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DISCLAIMER

The contents of this report reflect the views of the authors who are

responsible for the facts and the accuracy of the data presented

herein. The contents do not necessarily reflect the official views or

policy of the Department of Transportation. This report does not

constitute a standard, specification or regulation.
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ABSTRACT

This report is one in a series to result from the study, "An

Investigation of the Effectiveness of Existing Bridge Design

Methodology in Providing Adequate Structural Resistance to Seismic

Disturbances", sponsored by the U. S. Department of Transportation.

Federal Highway Administration. Descriptions are given of the

analytical investigations of the seismic response of skew highway

bridges where soil-structure interaction effects are important.

Four different mathematical model elements are incorporated

into the three dimensional computer program which possesses the

capability of performing linear or nonlinear time-history dynamic

response analysis. Solid finite element modelling is used for the

backfill soils and the abutment walls. The bridge deck, pier columns

and pier caps are modelled using prismatic beam elements. A frictional

element is used to model the discontinuous behavior at the interfaces

of the backfill soils and abutments. Boundary elements provide

foundation flexibility at the base of columns supported on either piles

or spread footings. In the nonlinear mathematical model the effects

of separation, impact and slippage at the interfaces between the abut

ment walls and the backfill soils are taken into consideration.

Computational efficiency is achieved through the use of mathe

matical techniques including matrix reduction procedures, iteration

procedures and variable time steps.

A number of analytical solutions are carried out considering a

skewed three-span bridge with backfill soils. Different mathematical

models are used to study the parameters which may influence the seismic

response of the bridge.

Finally, conclusions are deduced from the analytical results.
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I. INTRODUCTION

Presented in this report is a study of the behavior of short,

skew highway bridges interacting with their surrounding soils during

strong motion earthquakes. The first part of the study defines a

three-dimensional, nonlinear mathematical model for the complete

bridge-soil system while the second part develops the associated com

puter program for carrying out time-history dynamic response analysis.

The mathematical model consists of (1) linear, elastic, three

dimensional solid finite elements representing backfill soils and

abutment walls, (2) linear, elastic prismatic beam elements representing

the bridge deck, pier columns, and pier caps, (3) nonlinear friction

elements representing the discontinuous behavior of separation, impact,

and slippage at the interfaces between backfills and abutment walls,

and (4) discrete translational and rotational linear springs represent

ing foundation flexibilities at the bases of supporting columns.

In developing the computer program for time-history dynamic

response analysis, considerable effort has been spent in achieving

computational efficiency. Special programming techniques including the

use of matrix reduction procedures, iteration procedures, and variable

time steps were used. The matrix reduction procedures reduce the

number of coupled equations involved by constraining certain degrees

of freedom without decreasing the number of nodal points in the system.

The iteration procedures used in the nonlinear analysis express the

stiffness matrix in the incremental equilibrium equation in terms of

constant initial values placed on the left h~nd side of the equation

and time dependent values associated with the nonlinearities which
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are placed on the right hand side of the equation to form an effective

force vector. Total equilibrium is enforced at each time step in the

numerical integration and variable time steps are used so that the

"overshoot" errors never exceed a prescribed limit.

The stiffness properties of the four basic types of elements

used in the mathematical model are described in Chapter II and the

numerical techniques used in the dynamic response analyses are pre

sented in Chapter III. Some numerical results are given in Chapter IV

and certain conclusions are deduced in Chapter V. Finally, the com

puter program for carrying out time-history response analyses is listed

in Appendix A.



3

II. BASIC ELEMENT STIFFNESSES

A. SOLID FINITE ELEMENT

The three-dimensional linear finite element used to model the

abutment walls and backfill soils is the eight-node isoparametric

hexahedron shown in Fig. 1 which contains incompatible deformation

modes [27, 29). The local and global coordinates of the element are

related through a set of interpolation functions, namely,

8
X == t h. x.

i==l 1. 1.

8
y == l: h. Yi (1)

i==l
1.

8
Z I h. z.

i==l
1. 1.

where Xi' y., and z. are the global coordinates of nodal point i and
1. 1.

hI == 1/8 (1 + n) (1 - t;) (l - 7;;)

h
2

1/8 (1 + n) (l + t;) (1 7;;)

h
3

== 1/8 (1 n) (l + t;)(1 7;;)

h
4

1/8 (l n)(l t;)(l l;;)
(2)

h
S

== 1/8 (1 + n) (1 t:>(l+ 7;;)

h6
== 1/8 (1 + n) (1 + t;) (1 + l;;)

h
7

1/8 (l n)(l + ~) (1 + 1;;)

h
8

== 1/8 (1 - n) (1 - t:> (l + 1;;)
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are the interpolation functions. The displacements within the element

u , u , and u are related to the nodal displacements u ., u ., and
x y Z X1 y1

U • (i = 1,2, ••• ,8) through the equations
Z1

u
x

=

·8
u = L h. u + hg Ciyl + hID Ciy2

+h
ll

Ciy3Y i=l 1 yi

8

u = L h. u + h g Cizl + hID Ciz2 + hll ~z3Z i=l 1 zi

where

hg (l
2

- T) )

hID = (1 _ ~2)

h
ll

= (l - Z;;2)

(3)

(4)

The degrees of freedom corresponding to the last three terms in Eq. (3)

are eliminated at the element level by static condensation; thus, the

final dimensions of the element stiffness matrix are 24 x 24. Linear

elastic isotropic material properties are specified for each element;

however, these properties can vary from element to element.

B. FRICTIONAL ELEMENT

The frictional element representing separation, impact, and

slippage at the interfaces of abutment walls and backfill soils uses

relative displacements as the independent degrees-of-freedom to avoid

numerical difficulties [11, 26J. Figure 2 shows the nodal displace-

ments of the frictional element along with the corresponding
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displacementq for its top-half element and its bottom-half element.

The equations relating the displacements at nodal point k are

T B
~uxku

xk
u

xk +

T B
~Uyk (5)u

yk
= u +yk

T B
~uzku

zk = u +zk

where superscripts T and B refer to the top- and bottom-half elements,

respectively. Similar equations exist for nodal points i, j, and £.

The degrees of freedom of the top-half element are obtained

from the frictional element nodal displacements {~u} and the upper

{uB}nodal displacements of the bottom-half element through a trans-
u

formation matrix [AJ as given by

or

T
u

u

~u

B
u

u

(6)

= ( 7)

where I is a 12 x 12 unit matrix and 0 is a 12 x 12 null matrix. Sub-

scripts u and £ refer to the upper 4 nodes and the lower 4 nodes of

the element, respectively.

The procedure used in forming the stiffness matrix of the

frictional element can be summarized as follows:
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(1) Form the 24 x 24 top-half and bottom-half stiffness matrices

in global coordinates by the standard procedure used for a

solid element.

(2) Retqin the bottom-half 24 x 24 element stiffness matrix but

transform the top-half 24 x 24 element stiffness matrix into

a 36 x 36 matrix using the relation

[K] =
36 x 36

[A]T
36 x 24

[k]
24 x 24

[A]

24 x 36
(8)

(3) Form the 12 x 12 frictional element stiffness matrix in local

coordinates and then transform to the global coordinates.

To form the frictional element stiffness matrix in local coordinates,

the relative normal and tangential displacements ~u , ~us' and ~Ut asn

shown in Fig. 3 are assumed to vary linearly within the element, Le.

4
~u = I h. ~u

n i=l J. ni

4
~u = I h. ~u (9)

s i=l J. si

4
~u = I h. ~ut i=l J. ti

where

hI = 1/4 (1 - n) (l - ~)

h2 = 1/4 (l + n) (l - ~)

(10)

h 3 = 1/4 (l + n) (l + ~)

h4 = 1/4 (l - n) (l + ~)
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Assuming all strains are constant throughout the thickness Wand

neglecting the in-plane normal strains, the only remaining effective

strain components are the normal strain E and the two in-plane shearnn

strains Ens qnd Ent as given by

Enn

Ens

=

=

1
W

1
W

1
W

/:'U
n

/:,U
S

(ll)

Making use of Egs. (9)-(11), the strain-displacement relations for the

element become

/:'U
nl

/:'u
Sl

/:'u
tl

/:,U
n2

hI 0 0 h
2 0 0 h3 0 0 h

4
0

/:'u
S2

W
0 hI 0 0 h2

0 0 h
3 0 0 h

4
(12)-

4 /:'u
t2

0 0 hI a a h
2 a a h3 a a

/:'Un3

/:'u s3

. /:'u
t3

/:'u
n4

/:'u
s4

/:'U
t4
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or

{E;} [B] {.1U} (13)

. The corresponding stress-strain relations are given by •

(14)

(15)

C 0 0
n

= 0 C 0
s

0 0

or

{a} = [Cl {d

where C and C are the normal and shear stiffnesses, r~pectively.n s

The 12 x 12 stiffness matrix for the frictional element in

local coordinates can now be evaluated using standard techniques

[29], Le.

K =-nst f (16)

Vol

Transformation to the XYZ global coordinates is accomplished using the

following relation through the coordinate transformation matrix T

K = TT K T
-nst

(17)

The nonlinear tangential stress-strain relation is assumed to

be the elastic-perfectly plastic relation obtained from the Mohr-

Coulomb yield criterion shown in Fig. 4, i.e.

C = G (shear modulus of frictional element)
s

(18)
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when

1" < c + a tan <p (elastic)
nn

and

C 0
s

when

1" = c + a tan ¢ (plastic)
nn

(19)

(20)

(21)

in which c and <p are the cohesion and angle of friction, respectively,

and 1" is either a or a .
ns nt

The nonlinear normal stress-strain relation for the element is

assumed to be bilinear as shown in Fig. 5 with C being assigned a
n

very large value when contact is present at the interface of abutment

and soil and a zero value when separation occurs.

C. BEAM ELEMENT

The prismatic beam element used to represent the bridge deck,

pier columns, and pier caps, was assumed to be linear elastic. The

deformations considered in the element were those caused by torsion,

bending about the two principal axes of the cross-section, axial

force, and the two-components of transverse shear. Thus, the 12 x 12

stiffness matrix for the element is of the standard form [21]
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EA
T

12El
0

z

10
3

(l+<I>y l

12El
0 0 -...:L......

,q,3 C1+<I>Z>

0
GJ Symmetric0 0 T

-6El C4+<I>
z
lEly

0 0 -...:L...... 0
1<2 C1+<I>

z
l ~Cl+<I>z>

6El C4+<I»El
z

0
z 0 0

,q,2 C1+<I> > I<C1+<I>y>
y

[K] (22)
12 x 12 -EA AE

T 0 0 0 0 0 T
-12El -6El 12El

z
0 0

z
0

z
0

,q,3 C1+<I> l
0

,q,2 C1+<I> l ,q,3(1+<I> l
y y Y

-12El 6El 12El

0 0 --L- 0 -.:L- 0 0 0 -.:L-

~3 <1+<1> z} 10
2

(1+<1> ) 10
3

(1+<1> l
z z

-GJ
0 0 0 0

GJ
0 0 0 T 0 T

-6El C2-<I>
z

lEly
6Ely (4+<I>z lE\

0 0 -.--:L.- 0 0 0 0
1<2 C1+<I>;

0
,q,2 C1+<I>z) I<Cl+<I>z} ,q,Cl+<I>z}

6El <2-<I>y 'Elz
-6El

z C4+<I>y>Elz
0

z
0 0 0 0 0 0

~2<1+<I> l ,q,(l+<I>yl ,q,2(l+<I> > ,q,(1+<I>
y

l
y y

where <p and <p are shear deformation parameters given by
y z

12EI
( :z ) 2<Py

z 24 (l+V) A
= =

~2 A
GA sysy

and

12EI
A (1)2<P z

=
y

= 24 (l+V)
~2 A

GA szsz

(23)

(24)

If (y /~) and (y I~), representing ratios of radius of gyration to
z y

element length, are small compared with unity as in the case of a

slender member, both <p and <p can be taken equal to zero in Eq. (22).
Y z
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D. BOUNDARY ELEMENT

The boundary element is used for modelling foundation

flexibility at the base of columns supported on either piles or mat

footings and soil flexibility at both horizontal and vertical

boundaries of the backfill models, when necessary. The element

consists of 3 translational and 3 rotational degrees of freedom as

shown in Fig. 6. The individual stiffness in each degree of freedom

can be approximated using either numerical or closed form solutions

[4, 10, 20]. The 6 x 6 element stiffness matrix has diagonal terms

only as given by

k x

k
Y

k z
[k] =

6 x 6
(25)
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III. SOLUTION TECHNIQUES

This chapter discusses the formulation and solution of the

dynamic equilibrium equations of motion for the complete soil-structure

system. Included are discussions of the Guyan matrix reduction

procedure, the step-by-step integration and iteration procedures used

in solving the equations, the variable time step procedure for con-

trolling overshooting errors, and finally the prescribed earthquake

ground motions used in the study.

A. EQUATIONS OF MOTION

The dynamic force equilibrium equations of motion associated

with the nodes of the complete soil-structure system can be expressed

in the form [7J

+ + = R (26)

where F
I

is the inertia force vector, FD is the damping force vector,

S
F is the internal resisting force vector caused by deformations in

the system, and ~ is the external load vector. For linear elastic

systems, the internal resisting force vector can be expressed in terms

of the nodal displacement vector u through the relation

= K u

where K is the stiffness matrix of the structure. Likewise, the

inertia and damping force vectors can be expressed in the form

(27)

=

=

M u (28)

(29)
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where ~ and ~ are the mass and damping matrices, respectively. For

rigid base earthquake excitation, the external force vector has the

form

R
..
u M

g -
+ g

y

o
1

o

o
1

o

+ g z
(30)

where u is the prescribed one-dimensional ground acceleration and
g

gx' 9 , and 9 are its direction cosines with respect to the x, y,
y z

and z axes, respectively,

For nonlinear systems, it is convenient to write the dynamic

force equilibrium equations of motion in the incremental form [25]

(31)

where subscripts t and t+6t represent times at the beginning and end

of a time increment of duration 6t, respectively. The incremental

force vectors over the interval 6t become

6F
1

= M !::J." (32)
-t -t ~t

6~~
.

~t 6u (33)
-t

S
6~t = ~t 6u ' (34)

-t'

thus, Eq, (31) can be written in the form
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+ S:t fl~t + ~t fl:!t = ~t+flt (35)

This equation can be solved by standard numerical procedures for flu •
-t

Note that the subscript t associated with matrices ~t' S:t' and ~t

indicate that these physical properties vary with the time-dependent

response; thus, the incremental form given by Eq. (35) is approximate

unless complete equilibrium is achieved at the end of each time

increment flt. Normally, complete equilibrium is not achieved in which

case the residual force vector

= R
-t+flt

(36)

. indicates the errors involved. To correct for these errors, the

residual force vector can be evaluated at the end of each time

increment flt and then be added to the right hand side of Eq. (35)

before proceeding on with the numerical iteration.

In the nonlinear analysis of this investigation, matrices ~t

and ~t are considered constant in time, i.e. ~t = ~ and S:t = ~; how

ever, matrix ~t must be retained in its time dependent form requiring

retriangularization at each time step [7]. It is convenient to express

.~t in terms of its initial tangent value K and its incremental change

fl~t' The force vector associated with the nonlinear incremental

changes can be placed on the right hand side of the equilibrium

equation and be treated as an effective load vector; thus, Eq. (35)

can be written in the form

= R - (F
I

+ F
D

+ F
S

)-t+flt -t -t -t
(37)
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or

= (38)

B. MASS MATRIX

In the present investigation, all masses are assumed con-

centrated at the nodal points which leads to a diagonal mass matrix

of the form

M >
n

(39)

h . h . d' h h .th d f f dwere M. ~s t e mass assoc~ate w~t t e ~ egree 0 ree om and n
~

is the total number of degrees of freedom in the system. No rotational

moments of inertia are assigned to the lumped massed; therefore, the

M. 's associated with rotational degrees of freedom equal zero.
~

C. STIFFNESS MATRIX

As pointed out previously, the complete stiffness matrix ;t at

a particular time t can be expressed as the sum of the initial tangent

stiffness matrix K and the incremental stiffness matrix 6~t' i.e.

K
-t

K 6K
-t

(40)

The individual element stiffnesses for each time interval are obtained

by the procedures described in Chapter II. The initial tangent stiff-

ness matrix; is assembled by the standard direct stiffness method [6];

however, the incremental stiffness matrix 6~t must be treated

differently. Since in the numerical examples carried out, the

frictional element was the only nonlinear element in the system, the

incremental stiffness matrix 6~t for the entire soil-structure system

contained relatively few nonzero elements. Thus, the effort involved
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in computing the term ~Kt ~u in Eq. (38) is relatively small even
- -t

though an iteration is involved for each time step ~t. This iteration

starts by using the initial values ~~t-~t for ~~t which are then

changed through successive iterations towards their correct values

~~t' These iterative multiplications are carried out at the element

level to reduce computational effort [ill, i.e. one makes use of the

relation

N

L
m=l

(41)

in which ~Km is the incremental stiffness associated with the mth
-t

frictional element and N is the total number of frictional elements.

In this equation, subscript t has been dropped from ~~ to reflect the

changing values associated with the iteration process.

D. DAMPING MATRIX

Various methods have been used by investigators in evaluating

the viscous damping matrix corresponding to matrix g in Eq. (38) [13].

Wilson and Penzien describe two methods for evaluating this matrix

[28]. The first method relates the modal damping ratios to the

coefficients in the Caughey series form for g [3]. If only the first

two terms in this series are used, Rayleigh damping results, i. e. the

damping matrix is a linear combination of the mass and stiffness

matrices. The second method of Wilson and Penzien is a direct

approach whereby the damping matrix is expressed in terms of a series

of matrices each controlling damping in only one normal model. Clough

describes another type of damping called "structural damping" which

yields a damping force vector proportional to displacements but in
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phase with the velocities [7]. The above three types of damping will

now be descriped in more detail.

1. Rayleigh Damping - Rayleigh damping is given by the first

two terms of the Caughey series, i.e.

C = a M + S K (42)

where a and S are scalar quantities having units consistent with the

other units involved in this equation. By properly selecting these

scalar values, the damping ratios in two normal modes can be controlled.

It can be shown that these quantities are related to the damping ratios

for modes i and j through the equations

2 W. w. (~ . w. - l;. w. )
1 J J 1 1 Ja = 2 2(w. - w.)

1 J

2 (~. w. - ~. W.)

S
1 1 J J= 2 2
(w. - w.)

1 J

(43)

(44)

Further, it can be shown that if a and S satisfy these equations, the

damping ratio in any other normal mode, say mode n, is given by

~n =
2 w

n
(45)

In the present investigation, the numerical values of a and S were

determined by specifying the damping ratios in the two most dominant

modes of the initial elastic system. These values were then held

constant throughout the time history of response including those

periods of time when the system responded inelastically.
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2. Direct Damping - By the direct method of Wilson and Penzien,

the damping ~atrix controlling mode r only is given by

c = S e eT
-r r -r -r (46)

where the e represents the mass normalized mode shape matrix given by
-r

e
-r

= M ~r (47)

th. .
where ¢ is the r mode shape vector. The scalar quantity Sr is

-r

obtained using the relation

= (48)

w is the frequency of
r

. th
M is the generalized mass of the r mode, i.e.

r

thwhere ~ is the damping ratio of the r . mode,
r

th
the r mode, and

M ¢T M ~r (49)
r -r

The total damping matrix is then given by a summation over all N modes;

thus,

N
C = I C (50)

r=l -r

(3) Structural Damping - For structural damping, the damping

force vector is proportional to the elastic force vector ~~ as given

by

= b
AS
F
-t

(51)

where b is the proportionality factor and where the sign of each



19

component in the vector is the same as the sign of the corresponding

Svelocity component (the triangular "hat" symbol above vector F
-t

denotes this procedure in selecting the sign of each component). If

damping is variable throughout the system, the proportionality factor

A

b is replaced by a diagonal intensity matrix ~; thus,

D
!:t

AS
B F
- -t

B b.pS
-t = B (K - b.K ) b.G.

- -t -t

(52)

(53)

where b.§t is the vector b.~t with signs corresponding to the signs in

the vector ~t.

E. GUYAN MATRIX REDUCTION

1. Linear Systems - To reduce computational effort the Guyan

Matrix Reduction technique has been used effectively for linear

systems [12, 14, 16, 17, 22]. By this technique, the independent

degrees of freedom u in the system are separated into two sets u and
-0

u such that u can be eliminated before solving a reduced set of
-a -0

equations of motion. Consider first the static equilibrium equation

K u = R

which may be written in the partitioned form

(54)

[
~aa

K
T

-ao

:ao] \:al :a I
-00 -0 -0

(55)

Solving for u in the second of Eqs. (55) and substituting back into
-0

the first gives the reduced static equilibrium equation
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R
K u =
-aa -a

(56)

where the reduced stiffness matrix K
R

and the reduced force vector
-aa

are given by

respectively, and where the transformation stiffness matrix G is
-0

obtained by solving the equation

K G _ - KT
-00 -0 -ao

(59)

Having solved for u in Eq. (56) , u can then be obtained using the
-a -0

relation

-1
G (60)u = K R + u

-0 -00 -0 -0 -a

In the present analysis, the response quantities of main interest are

the displacements of the column nodal points. Therefore, when using

the Guyan Matrix Reduction method, it is advantageous to let the vector

u contain the displacements of the nodal points within the backfills
-0

and the bridge deck and to place the displacements of the remaining

nodal points within the columns in the vector u .
-a

In carrying out a linear dynamic analysis, the above matrix

reduction procedure can also be used to reduce the inertia term M u
R

to the form M u in which case the reduced mass matrix is given by
-aa -a

= M
-aa

+ M G-ao -0
+ + G

T
M G

-0 -00 -0
(61)
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When using a lumped mass system, the off-diagonal terms in matrix M

are all zero in which case Eq. (61) reduces to

= M
-aa + G

T
M G

-0 -00 -0
(62)

2. Nonlinear Systems -For a general nonlinear system, the

Guyan reduction procedure may be very inefficient due to the time

dependency of stiffness matrix ~t which could require using the

reduction procedure each time step of the numerical integration. How-

ever, for the nonlinear system considered herein, the reduction

procedure is still very efficient as in the case of the linear system

for two reasons. First, the nonlinear system considered has relatively

few nonlinear elements which are concentrated at the interfaces of

abutments and backfills. Second, the procedure allows a shifting of

the time dependent stiffness coefficients to the right hand side of

the equation of motion so that the reduction procedure need only be

applied once during the entire time of integration.

Following the same reasoning as in the case of the linear system,

consider first the quasi-static equilibrium equation

~t u R (63)

which corresponds to Eq. (54) in the linear case. Making use of

Eq. (40), this equation can be written in the form

= R (64)

Separating vector u into two parts, namely u and u , this equation
-0 -a

becomes
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(
~aa

K
T

-ao

:ao] I:a 1_ [~: :]I:a I = :a I
-00 -0 - -0 -0

(65)

It is necessary, of course, that vector u which is to be eliminated
-0

not contain any components having time dependent stiffness coefficients

consistent with the form of Eq. (65). Note that the nonlinear (or

time dependent) reduced stiffness matrix ~~~ is the upper left sub-

matrix in the coefficient matrix of the second term with the other

three submatrices being zero matrices.

Solving for u in the second of Eqs. (65) and substituting back
-0

into the first gives the reduced static equilibrium equation

K
R

u-aa -a
= + (66)

where the reduced stiffness matrix KR and the reduced force vector
-aa

RR are of the same forms given by Eqs. (57) and (58), respectively.
-a

When carrying out a dynamic analysis, the reduction of the

inertia term M uto the reduced form MR u is identical to that
-aa -a

previously discussed for the linear system, i.e. Eqs. (61) and (62)

are all applicable to the nonlinear case being considered.

Since the damping matrix is expressed in terms of the mass and

stiffness matrices as shown by Eqs. 42, 46, and 53, the reduced mass

and stiffness matrices can be used directly in defining the reduced

damping matrix.

F. STEP-BY-STEP INTEGRATION PROCEDURES

After applying the Guyan reduction procedure as previously

described, the resulting incremental reduced equations of motion are



23

identical in form to those given by matrix Eq. (38), except that all

quantities are of the reduced form. These equations can be solved

numerically using various procedures [1, 19, 23]. The differences in

these procedures relate to the analytical form of the variation in

acceleration over the time interval ~t. In the investigation presented

herein, two different forms have been used, namely, the constant

acceleration method and the Wilson 8-method. These forms express the

velocity and displacement vectors at time t+~t in terms of the velocity and

displacement vector at time t and the acceleration vectors at times

t+~t and t+8~t when using the constant acceleration and Wilson 8-methods,

respectively. Since three forms of damping were used in the investiga-

tion, the step-by-step integration procedures will be developed for

each case.

1. Constant-Acceleration Method - This form of acceleration

over interval ~t leads to the relations

1:. ~t 1 ~ ..
~t+~t

u + u + - t u
-t 2 -t 2 -t+~t

+ ~t + 1:. ~t2 .. 1:.~t2
~t+~t

= ~t ~t ~t
+

~t+~t4 4

(67)

(68)

Introducing incremental vectors as defined by

L\~t
..

(69)- ~t+~t ~t

.
L\u - ~t+~t

u (70)
-t -t

L\u - ~t+L\t
u (71)

-t -t

and making use of Eqs. (67) and (68), one obtains
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Liu
4 Liu 4 •= - ~t 2 u..t

Lit
2 -t Lit -t

. 2
Li~t = 6.t

Liu 2 u
-t -t

Using these 'relations, Eq. (38) can be written in the form

(72)

(73)

6.K Liu
-t -t

(74)

where K and ~t+Lit take on different forms depending upon the type of

damping assumed as follows:

(a) Direct Damping

- 4 2
K = M +

6.t
c + K (75)

6.t
2

Rt+Lit = R + M ( 4
~t

+ ii ) + C u
-t+Lit - Lit -t - -t

t-6.t

~ ~t + I ilK. Liu. (76)
i=Lit

-l. -l.

(b) Rayleigh Damping

- 4 2
K = M +

6.t c + K (77)

6.t
2

M (4
• ~t) +!?t+6.t = R +
~t

+ C u
-t+Lit - Lit - -t

t-Lit
K u + I LiK. Liu. (78)
- -t i=Lit -~ -~

(c) Structural Damping

(79)

-
K = M + K (80)
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R + (4. .. )
2t +b.t = M -u + U Ku-t+b.t - b.t -t -t. - -t

t-b.t t-llt t-b.t
+ t: b.K. b.u. - B K t: MI. + L B b.K. b.u.

i=b.t -J. -J.
i=b.t -J. i=b.t -J. -J.

B K b.~t + B b.K b.u (81)
- -t -t

2. Wilson a-Method - This form of acceleration which assumes a

linear variation over the interval T = a b.t (where a ~ 1. 0), leads to

the relations

T (u + U )
~t+T

= ~t + -
2 -t+T -t

2T
(~t+T 2 ~t)~t+T

= ~t
+ T ~t + +

6

thus, one obtains

(82)

(83)

.. 6
(~t+T u ) 6

2 (84)
~t+T = - - u

~t2 -t T -tT

• 3 Tu (~t+T - ~t) - 2 u u (85)
-t+T T -t 2 -t

Using these relations, Eq. (38) can again be written in the form

= + b.K b.u
-t -t

(86)

-where K and p At take on different forms as follows:
-t+u

(a) Direct Damping

-
K

6
2

T

M + l c
T

+ K (87)
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Et+flt = R + .8 (R - R ) + M(~ u + 2 ii )-t -t+flt -t - 2 -t -t
1"

~ (2
• +.!.

t-flt.. ) I+ u u - K u + flK. flu. (88)
-t 2 t - -t i=flt

-1. -1.

(b) Rayleigh Damping

- 6 3K = M+ C + K (89)
2 1"

T

Et+flt = R + 8 (R - R ) + M(~ u + 2 u)-t -t+flt -t - 2 -t -t
T

(2 . t-flt
T I+ c u + U )- K u + flK. flu. (90)

-t 2 -t - -t i=flt
-1. -1.

c aM + S K (91)

(c) Structural Damping

-
K

6
2

T

M + K (92)

Et+flt M(~ •
+ 2 §t)R + 8 (~t+flt - R ) + u

-t -t - 1" -t

t-flt t-flt
K u + I flK. flu. - B K I fl{;.
- -t i=flt -1. -1. i=flt

-1.

t-flt
+ I

i=flt

G. ITERATION PROCEDURES

B flK. fl~. - B K flG
-1. -1. -t

+ B flK
-t

fl~
-t

(93)

The dynamic equilibrium equations of motion, Eq. (38), can be

solved by iteration for the unknown vector flu which appears on both
-t

sides of the equation. Two different solution methods have been

employed in the present investi~ation [2, 5, 9, 11, l8J. To explain
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these two procedures, express the incremental vector ~u as xt which
-t

is to be apprpached iteratively through xt , n = 1,2, ••• ,N. In the-n

first procedure, the total values in xt are determined for all iterative-n

steps. In the second procedure, only the incremental values ~xt
n

of t
x are determined by successive iteration until sufficient con-

vergence is reached. Convergence is based on two different criteria.

One being the Euclidean norm of the difference in incremental dis-

tt
placement vectors obtained by consecutive iterations, i.e. x I - x-n+ -n

and the second being the differences in successive values of x ..
~

Convergence is judged to be satisfactory when the differences in

successive values of x. drop to a certain pre-assigned tolerance level.
~

To explain further the first procedure mentioned above, consider

xt which is an approximation of xt •
-n

An . . d I f x t ;s~mprove va ue 0 ....

t
obtained by solving for ~n+l using the equation

-
K

t
x
-n+l

= +
t

x
-n

n = 1,2, ••• ,N (94)

t
To start this iteration, ~l is assumed to be the value finally reached

t-lfor the previous time step, i.e. equal to x

makes use of the relations

.The second procedure

- t
~K

t-l
K x = 12 + x

-0

-
~x

t
~K ~xtK = n = 1,2, ••• ,N

-n -n-l

n t tt Ix = ~x. + x
-n i=l -~ -0

~xt t t-l
= x x

-0 -0

(95)

(96)

(97)

(98)
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H. OVERSHOOT TOLERANCE AND VARIABLE TIME STEP

As explained previously in Chapter II and illustrated in Fig. 5,

the normal stress-strain relation of the frictional element is a

bilinear elastic function which is assigned a very large modulus in

the compression region and zero modulus in the tension region. During

transition from one region to the other, the regular numerical

integration procedure permits an overshoot error to occur as shown in

Fig. 7a. Experience shows that this error can accumulate over a

number of cycles as shown in Fig. 7b; thus, becoming unacceptably

large.

To reduce this error to an acceptable level, a variable time

step interval can be used over the last regular interval which passes

through the transition, Le. the interval is changed to b.t/n, whenever

it is found necessary to do so. Since the numerous frictional

elements experience the transition at different instants of time

during response, it is impractical from a computer usage point of view

to apply the shorter interval every time a transition occurs. However,

it is practical to use the shorter intervals provided they are used

only when the overshoot error introduced by the regular interval

exceeds a specified tolerance value. Thus, by properly specifying a

tolerance value and the transition integration interval b.t/n, the

overshoot errors can be controlled and the computer time will remain

within practical limits.

The detailed procedure used in this investigation was as

follows:

(l) First, specify overshoot tolerance limits of strain in the

tension and compression regions as designated by zones 1 and 2

in Fig. 8.
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(2) When the transition occurs from compression to tension,

yielding without stress change is assumed to take place

immediately after the strain at the end of a regular interval

falls within either zone 1 or zone 2. Upon the return transition

from tension to compression, the large modulus is introduced

only qt the end of a regular interval falling in the same zone

in which the preceding compression to tension transition was

allowed to take place. Figure 8 illustrates this procedure,

once when the transitions in both directions take place in zone 2

and again when the transitions take place in zone 1.

(3) When the overshoot is so large that the strain either falls

outside both zones or falls in an unacceptable zone as described

in (2) above, the computation returns to the beginning of the

regular time step and proceeds forward again using the smaller

time step ~t/n. In the present investigation a value of 10

was used for n and found to always satisfy the acceptable over

shoot error. After the integration proceeds over the regular

transition interval ~t in n steps, the method returns back to

using the regular interval ~t.

I. EARTHQUAKE INPUT

In the present investigation, the ground motion was prescribed

in accordance with the acceleration time-history shown in Fig. 9. This

artificial accelerogram was generated by A. K. Chopra, et al., to

simulate the ground motions produced by the San Fernando earthquake at

the site of the Olive View Hospital located about six miles southwest

of the epicenter 18). It has a peak acceleration of 0.5g and a uniform

phase of high intensity shaking for 8 seconds.
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The input motion was assumed to be in the longitudinal direction

of the bridge for the present study. The computer program developed

in the investigation does however permit multi-directional inputs in

arbitrary directions with respect to the bridge axis.
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IV. NUMERICAL EXAMPLES

A number of analytical solutions have been carried out to

demonstrate the methods previously described. The bridge used for

this purpose was a skewed structure similar to the North Connector

Undercrossing located approximately 800 feet northerly of the Route 5

San Fernando Road Interchange in the city and county of Los Angeles.

Three equal spans were assumed for the idealized bridge deck as shown

in Fig. 10.

Five different mathematical models (A-E) were selected for this

structure as shown in Fig. 11. These models differ only in the type

of skew permitted and in the arrangement of abutments and backfills.

Model A has no skew and the backfills extend laterally only over the

width of the bridge deck. Model B is identical to Model A except the

deck is skewed 37.5°. Model C has one abutment and its backfill

similar to Model A while the other abutment and its backfill are

similar to Model B. The elevation views of Models A, B, and Care

identical as shown in Fig. lId. The backfills in each case extend

longitudinally a distance 1.5 times their depth H. All of these

three models have identical abutment and columns which are assumed

to be fixed at their bases. Model D is identical to Model B except

that the backfill behind each abutment extends a distance 7H in the

longitudinal direction and a distance 6H beyond the deck in the trans

verse direction. Each backfill in this case is modelled using 4 equal

layers in depth with their finite elements having 3 different widths

in the longitudinal direction as shown in Fig. Ilf. Model E is

identical to Model D except that the abutments and backfills are of



32

depth 2H and the bases of the columns are provided with linear trans

lational and rotational springs representing foundation flexibility.

The backfill soils are modelled using three layers of depth H/3 and

one layer of depth H as shown in Fig. llg.

Numerical results are presented for Models A-E in the sub

sequent sections of this chapter. Section A presents the results of

linear analyses while Section B presents the results of nonlinear

analyses. Computational efficiencies are demonstrated in Section C

for one example case.

A. LINEAR ANALYSES

1. Duration of Input Acceleration - The computed longitudinal

component of displacement at the top of the right bridge columns for

the entire 15 seconds of input is shown in Fig. 12. A 3.775 second

segment of this displacement time-history from about 5.7 to 9.4

seconds is shown again in Fig. 13a. If instead of using the entire

15 seconds of input only the input in this 3.775 second interval is

used, the computed longitudinal component of displacement at the top

of the right bridge column has the time-history shown in Fig. l3b.

The displacement time histories in Figs 13a and 13b agree very well

except in the beginning. This difference is, of course, due to the

differences in the initial conditions imposed at the beginning of the

3.775 second segment. The point of this comparison is that the

transient response caused by changes in initial conditions lasts

only a very short time. Therefore, in the interest of saving of

computer costs, it was decided that the methodology and computer

program capabilities could be checked adequately using only the 3.775
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second duration input. Therefore, all analytical results presented

subsequently are computed using this input.

2. Effects of Skew on Bridge Response - The longitudinal

displacement time-histories for the top of the right bridge column

are shown for Models A, B, and C in Figs. l4a, l4b, and 14c, respectively.

The dissimilarities in amplitudes and shapes noted in these wave forms

are due to differences in amplitudes and phasing of the backfill forces

on the two abutments.

Figures 15a and ISb show the time-histories of the transverse

shear component in the left and right columns of Model B. The

relatively low values of shear and the similarity in time-histories

indicate that the dynamic backfill forces at the two abutments were

nearly in-phase resulting in low torsional response of the bridge.

Figures 16a and 16b show the time histories of the transverse shear

component in the same two columns for Model C. The relatively large

values of shear produced and the dissimilarities noted for the two

columns in this case indicate that large torsional response developed

due to the presence of skew at only one abutment. The backfill forces

at the two abutments had large out-of-phase components.

Figures 17, 18, and 19 show time-histories of backfill force on

the left and right abutment walls for Models A, B, and C, respectively.

It is noted that the dynamic pressures on both walls for Models A and

B are nearly in-phase, Le. when the pressure is positive on one abut

ment, it is negative on the other, and vice versa. However, for Model

C as shown in Fig. 19, these dynamic pressures on the two abutments

differ considerably in amplitude and in their phasing. These results

again provide evidence that unequal skews produce large torsional

response.
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To provide further comparisons of the results for Models A-C,

maximum dynamic amplitudes of displacement, shear, and wall force are

presented in Table 1. As indicated by the values in rows (1) and (2),

the maximum amplitudes of longitudinal displacement and longitudinal

shear in the right column are greatly reduced by the presence of

skewed abutments. Rows (3) and (4) in this table, give maximum values

of lateral shear in the left and right columns, respectively. Row (5)

gives the ratio of maximum lateral shear to maximum longitudinal shear

produced in the right column. The increase in this ratio with skewness

indicates the. corresponding increase in torsional response which

induces a differential shear force between the two columns as shown at

the top of Table 1. Half the difference in the shear forces of these

two columns is the shear produced by torsional response. The maximum

values of these torsional shears are 0.13 and 6.03 kips for Models B

and C, respectively, as shown in row (6). Although the magnitude of

maximum torsional shear is neglegible for Model B, it is large for

Model C. The maximum amplitudes of the dynamic wall force are shown

in rows (7) through (10). The ratios of maximum positive pressure on

the left abutment to maximum negative pressure on the right abutment

and maximum negative pressure on the left abutment to maximum positive

pressure on the right abutment for both Models A and B are all equal

to 1.0 which indicates the two wall pressures are in-phase with each

other. Finally as indicated in row (11), the time history of the

resultant of both backfill forces-p(t) acts longitudinally along the

axis of sYmmetry in the case of Model A but acts at angle S(t) to the

longitudinal axis in the case of Model Bi causing no torsion in each

case. However, in the case of Model C, the resultant force p(t) acting
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at an angle 8(t) has an eccentricity about the elastic center of the

bridge. This is equivalent to its acting through the elastic center

but with a torque T(t) applied as shown in the table.

3. Effects of Foundation Flexibility - To study the effects of

foundation flexibility on dynamic response, let us compare the results

for Models D and E. The foundation flexibilities at the base of each

column of Model E are modelled using 3 translational and 3 rotational

springs with their spring constants established using elastic half

space theory. The flexibility at the base of each abutment wall is

provided by finite element modelling of the soil below its base as

shown in Fig. llg.

The time-histories of longitudinal displacement at the top of

the left column for Models D and E are shown in Figs. 20a and 20b.

respectively. Noting the different displacement scales used, these

two wave forms differ considerably in form and in their peak

amplitudes.

To provide further comparative data, the maximum dynamic

amplitudes of displacement and acceleration of the bridge deck,

column shear forces, and backfill soil forces are listed in Table 2.

Based on the ratios of corresponding responses for Models E and D

given in rows (1) through (4) of the last column of this table, it is

quite clear that the overall response of Model E having foundation

flexibility is considerably greater than that for Model D. The ratios

in rows (5) through (8) indicate however that the backfill soil forces

for Model E are less than those of Model D. All of these ratios simply

indicate that Model E has less constraint provided by its backfills

than does Model Di thus, the bridge structural response is higher for

Model E.



36

Rows (9) and (10) in Table 2 show ratios of maximum column shears

to maximum total backfill force on one abutment wall. Comparing the

magnitudes of these ratios confirms the above statement explaining the

reason for higher overall structural response in the case of Model E.

B. NONLINEAR ANALYSIS

To st~dy the effects of nonlinearities on seismic response,

results obtained by linear and nonlinear analyses for Models A, B, and

E in Fig. 10 are compared. Specifically, the effects of impact and

separation between abutment wall and backfill soil are investigated

and ratios of maximum response obtained by both methods of analysis are

compared.

1. Effects of Impact ~ The most distinctive difference between

the results obtained by linear and nonlinear analyses is the high

acceleration produced at the point of impact in the nonlinear case. A

typical acceleration time-history response for Model A is shown in

Fig. 21. The high peaks of acceleration in this wave form are produced

at moments of impact. While these acceleration peaks are high near the

point of impact, the influence is very localized, i.e. the amplitudes

of the peaks produced by impact decay rapidly with distance from the

point of impact. Acceleration time-histories at the top of the left

column as produced without and with impacts are shown in Figs. 22a

and 22b for Model A. While the general features of the two wave forms

are essentially the same, localized differences in the form of high

frequency noise caused by impact are noted. This feature is better

observed in Fig. 23 which shows an expanded~sca1e view of the first

second of time-history shown in Fig. 22b.
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2. Effects of Separation - A characteristic feature of allowing

separation between wall and backfill soil to occur is that only

positive pressure is permitted at the interface. Therefore, the back

fill soils at the interfaces of both end abutments can have phase

differences in their responses. Figures 24a and 24b show the time

histories of soil force on the left and right abutment walls,

respectively, as determined by the nonlinear analysis for skewed

Model B. Clearly there are significant out-of-phase components of

response between the two abutments. Note that a small overshoot error

is present during certain moments of the time-history. As previously

pointed out, this overshoot error can be controlled by reducing the

integration time-step and by introducing the variable time-step

procedure.

The out-of-phase components of soil force on the end abutments

produces a torsional response of the bridge structure. This effect is

quite apparent when observing the unequal lateral shears produced in

the two columns. This comparison can be made in Fig. 25 which shows

the transverse shear time-histories for the two columns of Model B.

,While the frequency content of the two wave forms in this figure are

similar, significant differences are present in the amplitudes. The

maximum transverse shear produced in the left column is 16.81 kips

while the maximum transverse shear in the right column is 18.95 kips.

The maximum difference in the two shears is 3.72 kips.

3. Comparison of Amplitudes - For further comparison, maximum

amplitudes of response obtained by linear and nonlinear analyses for

Models A, B and E are shown in Table 3. The particular responses

presented are longitudinal displacement and acceleration at the top of

the left column and the shears in both principal directions of the
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left column. In Models A and B, principal shears V
2

and V
3

are the

lateral and longitudinal shears, respectively, as the column is

oriented with one principal axis coinciding with the longitudinal axis

of the b~idge. In Model E, the column is placed so that one principal

axis is oriented 52.5 0 from the longitudinal bridge axis.

The maximum amplitudes of dynamic response are listed for both

linear and nonlinear response and for comparison purposes the ratios

of linear to nonlinear response amplitudes are shown. From the results

shown in Row 1 of Table 3, it is quite apparent that the displacements

of Models A and B produced by nonlinear response are larger than the

corresponding displacements produced by linear response. However, the

reverse comparison is seen for Model E. From the results in Row 2 it

is seen that the accelerations produced by the linear response are

larger than the corresponding accelerations produced by nonlinear

response. The differences in the amplitudes for both types of response

are relatively small however. Row 3 shows a large difference in the

transverse lateral shears produced in Model B. This large difference

results from the torsional response produced in the nonlinear case.

Row 4 shows only small differences in the longitudinal shears produced

by the two types of response.

C. SEISMIC LOAD TRANSFER TO COLUMNS AND ABUTMENTS

It is of particular importance to know the division of the total

longitudinal seismic deck force between the supporting columns and the

abutments. To check this behavior characteristic, consider the

unskewed Model A which experienced a maximum longitudinal deck accelera

tion of 1.09g as shown in Table 3. The tributary bridge weight for

each column (center to center of spans of deck plus one-half of columns)

in this case is 340 kips; thUS, the estimated maximum column shear
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based on this tributary weight is 371 kips (340 x 1.09 = 371). Since

the maximum calculated column shear as shown in Table 3 is only 47.6

kips, it is clear that most of the tributary seismic deck force (87%)

is transferred to the foundation through the abutment walls. To

further check this transfer characteristic, let us consider the total

deck seismic force plus the seismic forces produced in the upper-half

portions of both columns. The maximum combined seismic force in this

case amounts to 1078 kips (989 x 1.09 = 1078) which occurs at about

2.1 seconds. The algebraic sum of the two abutment wall forces at this

same instant of time is 855 kips (404 + 451 = 855; see Figs. l7a and

17b). Considering the bridge as a whole, this information indicates

that about 79% of the maximum seismic force in the total deck is

transferred to the foundation through the interaction of abutment walls

with the backfills. Further, calculations show the maximum combined

longitudinal shear in the two columns which occurs at the critical

time of 2.1 seconds is approximately 94 kips. Therefore about 9%

(94/1078) of the maximum seismic force is transferred to the foundation

through the columns. The remaining 12% of the maximum seismic force

is transferred to the foundation by shear in the abutment walls.

Making comparisons as shown above for the other bridge models

gives similar results.

D. COMPUTATIONAL EFFICIENCY

computational efficiency in the computer program is achieved

through careful program arrangement and the use of three mathematical

schemes, namely, the matrix reduction procedure, the iteration method,

and variable time steps.
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The increased efficiency through program arrangement is achieved

using overlay programs which can reduce considerably the required core

memory.

The increased efficiency through matrix reduction results from

a decrease in the number of simultaneous equations involved and a

decrease in bandwidths. If this scheme reduces the number of degrees

of freedom from N to Nl and the bandwidth from m to
1m , the ratio of

computational effort required using matrix reduction to the effort

, d 'th 'd" 2/ 1 1
2

requ2re W2 out matr2x re uct20n 2S N m N m •

The iteration procedure used allows the normal multiple

triangularization and backsubstitution of the nonlinear stiffness

matrix at each time step to be substituted by only a single

triangularization and backsubstitution. If the average number of

iterations per time step is "i", then the ratio of computational effort

required without using this scheme to the computation effort required

, , , 1 1 2/ 1 I, h' h 1 1/,uS2ng 2t 2S N m N m 2 w 2C equa s m 2.

The increased efficiency using variable time steps is quite

apparent; therefore, no further discussion of this procedure is needed.

To illustrate the savings in computational time which can be

achieved by the above mentioned schemes consider Model E which has 402

degrees-of-freedom. Matrix reduction reduces this number to 140 and

the bandwidth m which equals 93 can be reduced to 58. Therefore, the

2 1 1 2
ratio of computational efforts mentioned above, i.e. N m /N m

2 2
becomes (402) (93) /(140) (58) or 7.4. Since the average number of

iterations per time step in the nonlinear case equals 3, the com

putational effort ratio ml/i becomes 58/3 or 19.3. Using the variable

time step method, the total number of time steps required to produce a
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certain accuracy in this caSe was 4,040, including 8 subdivisions of

5 each to limit overshooting errors. By the standard equal interval

procedure, 20,000 time steps would have been required to limit over

shooting errors to the same level. Thus, the ratio of computational

efforts as influenced by using (or not using) variable time steps is

20,000/4,040 which is approximately 5.

Thus, it is seen that for the above example nonlinear solution,

the three above mentioned schemes lead to an overall ratio of

computational efforts equal to (7.4) (19.3) (5) which approximately

equals 720. Clearly, the methods used greatly increase computational

efficiency. Without these special techniques the cost of solutions

would be prohibitive. Even using these effective methods, the computer

time for a single nonlinear solution was as great as 908 seconds using

the CDC 7600 computer.
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V. CONCLUSIONS

Based on the studies contained herein for short bridges,

conclusions can be deduced as follows:

(1) The total seismic load of the bridge deck is transmitted to the

foundation primarily through the abutments with the columns

carrying only a small percentage.

(2) Backfill soil forces on the two end abutments remain essentially

in-phase under linear conditions but can develop significant

out-of-phase components under nonlinear conditions.

(3) Skewness of a bridge tends to reduce maximum longitudinal

response but it causes coupled lateral response to develop.

(4) Unequally skewed end abutments can cause both lateral and large

torsional responses to develop.

(5) Foundation flexibilities at the bases of columns and abutments

have significant influence on qverall bridge response.

(6) Impacts at the interfaces of abutment walls and the bridge deck

cause very large local transient accelerations but they have

little effect on the average deck acceleration.

(7) Separations which occur between abutments and backfill soils

cause significant out-of-phase components to develop in the

backfill forces.

(8) The three-dimensional, nonlinear seismic response, including

soil-structure interaction, can be treated analytically in a

fairly efficient manner.
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