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1 Computing rational invariants

1.1 Action of an algebraic group
Rational action x of an affine algebraic group G

G c K! an algebraic variety G C K[Aq,..., ] its ideal
Group structure:

m: GxG — @G and i: G — @G

Rational action of G on Z = K"

Orbit O, of z € Z : the image of G under A — A % z

Examples of Algebraic Groups
SL,(K) = {A e K**™| det A = 1}
0,(K)={AeK"|A'A=1,}
SO, (K) = 0,(K) N SL, (K)
GL,(K) ={A e K**™| det A # 0}

naturally act on K"

Examples of rational actions of SLy

The action of SLy(C) on forms zox? + z12y + 222 of degree 2

b 20 a? ac 2 20
<a d) x|z | = 2ab  ad+bc 2cd 21
¢ 2 b2 bd  d? 2

Projective action of SLa(R) on quadrapules of R:

azo+b

20 czo+d

az1+b

<(L b) N 1 B cz1+d
c d 2 a zo+b
<2 czo+d

23 a z3+b

czz3+d



Rational invariants

x: GXZ — Z O0,={Axz|Xeg}
Rational invariant: f € K(z1,...,2,) s.t. f(Ax2z) = f(2), VAEG

Field of rational invariants: K(2)Y finitely generated
Tum: K(2)Y =K(ry,...,m%) < {r1,...,r} separating

[Rosenlicht 56]

Separation property: For z,2/ € Z\W
ZI S OZ Aad g1 (Z) =01 (Zl)7 RN} Qkf(z) q}w’?(z/>
1.2 Generic orbit ideal
The ideal O of a generic orbit
O,={Axz|Xeg}
O=(G+(Z—-XIxz)):¢>* NK(2)Z] V(()O,) =0.

e (505 505

(Z =Ax2)=(q(N\,2) Z1 —p1(M 2),...,a( N\ 2) Zn, — pn(\, 2)) C K(2)[\, Z]

02 = O/\*z

Prop: Q(z) a canonical representative of O = Q(Axz) = Q(2)

Generation & Rewriting
Pe K(z)Y
q

Rewriting

Q@ reduced Grobner basis of O

® y1,...,Y, anew indeterminates

{r1,...,71} the coefficients of @Q

Theorem: ° p(Z) _>*Qy Za aa(y) g
K(2)9 = K(r,..., %)
. 4(Z) —h o baly) 2°
o) aal)
a(z)  ba(r)
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The coefficients of the Chow form of O are rational invariants and separate orbits

Popov & Vinberg 89
There exists a generating set Q of O the coefficients {r1,...,r,} of which are in K(z)¢
{ri,...,7x} separate orbits
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Linear actions in the plane
*
MEA=1 K

Al —A2 A=
(Alv)‘2) — ( X2 A )

~—
o X
> o
~—

o2
Q= {X2+Y2—(;172+y2)} Q= {y2_i3X3}

Example [Derksen 99]

a b
c d
a b
€ SLo — c d
(¢ 5 esm 2w
2ab  ad+be  2ecd
b2 bd d

G =(ad —bc—1)

Z —Axz: Zp— (CLZl =+ bZQ), Lo — (czl + dZQ), Z3 — (a23 + bZ4), Zy — ((22:3 + dZ4)
Zs — (a®2z5 4 2abze + b%27),  Zr — (P25 + 2cdzs + d*27)
Zs — (cazs + ad + beze + bdzr),

O =(G+(Z—-X*2)NK(2)[Z]
Z6® —Z7Zs+ g1 93 — 4>, Ze Za+ 9392 Zo — ga Za — Z3 Z1,

ZsZy — Z3Ze+ 9392 Z1 — ga Z3, Z3 Zz — Z1 Zy — g2,
ZQZG_ZIZ7+94Z2_%Z4, Z2Z5+Z1g4—2621—%23,

ZlP+- 0 z2 Lz o9 gz 7, 72 Lz o 91 gog L _an_z2
2 +93922 4 93 77 93 442, 41 g3 7 g3 92 73 1+93922 3
JoZ1 — 94 _ Z6 9 7 F. 994 7 7
2417 gy 93+93922 443 g3 92 744




1.3 Section to the orbits
Essential geometric ingredient: section of degree e

An irreducible variety P that intersects generic orbits in e points.

A generic affine space of dimension n — d is a section
where d = dimension of generic orbits

Essential algebraic ingredient: intersection ideal [/

I CK(z1,. .. 20) |21, Zn) dimg K(2)[Z]/I = e

Under specialization z; — z; € K
I; C K[Z] is the ideal of Oz N P

forze Z\W

PI‘pZ ]/\*z - I~

Intersection ideal as an elimination ideal

I=(P+(Z—-X*2)+G):¢>* NK(2)[Z]

P a prime ideal in K[Z] P =V(P)
_ (P ()\7 Z) pn()\, Z)
e (505 - 505

(Z —Ax z) = (¢(A,2) Z1 — pl()‘v z)y. e 7Q(>‘ﬂ Z) Zn — pn(>‘7z))
an ideal of K(z)[\, Z]

Invariants from the reduced Grobner basis

[=(P+(Z—-Ax2)+G):q™ NK(2)[Z]



" ) ;
Q reduced Grobner basis of T Pf: Rewriting 2 € K(2)?

Y1,-..,Ykr a new indeterminates
{r1,...,7} its coefficients

Qy = Q(ri < ¥i)
I)\*z = Iz = 1r; C K(Z)g

p(Z) —g, 2q aaly) Z2°
Thm [H. Kogan 07]

K(2) = K(r1,...,7) a(2) —a, Xabaly) 2°
p(z) _ aa(r)
a(=) ~ ba(r)

Rational section = section of degree 1
Pisof degree 1 & I =(Z1—r1(2)
Forz€ Z\W, 0O,NP={(r1(2),...,mn(2))}

Then, for f invariant

A simple substitution!

A clear analogue of the local m. f. construction in [Fels Olver 99]

Example [Derksen 99]

a b
c d
a b
(“ Z)ESLQ»—) c d
G.2 ac 52
2ab  ad+be 2cd
b2 bd d2

I =(P+(Z-Xx2)NK(2)[Z]

Q={2—1,25,73,2Z4 — g2, Z5 — g3, Z6 — 94, Z7 — g1}

_ 2 2 _
g1 = 27217 — 22226 21 + 2225, G2 = 23 22 — 21 24,

232227 — 22624 23 + 25 242

gs = ) )
(21 24 —232'2)
212624 — 212327 + 23 22 26 — %2 25 24

ga =
21 24 — 23 22

f(z) € K(2)9 = f(z1,22,23, 24, 25, 26, 27) = £(1,0,0, 92,93, 94, 91)



Linear actions in the plane

AM+A3 =1
A1 —Xe
o (30 )

= \\\
/ @ :
\\ M //

x3 x3
Q={Y,X*- (2" +y")} Q:{X_”Y_ }

Rational sections of SLy

e The action of SLy(C) on forms zox? + 217y + 20y of degree 2
b 20 a? ac 2 20

(a d) x|z | = 2ab  ad +bc 2cd 21

¢ 22 B bd & 22

P

e Projective action of SLa(R) on quadrapules of R:

a b azg+b az1+b a zo+b a z3+b
(C d) * (ZO 21 22 Z3) - (czo+d czy+d czo+d cz3+d

I=|%2y,2,-1,2;", 25 — g:;
P
2 Scalings = diagonal representations of tori
2.1 Scalings in the plane
Scalings in the plane
p: K* = GL(2) x: K*xK2 — K2
a a b



A=[1 -1] A=[2 3]

Bezout: cva—fb=1 P=(X"-Y"):(XY)>®

Hermite normal form

(o 0] % = [0 0]

N | =0 a N ,

scaling - Hermite form
multiplier

2.2 Parameter reduction in models

Réduction par les symétries de dilatation
Modele proie-prédateur

{n = (=) r =k )m.
p = s .

Parametres : r,s,e,h, K, k

p
- nTl)“’
1=3)p

Parametres : s, b, €
Symétrie: t — — AT, h — vh,
n o — pun, s — As, K — uK,
p — — pe, k — Mk
h S k k
pos== h=—t=—
r

. 1
Invariants : t=7rt, n=-n, p= = —, .
e rh e

Réécriture: t — t, n—>n, p—p, s—s k—€t d—0, r, h, K — 1.

Réduction par les symétries de dilatation

e Determination des symétrie de dilatation Algebre linéaire



e Calcul des invariants Algebre linéaire
e Réécriture en ces nouvelles variables Algebre linéaire
e Solutions a partir de celles du systeme réduit Algebre linéaire

sur les entiers.

[HL12] E. Hubert and G. Labahn. Rational invariants of scalings from Hermite normal forms. In
ISSAC 2012.

[HL13] E. Hubert & G. Labahn. Foundations of Computational Mathematics, 2013
[HL16] E. Hubert and G. Labahn. Mathematics of Computations, 2016.

3 Symmetrization of polynomial systems for algebraic
groups

3.1 Finite groups

Symmetrization

flv--~7frrL € K[Zl,...,Z7,,]

V(fi,..., fm) invariant :

Find py,...,pe n K[2]9 st. V(fi,..\ fm) = V(1,00
Case of a finite group G
feK[] 9=19|

1
Reynolds operator:  — Z A f e K[2]9
g AEG

For j =1,..., g consider the element of K[z]9

) = the jt‘h symmetric function in {\* f | A € G}.

[T =D+ 4+ (1)1

AEG

Prop: (VA€G, Axf(2)=0) & (f9(2)=0,V1<j<yg)

Def: fU, ..., f9) are the symmetrizations of f



Symmetrization for a finite group ¢

Thm: If V(f1,..., fm) is invariant then
V(I <i<m 125 <g) =V(firo s fn)

[Sturmfels 93]
For semi-algebraic set [Cimpric, Kulmann, Scheiderer 09]

What to expect for an algebraic group G

For feK[z]and 1<j<e

FD (21,000, 20) = pj (r1(2), -y r1(2))

3.2 Algebraic groups

Symmetrization
fla'“jﬂl € K[Zh'“ezn, ()\’Z)
F=V(f1,..., [m) invariant : z€ F = O, F

Pbl: Find F € K[z]9 s.t. V(F) = V(f1.. ... fm)
Pb2: Find F C K[ry, ..., 7] s.t. V(E)\V(R) = V(f1, ..., fm) \ V(R)

where K(ry,...,m) = K(2)Y

Case of a section of degree 1
P a section of degree 1

I=(Z1—1(2),...,Z, —r0(2))

And the syszgies on the r; are given by P

10



Case of a section of degree e
I Cc K(2)[Z] dimg ) K(2)[Z] /I = e
Multiplication by f € K[Z]

my: K(2)K(2)?1Z]/T — K(2)K(2)9(2]/1

g = 9
is a K(z)-linear map.

The Grébner basis of I provides a basis for K(2)9[Z]/I and the matrix for m. Its
entries belong to Klry, ..., rg].

Characteristic polynomial: fO € K(2)9K][r]

Ce— M) 4+ (=) fD )T+ (1) O (2r)

Example G = SO

)\*z:[c _S} {x] with 2 +s2 =1
s ¢ |y

[1, Y] basis for K(2)[Z]/T where I = | X, Y? — (2 + ¢?)
N——

r

f=al+B8X+vY

1f =al+vY modI Yf = aY +~r Mf:<04 ’YT‘)
mod [ v
fW =20, O =a—qr
Symmetrization

Thm: There is an invariant hypersurface W = V(h) s.t.
if F=V(f1,...fm) is G-invariant then

f\wzv(f,@\lgjge, 1§2’§m>\W

Pf: Eigenvalues of my = evaluations of f at the roots of I.

11



If € Z\ W then V() = {zI,... .29} =0, NP

e

[I(¢=r () =¢ -

j=1
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