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Instructions to candidates 

x You are not permitted access to any calculator for this paper. 
x Section A: answer all questions. 
x Section B: answer all questions. 
x Unless otherwise stated in the question, all numerical answers should be given exactly 

or correct to three significant figures. 
x A copy of the mathematics: analysis and approaches formula booklet is required for 

this paper. 
x The maximum mark for this examination paper is [80 marks]. 
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Full marks are not necessarily awarded for a correct answer with no working. Answers must be 
supported by working and/or explanations. Where an answer is incorrect, some marks may be 
given for a correct method, provided this is shown by written working. You are therefore advised 
to show all working. 

 
Section A 

 
1. [Maximum mark: 5] 

 
Let  and  be events such that P( ) = 0.3, P( ) = 0.75 and P( ∪ ) = 0.9.   
Find P(  | ). 
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P Au B P A PCB Plan B

0.9 0.3 0.75 P An B

P An B 0.3 0.75 0.9 0.15

Then
p Bpa Plan Bl

PLA
O 15
0.3

P BIA 0.5

These two formulae are in the exam FormulaBooklet
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2. [Maximum mark: 5] 
 

Given that   = 3 cos 3 + 2  and that the graph of  passes through the point (0, −1), 

find an expression for  in terms of . 
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Let u 3 3 t

Then IF 9 2 and 3 2 f d

Therefore
y 13

2cos x't dx y f dx

f'T cos u dx

f b cos u du

sin v t C C istheconstant of integration

So

y sin 3 31 E

and y 1 when 0 so Because thegraphgoesthrough 0 I

I f sin II C sin E I

I f c c

y f sin 3 3 7 4g
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3. [Maximum mark: 5] 
 

The functions  and  are defined such that ( ) = 6 + 7 and ( ) =  − 5
3 . 

 
(a) Show that ( ∘ )( ) = 2 − 3.        [2] 

 
(b) Given that ( ∘ ) ( ) = 6, find the value of .      [3] 
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a fog x f glx
61g x 17

6 17

2 x 5 7

2 10 7

2 3

b y 2x 3

2y 3

2yyzxxt.gg
Find inverse of fog

fog 3_

a 13So 2 6 Because fog a 6

a 13 12

a _9

Alternative method for part b

fog a _6 3 a fog G 3 a _216 3 12 3 9
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4. [Maximum mark: 5] 
 
(a) (i)  Expand  (2 − 1) . 

 
(ii)  Hence, or otherwise, show that  (2 − 1) − (2 − 1) = 8 − 12 + 4 . [2]  

 
(b) Thus prove, given  > 1, ∈ ℕ,  that the difference between an odd natural number   

greater than 1 and its cube is always even.        [3] 
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a i 2K 1 2 4k 2 4kt 1

Youcould also

ii i'Iii
8k 8k 4k t 2K 4k l

2K 1
3
81 3 12k 16k l

ii 2K 1
3

2K 1 8k 12k 16k I 2K 1

8k 12K2 16k l 2kt I

8k 12k t 4k

b k I KE N means KE 2,3 4 5 so 2k I e 3 5,7 9

Therefore 2k 1 represents anyoddnaturalnumbergreater than one

The difference between 2K 1 3 and 2k l is

8k 12k't 4k 2 4k 6k 12k

which is even because it is an integermultipliedby 2

The.IT nethaIiIIs eti sa inatura'numbergreater

4k 6k 12k is an integerbecause k is an integer
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5. [Maximum mark: 5] 
 
The following diagram shows triangle ABC, with AB = 5 and BC = 4. 

 
diagram not to scale   

  

 

(a) (i)  Given that sin B = 3
5, find the possible values of cos B. 

(ii) Given that B is obtuse, find the precise value of cos B.    [3] 
 

(b) Find the length of AC.          [2] 
 

  

4 5 

B 

A C 
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a i cos B gin B I Use Pythagorean identityfrom

c05213
2

the exam FormulaBooklet

cos B t 295 1

cos B 2 cosB Izf
cosB or

Ii Cosine is negative for obtuseangles so cosB

b AC AB't BC 2 AB Bc cosB Use cosine rule formula from
the exam FormulaBooklet

AC 52 42 2 5 4 f
AC 25 t 16 32 73

AC 73T units
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6. [Maximum mark: 8] 
 

(a) Show that  log (cos 2 + 13) = log √cos 2 + 13 .      [3] 
 
(b) Hence or otherwise solve  log 3√2 cos = log (cos 2 + 13)  for  − 2 < < 2 . [5] 
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A logy cos2 13
1092 052 13

toga to
log 4 log a

1092 cos2 13

2

iog.u.su is J

Iogz cos2 13 togaXm m togaX

logz cos2 13
These twoformulae are in
the exam FormulaBooklet

b log 352cos x logy cos2 13

log 352cos x logz cos2 13 usingresultfrompart a

352cos cos2 13

352 cos x cos2 13 squarebothsides

18cos X cos 2 13

18 cos x 2cos 1 13
Usedoubleangleidentityfrom
the exam FormulaBooklet

16cos 12

cos x IFE Iff I

But cos 0 for IL L X L so cos

LI or
Remember that bysymmetry of the
cos function cos x cos X
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Section B 
 

7. [Maximum mark: 16] 
 

Let  ( ) = 1
3 − 2 − 21 − 24. 

 
(a) Find  ( ).           [2] 
 

The graph of  has horizontal tangents at the points where =  and = , < . 

 
(b) Find the value of  and the value of .       [3] 

 
(c) (i) Find  ( ). 
 

(ii) Hence show that the graph of  has a local maximum point at  = .   [2] 
 

(d) (i) Sketch the graph of  = ( ). 
 

(ii) Hence, use your answer to part (d)(i) to explain why the graph of  has  
 a local minimum point at  = .        [4] 
 

The tangent to the graph of  at =  and the normal to the graph of  at =  intersect  
At the point ( , ). 

 
(e) Find the value of  and the value of .       [5] 
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a f x b 3 2 2 2x 21 i f x f x n

f x 4 21

b A horizontal tangent has a gradient of zero
so f x O at the pointswhere a and x b

2 4 21 0
You couldalsosolvethis

x 7 X 1 3 0
using the quadraticformula

7 or 3

And a b so

a 3 b 7
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c i f X 2x 4 l Differentiate f x tofind f x

f x 2x 4

ii f a f f 3 21 3 4 G 4 10

f a L O therefore f is concave down at x a

Since we also have f a O this shows that
f has a local maximum at a

d i
AY y f X

3 7
X

21

ii f b 0 and the graphshows that f X

changes from negative to positive at x b

Therefore f has a local minimum at b

e f a f f 3 f 3 3 2C3
2
2113 24 9 18 63 24 12

So the tangent at x a is a horizontal linethroughC3 12
with equation y 12

The normal at x b is a vertical line through 7 f 7
with equation 7

Those lines intersect at the point 7 12

p 7 q 12
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8. [Maximum mark: 16] 
 

Let  ( ) = ln   where  > 0,   , ∈ ℝ . 

 

(a) Show that  ( ) = 1 − ln
2  .        [3] 

The graph of  has exactly one maximum point A. 
 

(b) Find the -coordinate of A.         [3] 
 

 

The second derivative of  is given by  ( ) = 2 ln  − 3
3  . The graph of  has exactly one 

point of inflexion B. 

(c) Show that the -coordinate of B is   .       [3] 

The region  is enclosed by the graph of  , the -axis, and the vertical lines through the 
maximum point A and the point of inflexion B. 

 

 
 

(d) Calculate the area of  in terms of  and show that the value of the area is independent  
of .            [7] 

 
 
 
 
 
 
 
 
 
 
 
 

Head to savemyexams.co.uk for more awesome resources

10

http://www.savemyexams.co.uk?utm_source=practice%2520papers&utm_medium=pdf&utm_campaign=ib_maths%20


 
 
 

© Copyright 2015-2021 Save My Exams Ltd. All Rights Reserved. 

 
 
  

Head to savemyexams.co.uk for more awesome resources

a First let y In px and let u px

Ii fuse ii.io
idddIxff u lp1 ptx lpl xt

Now let u In px and let qx

Then f x d and q

so tin i Eo iiiioiiu
E qin.fr euYfM1
1
1nCpxjqx2

b A maximum point occurs where f 17 0 so

1
g.ly o I Incpx O F

in a a e

p e e ep

c A point of inflexion occurs where f x 0 so

2 In Px 3
O zin px 3 0 In px _Iq

p e
e

a b a eb

P

11

http://www.savemyexams.co.uk?utm_source=practice%2520papers&utm_medium=pdf&utm_campaign=ib_maths%20


 
 
 

© Copyright 2015-2021 Save My Exams Ltd. All Rights Reserved. 

  

Head to savemyexams.co.uk for more awesome resources

d The area can be found by integrating
esh
I ln pxArea J Tx dxe
P

I
see part a

Let u In px Then defy and

J'nqY dx If incpx E dx

IS u dx f fudu

Also Ep u In pfp In e I

and x u inCpeffy in esy z
In ed e

na
a

Therefore

Area f f v du I zu

THE tail

T F E ICE

Area
5

8q
The value of the area depends on q
but because p doesn't appear in that

expression it is independent of p
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9. [Maximum mark: 15] 
 
A school surveyed 80 of its final year students to find out how much time they spent reading the 
news on a given day. The results of the survey are shown in the following cumulative frequency 
diagram. 
 

 

 

 

 

(This question continues on the following page) 
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68

x80 60

56

2 80 40

25

17.5 225 26

Q3 23.5

median 20
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(Question 9 continued) 
 

(a) Find the median number of minutes spent reading the news.    [2] 
 
(b) Find the number of students whose reading time is within 2.5 minutes of the median. [3]  

 
Only 15% of students spent more than  minutes reading. 
 
(c) Find the value of .          [3] 
 
The results of the survey can also be displayed on the following box-and-whisker diagram. 
 

 
 
(d) Write down the value of .         [1] 
 
(e) (i) Find the value of . 

 
(ii) Hence, find the interquartile range.       [4] 

 
(f) Determine whether someone who spends 30 minutes reading the news would be an     

outlier.            [2] 
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a median 20 minutes working is on thegraph

b 56 25 31 31 students working is on thegraph

c 15 of 80 12 80 12 68

k 26 working is on thegraph

d b 35 this is themaximumvalue in the data set

e i a 23 5 this is the third quartile Qs working is on thegraph

ii IQR Q Q 23.5 16.5 7 IQR 7

This formula is in
the exam FormulaBooklet

f 1.5 x IQ R 1.5 7 10.5

Q t 10.5 23 5 10 5 34

Someone who spends 30 minutes reading the news
would not be an outlier

An outlier is any value at least 1.5 x IQR
above Q or below Qi

15

http://www.savemyexams.co.uk?utm_source=practice%2520papers&utm_medium=pdf&utm_campaign=ib_maths%20

