HJB equation, the design of the identifier is decoupled from
actor-critic, and can be considered as a modular component in the actor-critic-identifier
architecture. Convergence of the actor-critic-identifier-based algorithm and stability of the
closed-loop system are analyzed using Lyapunov-based adaptive control methods, and a
persistence of excitation (PE) condition is used to guarantee exponential convergence to
a bounded region in the neighborhood of the optimal control and UUB stability of the
closed-loop system. The PE condition is equivalent to the exploration paradigm in RL
[101] and ensures adequate sampling of the system’s dynamics, required for convergence to
the optimal policy.

5.6 Simulation
5.6.1 Nonlinear System Example

The following nonlinear system is considered [14]

—X1 + ) 0
i o= + w,  (5-53)
—0.521 — 0.525(1 — (cos(2z;) + 2)?) cos(2x1) + 2

where (t) £ [x1(t) x5(t)]" € R? and u(t) € R. The state and control penalties are chosen

as
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Figure 5-2. System states x(t) with persistently excited input for the first 3 seconds.

The optimal value function and optimal control for the system in Eq. 5-53 are known, and

given by [14]

1
V¥z) = =t +a3;

5 u*(z) = —(cos(2x1) + 2)xs.

The activation function for the critic NN is selected with N = 3 neurons as

o) = [27 ma @],

while the activation function for the identifier DNN is selected as a symmetric sigmoid
with Ly = 5 neurons in the hidden layer. The identifier gains are selected as

va - 0.11[2><2,

k= 800, a=300, v=5 /p =02 TIyur=01lxs,
and the gains for the actor-critic learning laws are selected as

Na1 = 10, 17 =050, n.=20, v =0.005.
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State Derivative Estimation
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Figure 5-3. Error in estimating the state derivative 5:(75) by the identifier.
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Figure 5-4. Convergence of critic weights W,(t).
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Figure 5-5. Convergence of actor weights W, (t).

Optimal Value Function Approximation Error

Figure 5-6. Error in approximating the optimal value function by the critic at steady
state.
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Optimal Control Approximation Error
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Figure 5-7. Error in approximating the optimal control by the actor at steady state.
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Figure 5-8. Errors in approximating the (a) optimal value function, and (b) optimal
control, as a function of time.
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The covariance matrix is initialized to I'(0) = 5000, all the NN weights are randomly
initialized in [—1, 1], and the states are initialized to z(0) = [3, —1]. An implementation
issue in using the developed algorithm is to ensure PE of the critic regressor vector.

Unlike linear systems, where PE of the regressor translates to sufficient richness of the
external input, no verifiable method exists to ensure PE in nonlinear regulation problems.
To ensure PE qualitatively, a small exploratory signal consisting of sinusoids of varying
frequencies, n(t) = sin?(t)cos(t)+sin?(2t)cos(0.1t) + sin*(—1.2t)cos(0.5t) + sin®(t), is added
to the control u(t) for the first 3 seconds [14]. The evolution of states is shown in Fig. 5-2.
The identifier approximates the system dynamics, and the state derivative estimation error
is shown in Fig. 5-3. Persistence of excitation ensures that the weights converge converge
to their optimal values of W = [0.5 0 1]7 in approximately 2 seconds, as seen from the
evolution of actor and critic weights in Figs. 5-4 and 5-5. The errors in approximating

the optimal value function and optimal control at steady state (¢ = 10 sec.) are plotted
against the states in Figs. 5-6 and 5-7, respectively. Fig. 5-8 shows the error between the
optimal value function and approximate optimal value function, and the optimal control
and approximate optimal control, as a function of time along the trajectory z(t).

5.6.2 LQR Example

The following linear system is considered [14]

—1.01887 0.90506 —0.00215 0
T = 0.82225 —1.07741 —0.17555 | + | 0 |u.
0 0 1 1
~ ~~ ARV
A B

with the following state and the control penalties

100
Qx) = 2710 1 0|2, R=1

0 01

94



System States

15

0 5 10 15 20 25 30 35 40 45 50
Time (s)

Figure 5-9. System states x(t) with persistently excited input for the first 25 seconds.

The following solution to the ARE can be obtained

1.4245  1.1682 —0.1352
P = 1.1682  1.4349 —0.1501
—0.1352 —0.1501 2.4329

The optimal value function is given by V*(z) = 27 Px, and the optimal control is given by

u* = —R'BTPr=—| _01352 —0.1501 2.4329 | .

Na1 = 57 Na2 = 507 Ne = 20, v = 0.001.

The above LQR design assumes complete knowledge of system dynamics (i.e. A
and B), and the ARE is solved offline to obtain P. The proposed actor-critic-identifier
architecture is used to solve the LQR problem online without requiring knowledge of the

system drift dynamics (i.e. A). The basis for the critic NN is selected by exploiting the
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Figure 5-12. Errors in approximating the (a) optimal value function, and (b) optimal
control, as a function of time.

structure of the value function as

T
P(x) = [x% T1Ty T1T3 T2 ToT3 x%] ;
and the optimal weights are given by

T
W = {1.4245 2.3364 —0.2704 1.4349 —-0.3002 2.4329] .

The same identifier as in the nonlinear example in Section 5.6.1 is used, and the gains for
the actor and critic learning laws are selected as The covariance matrix is initialized to
['(0) = 50000, all the NN weights are randomly initialized in [—1, 1], and the states are
initialized to z(0) = [ 15 —13 —12 } . To ensure PE, an exploratory signal consisting
of sinusoids of varying frequencies, n(t) = 10(sin(27t) + sin(et) + cos(5t)° + sin(10t) +
cos(3t) + sin(2t)%cos(0.1t) + sin(0.57t) + cos(10t) + sin(20t)), is added to the control
u(t) for the first 25 seconds. The evolution of states is shown in Fig. 5-9, and Figs. 5-10
and 5-11 show the convergence of critic and actor weights, respectively. Fig. 5-12 shows
the error between the optimal value function and approximate optimal value function,
and the optimal control and approximate optimal control, as a function of time along the

trajectory x(t).
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5.7 Summary

An actor-critic-identifier architecture is proposed to learn the approximate solution
to the HJB equation for infinite-horizon optimal control of uncertain nonlinear systems.
The online method is the first ever indirect adaptive control approach to continuous-time
RL. The learning by the actor, critic and identifier is continuous and simultaneous, and
the novel addition of the identifier to the traditional AC architecture eliminates the need
to know the system drift dynamics. The actor and critic minimize the Bellman error using
gradient and least-squares update laws, respectively, and provide online approximations to
the optimal control and the optimal value function, respectively. The identifier estimates
the system dynamics online and asymptotically converges to the system state and its
derivative. A PE condition is required to ensure exponential convergence to a bounded
region in the neighborhood of the optimal control and UUB stability of the closed-loop
system. Simulation results demonstrate the performance of the actor-critic-identifier-based

method.
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CHAPTER 6
CONCLUSION AND FUTURE WORK

This chapter concludes the dissertation by discussing the key ideas developed in
each chapter. Limitations and implementation issues of the work are discussed and
recommendations are made regarding possible future research directions.

6.1 Dissertation Summary

This work focusses on replicating the success of RL methods in machine learning to
control continuous-time nonlinear systems. While in Chapter 3, the RL approach is used
to develop robust adaptive controllers which guarantee asymptotic tracking, RL methods
are used in Chapter 5 to develop online adaptive optimal controllers. The improvement in
performance of the closed-loop system demonstrated through simulations and experiments
shows the potential of online data-driven RL methods, where the controller is able to learn
the optimal policy by interacting with the environment. The RL approach for optimal
control is cast as a parameter estimation and identification problem, and is considered in
an adaptive control framework. The adaptive control framework allows rigorous analysis of
stability and convergence of the algorithm. For the RL-based optimal control in Chapter
5, a persistence of excitation condition is found to be crucial in ensuring exponential
convergence of the parameters to a bounded region in the neighborhood of the optimal
control and yields UUB stability of the closed-loop system.

The focus of Chapter 3 is to develop a non-dynamic programming based adaptive
critic controller for a class of continuous-time uncertain nonlinear systems with additive
bounded disturbances. This work overcomes the limitation of previous work where
adaptive critic controllers are either discrete-time and/or yield a uniformly ultimately
bounded stability result due to the presence of disturbances and unknown approximation
errors. The asymptotic tracking result is made possible by combining a continuous RISE
feedback with both the actor and the critic NN structures. The feedforward actor NN

approximates the nonlinear system dynamics while the robust feedback (RISE) rejects
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the NN functional reconstruction error and disturbances. In addition, the actor NN is
trained online using a combination of tracking error, and a reinforcement signal, generated
by the critic. Experimental results and t-test analysis demonstrate faster convergence

of the tracking error when a reinforcement learning term is included in the NN weight
update laws. Although the proposed method guarantees asymptotic tracking, a limitation
of the controller is that it does not ensure optimality, which is a common feature (at least
approximate optimal control) of DP-based RL controllers.

The development of the state derivative estimator in Chapter 4 is motivated by
the need to develop model-free RL-based solutions to the optimal control problem for
nonlinear systems. In contrast to purely robust feedback methods in literature, an
identification-based robust adaptive approach is developed. The result differs from existing
pure robust methods in that the proposed method combines a DNN system identifier with
a robust RISE feedback to ensure asymptotic convergence to the state derivative, which
is proven using a Lyapunov-based stability analysis. Simulation results in the presence
of noise show an improved transient and steady state performance of the developed state
derivative identifier in comparison to several other derivative estimation methods. Initially
developed for model-free RL-based control, the developed estimator can be used in a wide
range of applications, e.g., parameter estimation, fault detection, acceleration feedback,
output feedback control, etc.

Due to the difficulty in solving the HJB for optimal control of continuous-time
systems, few results exist which solve/circumvent the problem in an online model-free way.
The state derivative estimator developed in Chapter 4 paved the way for the development
of a novel actor-critic-identifier architecture in Chapter 5 which learns the approximate
optimal solution for infinite-horizon optimal control of uncertain nonlinear systems. The
method is online, partially model-free, and is the first ever indirect adaptive control
approach to continuous-time RL. The actor and critic minimize the Bellman error using

gradient and least-squares update laws, respectively, and provide online approximations to

100



the optimal control and the optimal value function, respectively. The identifier estimates
the system dynamics online and asymptotically converges to the system state and its
derivative. Another contribution of the result is that the learning by the actor, critic and
identifier is continuous and simultaneous, and the novel addition of the identifier to the
traditional actor-critic architecture eliminates the need to know the system drift dynamics.
A limitation of the method, however, is the requirement of the knowledge of the input gain
matrix.
6.2 Future Work

This work illustrates that RL methods can be successfully applied to feedback control.
While the methods developed are fairly general and applicable to a wide range of systems,
research in this area is still at a nascent stage and several interesting open problems exist.
This section discusses the open theoretical problems, implementation issues, and future
research directions.
6.2.1 Model-Free RL

RL methods based on TD learning typically do not need a model to learn the
optimal policy; they either learn the model online (indirect adaptive approach) or directly
learn the parameters of the optimal control (direct adaptive approach). The controller
developed in Chapter 5 is based on an indirect adaptive approach, where an identifier is
used to approximate the system dynamics online resulting in a model-free formulation
of the Bellman error which is used to approximate the value function. Although the
approximation of the value function is model-free, the greedy policy used to compute
the optimal policy requires knowledge of the input gain matrix. Hence, the developed
approach is only partially model-free. A possible approach for completely model-free RL
for continuous-time nonlinear systems is to use Q-learning methods [20], a direct adaptive
model-free approach to learn optimal policies in MDPs. However, Q-learning-based control
design still remains an open problem for continuous-time nonlinear systems. A recent

result in [112] points to a possible approach to solve the problem.
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6.2.2 Relaxing the Persistence of Excitation Condition

The critic regressor in Chapter 5 is required to satisfy the PE condition for
convergence to a neighborhood of the optimal control. As observed in Chapter 5, the
PE condition in adaptive control is equivalent to the exploration paradigm, which lies at
the heart of RL. Exploration is essential to explore the state space and converge to the
global optimal solution. For linear systems, the PE condition translates to the sufficient
richness of the external input. However, PE is hard to verify in general for nonlinear
systems. Future efforts can focus on relaxing the PE assumption by replacing it with a
milder condition on the regressor vector. A recent result in [113] attempts to relax the PE
assumption by exploiting prior information about the system but that may go against the
spirit of RL which relies on online learning.
6.2.3 Asymptotic RL-Based Optimal Control

Although asymptotic tracking is guaranteed in Chapter 3, the controller is not
optimal. In Chapter 5, where an optimal controller is developed, a UUB stability result
is achieved. An open problem in RL-based optimal control is asymptotic stability of
the closed-loop system in presence of NN approximation errors. One way is to account
for approximation errors by combining the optimal control with a robust feedback, e.g.,
sliding mode or RISE. Although asymptotic stability can be proved by the addition of
these robust methods, optimality of the overall controller may be compromised in doing
so. Hence, it is not straightforward to extend the robust feedback control tools to optimal
control in presence of NN approximation errors.
6.2.4 Better Function Approximation Methods

Generalization and the use of appropriate function approximators for value function
approximation is one of the most important issues facing RL, preventing its use in
large-scale systems. Function approximation was introduced in RL to alleviate the curse
of dimensionality when solving sequential decision problems with large or continuous state

spaces [35]. Most RL algorithms for continuous-time control involve parameterization
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of the value function and the control. These parameterizations involve selecting an
appropriate basis function for the value and the control, a task which can be very hard
without any prior knowledge about the system. Linear function approximators, though
convenient to use from analysis point of view, have limited approximation capability.
Nonlinear approximators like multilayer NNs have better approximation capability but
are not amenable for analysis and proving convergence. A challenge for the computational
intelligence community is to develop simple yet powerful approximators which are also
amenable to mathematical analysis.
6.2.5 Robustness to Disturbances

In practical systems, disturbances are inevitable, e.g., wind gust pushing against
an aircraft, contaminant in a chemical process, sudden political upheaval affecting
the stock market, etc. The system considered in Chapter 5 is not subjected to any
external disturbances, and hence, robustness to external disturbances is not guaranteed.
Optimal control of systems subjected to disturbances can be considered in the framework
of minimax differential games [114], where the control and disturbance are treated
as players with conflicting interests — one minimizes the objective function whereas
the other maximizes it, and both reach an optimal compromise (if it exists) which is
called the saddle point solution. Recent results in [115, 116] have made inroads into the
continuous-time differential game problem. The ACI method developed in Chapter 5 can
be extended to solve the differential game problem in an online, partially model-free way.
6.2.6 Output Feedback RL Control

The methods developed in this work assume full state feedback, however, there may
be situations where all the states are not available for measurement. In RL jargon, such
situations are referred as Partially Observable Markov Decision Processes (POMDPs)
[117]. From a controls perspective, in absence of full-state feedback, the problem can be
dealt by developing observers and output feedback controllers. An open problem is to

extend these methods to RL-based control. A challenge in extending the observer-based
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techniques for output feedback RL is that observers typically need a model of the system
while RL methods are ideally model-free. A possible alternative is to use non-model based
observers, like high gain or sliding mode. The state derivative estimator developed in
Chapter 4 can also be extended to the output feedback case.
6.2.7 Extending RL beyond the Infinite-Horizon Regulator

The methods developed in this work are applicable only for infinite-horizon
regulation of continuous-time systems. Also, the system considered in 5 is restricted
to be autonomous. ADP for time-varying systems and tracking are interesting open
problems. Other extensions where future research efforts can be directed are: minimum

time, finite-time, and constrained optimal control problems.
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APPENDIX A
ASYMPTOTIC TRACKING BY A REINFORCEMENT LEARNING-BASED
ADAPTIVE CRITIC CONTROLLER

A.1 Derivation of Sufficient Conditions in Eq. 3—42

Integrating Eq. 3-46, the following expression is obtained

/ L(r)dr = / {T’T(Nd + Np1 — Bisgn(e,)) + é;fNBg — [ ||en||2 — By |R|2} dr.
0 0

Using Eq. 34, integrating the first integral by parts, and integrating the second integral

yields

m

[ wnar = v - @N - [ e (St M)+ 503 0] D et

t t
+ / el (Ny+ Nps — Brsgn(en))dr — / (Bs lenll® + B |RIP)dr
0 0

Using the fact that ||e,|| < > |en|, and using the bounds in Eqgs. 3-32 and 3-33, yields
i=1

/L Jir < ﬁlzm ) = e ()N (0) = (B — ¢ — G2 — Ga) lleal

—/0 (== %) el ar - (5= %) 1mPar

+/ onlleall G+ G+ 2 4 & gyar
0
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If the sufficient conditions in Eq. 3-42 are satisfied, then the following inequality holds
t
/ L(r)dr < B Z leni(0)] — €,(0)" N(0).
0

/tL(T)dT < P(0). (A-1)

Using Eqgs. A-1 and 3-45, it can be shown that P(z, R,t) > 0.
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A.2 Differential Inclusions and Generalized Solutions

Consider a system

T = f(l’, t)> (A72)

where z € R™ and f : R"™ x R — R". If the function f is Lipschitz continuous in x
and piecewise continuous in t, existence and uniqueness of solutions can be studied and
proved in the classical sense (Cauchy-Peano theorem). However, many practical systems
with discontinuous right hand sides exist, e.g., Coulomb friction, sliding mode, contact
transition etc. For such systems, there may be no solutions in the usual sense, and the
notion of solutions has to be generalized to ensure its existence. One of the ways! is to
study the generalized solutions in Filippov’s sense using the following differential inclusion

t e K[f|(x,1), (A-3)
where f is Lebesgue measurable and locally bounded, and K] is defined as

K[f)(x,t) £ () () @f(B(x,6) — M, 1),

§>0 uM=0
where [ denotes the intersection of all sets M of Lebesgue measure zero, ¢o denotes
convexuévllgsoure. In words, K| is the convex closure of the set of all possible limit
values of f in small neighborhoods of a given point x. If x is absolutely continuous
(i.e. differentiable a.e.) and satisfies Eq. A-3, then it is called a generalized solution (in
Filippov’s sense) of the differential equation Eq. A-2.

The differential equations of the closed-loop system, Eqs. 3-3, 3—4, 3-20, 3-23, 3-36,

3-38, and 3-45, have discontinuous right hand sides. Specifically, they are continuous
except in the set {(y,t)|Z = 0}, which has a Lebesgue measure of 0. Hence, the Filippov’s

differential inclusion framework is used to ensure existence and unqueness of solutions

LIf the function f is discontinuous in ¢ and continuous in x, the solution to Eq. A2
can be studied in the sense of Caratheodory.
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(a.e.) for §y = F(y,t), where F' denotes the right hand sides of the differential equations of
the closed-loop system. The function F'is Lebesgue measurable and locally bounded, and
is continuous except in the set {(y,t)|Z = 0}. Stability of solutions based on differential
inclusion is studied using non-smooth Lyapunov functions, using the development in

[79, 80]. The generalized time derivative of Eq. 3-47 exists almost everywhere (a.e.), and

V(y) € V(y) where

V= (1 €KIF](y.1). (A-4)
£eoV (y)

where OV is the generalized gradient of V' [78]. Since the Lyapunov function in Eq. 3-47 is
a Lipschitz continuous regular function, the generalized time derivative in Eq. A—4 can be

computed as
V o= VVTK[F](y1).

The following relations from [80] are then used to arrive at equation Eq. 3-50:
1. If f and g are locally bounded functions, K[f + g](x) C K[f](z) + K|g](z).
2.Ifg: R™ — R is C% and f : R™ — R" is locally bounded, K[gf](x) =
g9(x)K[f](x).
3. If f: R™— R™ is continuous, K[f](z) = {f(x)}.
4. Klsgn(z)] = SGN(x), where SGN(-) refers to the set-valued sgn(-) function.
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APPENDIX B
ROBUST IDENTIFICATION-BASED STATE DERIVATIVE ESTIMATION FOR
NONLINEAR SYSTEMS

B.1 Proof of Inequalities in Eqs. 4-12-4-14

Some preliminary inequalities are proved which will facilitate the proof of inequalities
in Eqs. 4-12-4-14. Using the triangle inequality in Eq. 4-2, the following bound can be
obtained

Il < IWsllllogll + el + D UWaill llogall + llegill] sl + 1]
i=1
S C1, (Bi]‘)

where Assumptions 4.2, 4.3, 4.5-4.7 are used and ¢; € R is a computable constant. Using
triangle inequality in Eq. 4-3, and the fact that 2 = & — r 4+ aZ, the following bound can

be obtained

IN

2] + 7]l + allz]l,

< atoll, (B-2)

where ¢, £ max{1, a} € R. Using Assumptions 4.2, 4.6, projection bounds on the weight
estimates in Eq. 4-7, and the bounds in Eqs. B-1 and B-2, the following bounds can be

developed for the DNN weight update laws in Eq. 4-7

W

| < ezl +enlzlllzl, ||V < es 2l + s hall 141,

A

Wi Vool < collll + o |21 |2l Vi =1..m, (B-3)

< erllall +eslal el |

where ¢;€ R 7 = 3...10 are computable constants. Using Assumptions 4.1-4.3, the derivative

of the dynamics in Eq. 4-2 yields

o= WioWVii+epa+ Y ((Whoh Vi + ehid] wi + [Wiiog + i) ;) + d, (B-4)
1=1
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and using the triangle inequality yields the following bound
el < AWl o IV + el + D (Weill ol 1Vl e+ (legil [ 10 il
i=1

< an, (B-5)

o 1IWaill logill + llegil] il + | d

where Assumptions 4.2, 4.3, 4.5-4.7, and Eq. B-1 is used, and ¢;; € R is a computable

constant.
B.1.1 Proof of Inequality in Eq. 4-12

Using triangle inequality in Eq. 4-9 yields

N - 2 . A . X R 1 . R .
3] < el o+ sl Do 7] et + I ol 11
L A 53 - A . A . X R
3 [ | NV I+ ]| o | N sl = | ]l || Ve 12 0
=1
1 T A 2 1 R ~ B
1 L LA A VAT AT L ] P

Using Eq. 4-5, the fact that ||z, ||r|| <||z||, and the bounds developed in Eqgs. B-1, B-2,

and B-3, the expression in Eq. B-6 can be further upper bounded as

|81 < [Irast 0 | V]| Noel es + e atty + ||| o | el + 1) (es + es 121

W, |Wﬂ@nﬂ

G

ata?+ ol [WF ol |77] + 5o

A

W,

| D2 { ol sl ez + s 1211 + e \mmmwmw&bw

=1
T
3 |2

1.1 ) .
+5 | 22 g W IHIo%] winmq|un
Li=1

< pa(ll=D N1

&l

| lall ([l + 1211) (e + 1o 1211

~/

where pi(-) € R is a positive, globally invertible, non-decreasing function.
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B.1.2 Proof of Inequalities in Eq. 4-13

Using the triangle inequality in Eq. 4-10 yields

INerl < > [IWeaill logill lall + ex [1Woall [Jorl IVl lleall + 12 gall el + Negall N1l
1=1

. . 1 ~ ~

e [Wel 1ol Ve + el + ]| ++5 e w13 || (B-7)
LA BT . 1 . ~ A . .

+Z[§Hng Gl IVl Wl 5 Wl 1l [V | sl + ||| 7 Huin}
=1
1 T ~/

+5en [ ol vz

< (i,

where Assumptions 4.2, 4.3, 4.5-4.7, and projection bounds on the weight estimates in Eq.
4-7 are used, and (; € R is a positive constant computed using the upper bounds of the
terms in Eq. B-7. By replacing 2(t) by #(t) in Eq. 411, the expression for N, (-) can be
obtained as

m

I IV [ (O PPy SPap
Np2 2 Y {ﬁwgga;ivgfxui + §W;;a;iv'g’ffxui] +WropVie + S WyopVie. (B-8)
=1

Using the triangle inequality in Eq. B-8 yields

T s w1 le ST e
INpall < Z[ﬁclHng Gl {| V| sl + S ||| gl || ||u,.||] (B-9)
R T L P TI
g [l a7+ gen W sl 7]
< (o

where Assumptions 4.2, 4.3, 4.5-4.7 and projection bounds on the weight estimates in Eq.
4-7 are used, and (», € R is a positive constant computed using the upper bounds of the
terms in Eq. B-9. Taking the derivative of Ny = Np; + Npo, and using Eqs. 4-11 and B-8

yields N(+), which can be split as

NB £ NBa+NBb> (B,]_O)
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where

Npa & ) [Wiol Vit + W ol + Wiol, Vi i + Wo Vol dus + W6, Vo bu]
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where 5;2' denotes the time derivative of 47,. To develop upper bounds for Eqs. B-11 and

B-12, the following bound will be used
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where Eqs. B-2 and B-3 are used, ¢;2 € RT, and po(-) € R is a positive, globally

NBa in Eq. B-11 can

invertible, non-decreasing function. Using the bound in Eq. B-5,
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be upper bounded using the triangle inequality as
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Using Assumptions 4.2, 4.3, 4.5-4.7, all the terms in the above expression can be bounded

by a constant, and hence the following bound can be developed

HNBa < G, (B-13)

where (31 € R*is a computable constant. The bound on Eq. B-14 is developed as
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which can be simplified by combining terms bounded by constants and terms bounded by

a function of states, as

|8 < Gt CamllizD) 121, (B-14)

where (32, (4 € RTare computable constants, and py(-) € R is a positive, globally invertible,

non-decreasing function. From Eqs. B-10, B-13, and B-14, the following bound can be
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obtained
|95 < G+ Cmlz) 1]

B.1.3 Proof of Inequality in Eq. 4-14
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Using the Assumptions 4.2, 4.3, 4.5-4.7, the following bound can obtained
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where (5, (s € RT are computable constants.
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B.2 Derivation of Sufficient Conditions in Eq. 4-18
Integrating Eq. 4-17 yields
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If the sufficient conditions in Eq. 4-18 are satisfied, then the following inequality holds
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Using Eqgs. 4-16 and B-17, it can be shown that P(z,t) > 0.
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