AN ELEMENTERY PROOF OF THE PRIME NUMBER
THEOREM

JAKE KOENIG

ABSTRACT. This paper will present a proof of the prime number theorem which
is elementery in that it does not make use of analytic techniques. The prime
number theorem states that the number of primes less than z asymptotically
approaches z/In(xz). This theorem was originally proven in 1896 by Jacques
Hadamard and Charles Jean de la Valle-Poussin. Until Selberg and Erdds
produced a new proof in 1949 it was not known whether the proof was possible
without analytic techniques. My paper follows their proof closely
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1. INTRODUCTION

The prime number theorem is an old and important theorem in number theory.
It states that the number of primes less than a number x approaches IO’g” — as X goes
to infinity. It was first formulated by Legendre in 1798. Tchebychef made important
progress towards solving this problem in 1852 when he showed that m(x) was the

same order of magnitude as using elementary techniques. Many improvements

log x
were given to the bounds of ﬂ'(i) but the elementary methods employed were largely
ad hoc and gave little hope of actually settling the problem.

The theorem was first proven in 1896 by Jacques Hadamard and Charles Jean de
la Valle-Poussin using integral theory and the Riemann zeta function ((s) defined

by,

1
¢(s) = e
n=1
The proof was concluded by use of a trigonometric identity. Later simplified proofs
were developed using similar techniques.
1
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It was quite surprising to the mathematical world when Erdés announced that
he and Selberg had developed a completely elementery proof of the theorem. Unfor-
tunately a very bitter dispute over credit followed between the two mathematicions
but that is not the concern of this paper. My paper follows Selberg’s proof closely.

The fact that the prime number theorem may be proven using only elementary
methods is something of an intellectual curiosity but sadly the results did not lead
to any future notable results, though other elementary techniques in number theory
that Selberg and Erdds developed are of great importance.

2. AN EQUIVALENT STATEMENT OF THE PRIME NUMBER THEOREM,
¥(a)logz ~ ()

First we begin by shifting focus from a function that explicitly counts primes to a
function with more useful asymptotic behaviour which is still intimately connected
to the prime number theorem.

Definition 2.1. For each x > 0, we define 7 (x) = the number of primes < x.
Definition 2.2. For each x > 0, we define ¢(z) =3 _ logp.

Definition 2.3. We will also need the notation ~. We say g(z) ~ f(x) iff
lim @ =1

Using definition (2.3) we may now formally state the prime number theorem
which we will work on proving throughout this paper,

Theorem 2.4. m(z) ~ -

Theorem 2.5. ¢(z) ~ 7w(x)log(z)

Proof. () = 3" logp 2L | < S 1og(z) < () log()

p<z
we have for any &

Pz Y o)=Y (1-e)logle) = (1—e)(n(x) + O(x' 7)) log(x)

gl-e<p<e gl-e<p<s
= (x) — m(x)log(x) as x — oo because ¢ is arbitrary. O

This theorem implies that ¢ (z) ~ x is an equivalent statement of the PNT. This
paper will prove the PNT in this way.
3. DERIVING ¥(z)logz + > logpy(z/p) = 2zlogz + O(z)

This is the primary contribution of Selberg from which several proofs of the
prime number theorem are possible. Proving the equality takes the bulk of the

paper.
First we consider the functions
T
(3.1) Ad = Aae = p(d) 1Og2(3)
and

(3.2) On = Ono=> A

d/n
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Theorem 3.3.
log? () ifn=1
0 — log(p)log(% ifn=p*a>1
"] 2log(p)log(a) ifn=pe®,a,8>1
0 for all other n.

Proof. The first case follows immediately from (3.1).
To show the second case first observe pu(p®) = 0 for a > 2. We then have

O = logz(m)—logQ(%) = log® ()~ (log(x)~log(p))* = 2log(x) log(p)~log®(p) = log(p) log(q;)

The third case follows from the same properties of p and log. We have

Gn:102£—102£—102£+102£:10 lo .
g(l) g(p) g(q) g(pq) g(p)log(q)

The fourth case may be proven by induction. We may consider n square free as
if powers of some prime p divide n all d in the summation which are divisible by
powers of p will have u(d) = 0. Let n = p1pa...pg

We have 0,2 = 0,/p, 2 — On/pp.a/p, from (3.2). Observe the 3rd statement is
independent of x and the result follows. O

We now calculate Z 6., in 2 ways: first by use of the definition, (3.2), and then
n<x

by use of the theorem, (3.3). Observe that,

RS ST 35 S VIS WA :xz%w@w\):
A<z

n<x n<x d/n d<z d<zx
M(d)l 2, 0 log? - M 0
e YD 1o 2 oS 02 ) = o 3 A 102 ) 4 000,
d<z d<z d<z
_ . log(p) _
Next the sum will be evaluated using the results Z — = log(z) 4+ O(1) and

p<z
Y(x) = O(x) to approximate the remainders. We have,

(3.5) Z 0, = log”(x Z log(p log ) +2 Z =

n<w p*<w peqP <z,p<q
Zlog )+ Z log(p) log(q)+0O( Zlog log( ))+O( Z log?(z))+O0( Z +log?(x) =
p<zx pg<lx p<z p pe<z,a>1 ‘prgh<z,a>1
= Z log?(p) Z log(p) log(q) + O(x).
p<z Pqsz

Combining the two yields:

(3.6) Zlog2(p) + Z log(p) log(q) = xz uld log +O( ).

p<z pg<w d<z
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The next step is to approximate the right hand sum. To this end we use an as-

1
symptotic formula for log?(z) derived from known formulas for Z — and Z o(n
n<x n n<x
where o is the divisor function, o(x) = the number of divisors of x. We have,

(3.7) Z % — log(x) + ¢1 + O(z %)
and .
(3.8) Z o(n) = xlog(x) + cox + O(Vx).

We may use these two equations along with partial summation to derive,

(3.9) Z # = %log2(x) + eslog(z) + O(z7).

n<zc

From (3.7) and (3.9) we obtain,

1 1
(3.10) log?(z 22 +C4ZE+C5+O(ZZ).

n<x n<x

Going back to the sum in equation (3 6) and using the well known results,

Zu —)=1 and Z ud ) we can derive,

d/n d<w
p(d) p(d o(r) p(d) 1
(3.11) ZT = 722 Z —+c427 —+
d<z d<z r<z/d d<z r<z/d
1(d) _ay w(d)a(r) p(d)
+C5Z—d Zd 22 +c Z err
d<zx d<z dr<z dr<z
p(d) _ 1
tosy EEH0M) =2 =3 () ey S Zu
d<z n<x d/n ’I’L<L d/n
1
= 2 — = .
> ~ s+ O(1) = 2log(x) + O(1)
n<x
We now have
(3.12) Z log?(p) Z log(p) log(q) = 2z log(x) + O(x)
p<z pPg<z

and by using the fact that

(3.13) > log*(p) = ¢(x)log(w) + O(x)
p<z

we get the form of the equation we are looking for,

(3.14) Y(x)logz + Y logpt(z/p) = 2zlogx + O(x).

p<z
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One more form of this equation is of interest in later sections. We start deriving
it with the following equation obtained by partial summation from (3.12),

log(p) log(q) x

(3.15) D log(p) + Y = =22+ O( )

= o=, los(pg) log(z)
which gives,
(3.16)

I 1 1

> st loet) = X lon) Y lale) =25 3" S 1oy 3 Lslollontr,
pg<z p<zx q<z/p p<z p<z gr<z/p elq

log(p) | _ N log(g)log(r) @ . .
+O(:c1§ YT log(%))) = 2z log(z) Z Tog(qr) w(qr) + O(x log(log(x))

qr<z

which when plugged into (3.12) yields,

(317)  @)los) = 3 BRI T 4 100 10g(a)).

oz, log(pa) " pa

4. THE FORM OF THE FUNCTION R(z) = ¢(x) — x

It is our goal to show that @ — 1 as * — 00 so it is useful to consider
¥(z) = v+ R(x) and determine the properties of the remainder term R(x). First
we may obtain from (3.14),

(4.1) R(z)log(x Z log(p )+ O(x)

p<lz

and from (3.16) we obtain,

(4.2) R(z)log(x) = » Mﬁz(i) + O(z log(log(z))).

o= log(pa) Pq

Combining (4.1) and (4.2) yields the inequality,

(4.3)

2|R(x)|log(z) < log(p) + 3 Mm(ﬁn + O(zlog(log(z))).

= o= log(pg) pq

This inequality implies the following less strict inequality,

(4.4)
2Rz log(x) < S log(p) +Zl"g D) OB {1 ) - | R( )|+ Ol loglos(z)).

n<z p<n pg<lzx IOg pq

This inequality follows from the previous one, because all terms in the summation
are strictly positive. We are simply adding more terms to the series by allowing n
that cannot be written as the product of two primes. We may now use (3.15) and
partial summation to arrive at the following equation,
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1 2\ o, oB(oB(x)
(4.5) [R(z)] < log(z) Z |R(n)‘ +0O( log(z) )

n<zx

5. OTHER PROPERTIES OF R(x)
log(p)

Partial summation from Z ——= =log(z) + O(1) yields,
p<z r
$(n)
5.1 —— =1 O(1).
(5.1) 3 5 = loste) + O
Using ¢(n) = n+ R(n) and Y. 1 =log(n)+ O(1) it is clear that,
n<x
R(n)
(5:2) > 5o =0
n<z
This implies that for > 4 and 2’ > x there exists a constant K7 such that,
R(n)
(5.3) Y 3| < K1
r<n<z’/
From this we observe:
. R(y) ! . R(y) 1
f |—=|(log(—)+0(1)) = f |—= - <
Lank, 1=, oe(T) +O()) = inf == s

; (y),1 R(n)

< E f — < E K.

- xSlzI/ISx/| Y ‘n_| |< !
rz<n<z’ rz<n<z’

Which shows for a different constant Ko > 0,

R K
(5.4) M| <—2
Y log(%)
or in other words, for a fixed 0 < § < 1 and x > 4, there will exist a y in the
interval x <y < 6K2/5, with
(5.5) [R(y)| < dy.

From (3.15) it is clear that y < ¥/,

/

S log(p) < 25" —y) + O(2),

y<p<y’ log(y )
from which it follows by the definition of ¥ (x) that,
y/
R(y)—-RWI<y -y+0O
[R(y') — R(y)| (log(y’))
or
Ksy'

[R(y')| < |[RW)|+ |y —y| +

log(y')
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Where K3 is a constant whose existence follows from the definition of big O nota-
tion.

Now consider an interval (z,e%2/%). We know by, (5.5) that there exists a y in
this interval such that,

[R(y)| < dy.
Therefore for any y’ in the interval y/2 <y’ < 2y, we have
Ksy'
<oy+ly —yl+
RIS 0y 1 ol + s
or
R(y ! K

Y y  log(z)
Therefore if we have z > e2/% and e=9/2 < Yy < e%/2 it follows that,

Ry

y'
In other words we have determined that for = > %2/ the interval (z,e®2/%z)
will contain a sub-interval (y;,e%/2y;), with the property |R(z)| < 49 for z in the
sub-interval. We now have all the tools we need to prove the prime number theorem.

<20+ (%2 —1) + 6 < 40.

R(z)/z — 0

We know ¢ (z) = O(x) which implies R(x) = O(x) as well. This means for some
constant K4 and = > 1 we have,

(6.1) IR(z)| < Kuz.

Now assume for some 0 < o < 8,

(6.2) |R(z)| < ax,

is true for all z > 2o > e®2/%. Setting § = a/8, we have from section (5) that

intervals of the form (x,e%2/%z) contain an interval (y, e%/%y) with,

(6.3) |R(2)| < az/2.
The inequalities (3.14) and (6.1) yield,

|R(x

| + O( 7) <
n<z lOg(JT)

T 1 T 1n_ x x
<K4710g(z) Z ﬁ+1og(a:) Z E‘ER(ﬁ”—FO(ilog(m))'

z/ro<zr<z n<z/xo

Setting p = e%2/% and using (6.2) and (6.3) we get,

ox 1 ox
log(x) Z n 2log(x) Z Z n

n
n<(z/zo) 1<r<(log(z/z0)/ log(p) yr<n<y,ed/2,pr=1<y,<pre—(5/2)

—_
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T ax ) x ad
+O(—) =az——— —4+0(——=) =ax————2+0
log(z) 2log() 1<r<<log<mz/;o>/log<p) 2 log(x) 4log(p)
a? T 2
=0l - —— )+ 0(—) < a(l — —— ).
( 256 K5 ) ( A /log(:p) ) ( 300K )

And now we’re done because the sequence,

o

)
300K
converges to 0 as it is monotonically decreasing and only has a fixed point at o = 0.

This implies that R(z)/z — 0.

Onp41 = an(l -
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