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i KINEMATICS OF THE LINEARIZED
EULER-BERNOULLI BEAM THEORY

q(x) Strains, displacements, and
S ) I [ [ f N [ N I rotations are small

Undeformed Beam

Euler-Bernoulli
Beam Theory (EBT)
is based on the
assumptions of

(1) straightness,

(2) inextensibility, and
(3) normality

Deformed Beam
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Kinematics of Deformation in the

Euler-Bernoulli Beam Theory (EBT)

Displacement field (constructed using

—le—b; the hypothesis)
‘ dw
Y ul(x,z)zu—zd—, u, =0, u,=uw(x)
X

Linear strains

! . . _Ow, du Zdzw
| 11 7 “xx - B 2 9
— Ox, dx dx
. dx Ou, Ou, dw dw
Gzz 7/3(,‘2 = + - + — O
{ O0x; Ox, dx dx
<
y %z; O C o o o
‘ :'. B onstitutive relations
X Oy TZ—»ny 2
= du d w
Ow=Fe,=E——-FEz——,
Oyy YO,z dx dx
Notation for stress components 0., =Gy, =0
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Euler-Bernoulli Beam Theory:
Vector Approach

Beam

2, wT q(x) crosszsection q
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W f(x) 'ulé w
Ax f
_______________ ‘—’L #&’?

N = jaxdiM ja 2dA, V=0, dA
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Euler-Bernoulli Beam Theory

_____________________________________________

Summation of forces in the x and \H ‘ fl(x)
z directions and moments about V V +AV |
the y-axis. N<H—~F> N+AN |
| / i
YF =0: —=N+(N+AN)+fAx=0 Mf(x) ,l“, M+AM§
lim Ax - 0 ﬂ+f:0 :{d—NJrf:O} e A g
Ax dx
ZFZ =0: —-V+(V+AV)+qAx —cwAx =0
lim Ax - 0 ﬂ-Fq—wa:O :>[d—v+q—cfw:01
Ax dx
ZMy =0: —VAx—M+(M+AM)+(qAx)och—(cfwa)BAx =0
4
AM dM
lim A 0 - V+——+(qA — Ax)If=0 = —-V =0
im Ax — " (gAx) o (cfw x)B = %
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Euler-Bernoulli Beam Theory (Continued)

Equilibrium equations

LA +f =0, d—M—V 0, dV+q—cfw:O
dx dx dx

{J-l-dA:A, jz-dAzo, J-zz~dA:I}
A A

A

Stress resultants in terms of deflection

N = ja dA = j dw ) 14 _padu
dx dx? dx
2 2
M = ja xz dA = I(E——Ezdwjszz—EIdlg
dx dx? dx
2
y_aM _d( o dw
dx dx dx?
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Euler-Bernoulli Beam Theory (Continued)

Governing equations in terms of the displacements

—itEA%j—f:O, O<x<L
dx dx

Bars d’ d“w
y [WLEIdx2)+cfw—q:O, O<x<L}

Z,w Beams
Fo w
T q()

Mo

HEESEEEEE=14

X

C
f
Axial deformation of a bar Bending of a beam

Axial displacement is uncoupled from

transverse displacement
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Deformed Beams
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Kinematics of Timoshenko Beam Theory

Undeformed Beam

Euler-Bernoulli
Beam Theory (EBT)
Straightness,
inextensibility, and
normality

Timoshenko Beam
Theory (TBT)
Straightness and
inextensibility



Timoshenko Beam Theory

Kinematic Relations

Z
u, (x,2) = u(x) + z¢,(x), 4
u,=0, uy(x,2)=uw(x)
8xx :%:%+2d¢x,
Ox, dx dx
Ou, 0Ou, dw
T Ox, 0x, 2 dx
Constitutive Equations
dx dx

Oy = G/yxz =G ¢x +d_
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Timoshenko Beam Theory (Continued)

_____________________________________________

Equilibrium Equations | q(x)

(same as those from EBT) v ‘m‘ V4 AV |
dN +f =0, —ﬂ—q+cfw 0, N - N+AN |
dx dx M lll M+ AM

I ACIRIANA i
_aM +V =0 i Cr i
dx U AKX /
Beam Constitutive Equations
du du
N= f o dA = f E| % |dA = EA""
du dgb do,
M = f oz dA= f E[ 5

V:staxz dA =GK. [¢ +—

f dA = GAK, [qb +d—w]
dx
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Timoshenko Beam Theory (Continued)

Governing Equations in terms of the

displacements
d dw
——|GAK — = 1
dx S[¢x+dx]+cfw 7 (1)
d do dw
—— | EI —= |+ GAK —1|=0 2
dx dx " S[¢x " dx] @)

We have two second-order equations in two

unknowns (w, ¢_). Next, we develop the

weak forms over a typical beam finite
element.
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ANALYTICAL SOLUTIONS

Euler-Bernoulli beam theory (pure bending) — EI constant

d4 AR q(x)
Z3 ] T

- X
Boundary conditions: % % E3 % E3 % E3 il k
d B “
w,V) and 0,, M); 0 =-2%
dx
General solution for uniform load:
w(x) = smh@ + ¢, cosh—— 20% sin% A
a a a 3 ka
+ [c sinh ——~ 20x + ¢, cosh=—= 20x cos 20% 4+  BAEI
a a a k

¢, thru ¢, are constants to be determined using boundary conditions.
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ANALYTICAL SOLUTIONS (continued)

Simply supported beam: Using symmetry and half beam,

3 2
dw:du;:O at x =0; w:dw a
dx dx dx 2

We obtain ¢, =c, =0, and

¢, sin 3sinh 8 +c, cosﬁcoshﬁ+% =0,
¢, cos fcosh B+ ¢, sin Bsinh 3 = 0.

Solving these equations, we obtain

29, smnfsinhp . _2q,| cosBcoshp
' k |cos2B+cosh23) * k (cos2(3+cosh?23

Similarly, one can obtain solutions for other boundary conditions.
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iANALYTICAL SOLUTIONS (by integration)

Solution with £ = 0: Successive integrations yield

d (EI dzw) fq(x) dx + C,,

EI fixbg = f(f q(x) dx)dx +Cx+C,,
Cé—”:: f%[f(fq(x) dx ) dx Jdx +C1f%dx+C2f%dx+C3,
w = f{f%[f(fq(x)dx)dx]dx}dx—i— le(f%dx)dx

+sz(f%dx)dx+03x+04.

The constants of integration can be determined using the
boundary conditions
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ANALYTICAL SOLUTIONS (by integration)

Simply supported beam under uniform load:

The boundary conditions on the moment give

M(©0)= M(a)=0=C, =0,C, = —%,

4 3

(o) = DX D%
24E1 12E1
w(0)=0 w(a)=0=C, =0,C, =(q,a’ / 24EI).

+C,x+C,.

The solutions for the bending moment and deflection become

2
M(x):—EIdlf:qZOx(a—x), 0<x<a.
X
4 3 3
(x)= D5 DOX | QX Gy 4 pi3, 3

 24EI 12EI 24EI 24EI

The maximum values are .
5q,a

2
w_.. =w(0.5a) = . M(0.5a) = Lo

JN Reddy

El ’ 8 Beams 15



i NAVIER SOLUTIONS
for simply supported beams

Euler-Bernoulli beam theory (pure bending) — EI constant

z,wT q(x)
ey Saccaatiilihiiaan
(EI ]+kw—q=0, O<x<a L Ll

-
dx’ dx* - a -
d2
Simply supported: w=0, M=-EI o =0 at x=0,a
X
. nm
Solution form: w = ZWn sino, X, o =——
a
d’w e .
- =—> W sina,x
dx n=1
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Navier’s Solution of

+

JN Reddy

Simply supported Beams

2 2
d EId +khw—q=0
dx’ dx’
;xfjwn (—1)’Ela’ + k]sin a,x = q(x)

q(x)—ZQ sina, x, @ = f q(x)sina, x dx

i{Wn [(_1) Ela, + k]—Qn}Sinoznx —0

W Q,
" |(-)’Ela + |

©9)
. nm
w = ZWn sina X, o =——
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