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CHAPTER 5
Analytic Trigonometry

Section 5.1  Using Fundamental Identities

B You should know the fundamental trigonometric identities.
(a) Reciprocal Identities
1

sinu = cscu = —
cscu sin u
1 1
cos u = secu =
sec u cos u
1 sin u 1 cos u
tan u = = cotu = = —
cotu cosu tanu  sinu
(b) Pythagorean Identities
sinu + cos>u = 1
1 + tan? u = sec’u
1 + cot?u = csc®u
(c) Cofunction Identities
. <7T ) <7T ) .
sinl— — u | = cos u cos| — —u| =sinu
2 2
t (” ) : t<” ) :
an|— — u| = cotu cotl — — u| = tanu
2 2
secl— —u) =cscu cscl— —u| = secu
2 2
(d) Even/Odd Identities
sin(—x) = —sinx csc(—x) = —cscx
cos(—x) = cos x sec(—x) = sec x
tan(—x) = —tanx cot(—x) = —cot x

B You should be able to use these fundamental identities to find function values.

B You should be able to convert trigonometric expressions to equivalent forms by using the fundamental identities.

Vocabulary Check

1. tanu 2. cosu 3. cotu
4. cscu 5. cot?u 6. sec’u
7. cosu 8. cscu 9. cosu
10. —tan u

438
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V3
1. sinx = 73 cos x = 5 = xisin Quadrant II. 2. tanx = ER cos x = —7

tanx = cosx —1/2
cotx = . S —ﬁ
tan x J3 3
secx = L _
YT cosx —-1/2
csc L_ 1 _i_Lﬂ
7 Sinx J3/2 /3 3
. 2 .
3. sec O = ﬂ, sin 6 = —7 —> 0 is in Quadrant I'V.
g L1\
cos " sec® V2 2
sing  —2/2
tan 6 = = = -
cos 6 J2/2
1
th=——=—1
co 0o
1
csc B = — =-2
sin 6
13 .
5. tanx = —, secx — — Xxisin
12
Quadrant III.
1 12
cosx =——= ——
sec x
. 144
sinx = — /1 — cos?x = — 1—@=—f
1 12
cotx = =—
tan x 5
1 13
cscx = = ——
* sin x 5
7. sec ¢ = %, csc ¢p = 7# => ¢ 1isin Quadrant IV.
1 1 V5
sin ¢ = = = ——
cscp —3V5/5 3
1 1 2
Cosd)_secd)_%_g
an & = sing _ —\/5/3: _ﬁ
cos ¢ 2/3 2
1 1 2 2.5
cot p = = = ———= -
tanp —5/2 NG} 5

x is in Quadrant III.

, ( \/§)2 1 1
sinx = — e - -= —=
2 4 2
1
CSC X = — = -2
sin x
1 2 23
secx = =——F=—-——
* cos x 3 3
t 3 J3
cot x = =—==
tan x \/§

5 3
4. cscOZ*,tan(?:Z

0 is in Quadrant 1.
in 6 1 3
sin 6 = =—
! csch 5
sinf 3 4 4
cos 6 = =—--==
tan0 5 3 5
0 1 5
sec 6 = =—
cos 6 4
1 4
cot O = =
tan 0
V10
6. cotp = —3,sinp = ——
10
¢ is in Quadrant II.
310
cos¢p =cot¢psing = ————
10
tan ¢ !
an ¢ = = —=
cot 3
1
csc ¢ = — = V10
sin ¢
1 10 V10
sec ¢ = = — = -
cos ¢ 310 3
T 3 ..
8. cos E—x =g, cos x = —, x is in Quadrant I.
ne= 1= -3
sinx = -z ==
* 5/ 75
sinx 3 5 3
tan x = =—.—=—
cosx 5 4 4
1 5
cscx = =—
* sinx 3
1 5
sec x = =—
* sx 4
1 4
cotx = =—
tanx 3
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1 1 2
9. sin (—x) = -3 = sinx:§, tan x = —% = xis 10. secx = 4,sinx > 0

in Quadrant IT. x is in Quadrant I.

1 1

1 22 = ==

cos x = —+/1 — sin? :7‘/17627% COSX¥ = ecx 4
1

/3 sinx=,/1—<%)2=g

cotx =——= =
*T anx - J2/4
1 ! 372 tanxzsmx:j-i:\/]s
secx = = = — coS X 4 1
cosx —2V2/3 4
1 cscx = L _ 4 415
Cscx:sinx:m:3 sinx /15 15
cotx — 11 V15
. tan x J15 15
11. tan 6 = 2, sin # < 0 = @ is in Quadrant III. 12. csc 6= —5,cos0 <0
secf=—Jan?o+1l=—-J4+1=-J5 # is in Quadrant III.
cos 0 = ! :—L:—ﬁ sin 0 = lez_é
sec 0 NG 5 ese
12 -2.6
sin @ = — 1 — cos? 6 cos 0 = — 1—(—§> =
__ o2 25 wmpoSn6_ 1 5 /6
5 NG} 5 cos 0 5 2/6 12
g L o5 g L5 _ 506
sin 6 2 cos 6 2./6 12
1 1
cot 6 = == _ 112
tanf 2 cotB—tane—\/a—2\@
. 3w . . .
13. sinf= —1,cot0 =0 = 6= > 14. tan 6 is undefined, sin 6 > 0.
cos =1 —sin?0 =0 9:757
sec 6 is undefined. sin 6
t = is undefined =0
tan 0 is undefined. an 6 cos 0 is undefined = cos 0
csc = —1 sinf =1 —0>=1
1
csc 6 = — =1
sin 6
I .
sec 0 = is undefined.
cos 6
6 0
00[02095 =—-=0
sin 6 1
1 sin x 1 1
15. secxcosx = secx - =1 16. tan x csc x = = = secx
sec x COsSX Ssinx  CoSXx
The expression is matched with (d). Matches (a).
17. cot?> x — csc?x = cot? x — (1 + cot?x) = —1

18. (1 — cos?x)(csc x) = (sin%x) = sinx

The expression is matched with (b).
Matches (f).
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19.

22,

24,

26.

28.

30.

32.

34.

36.

sin(—x) —sinx
—_— = —tanx

cos(—x)  cosx

The expression is matched with (e).

cos? x(sec2x — 1) = cos? x(tan? x)

, (sin® x
= cos?xl 5
cos? x
= sin? x
Matches (c).
COS X 1 1
cot x sec x = . = = CSC X

sinx cosx sinx

Matches (a).

cos¥(m/2) — x] _ sin®x _ sinx

cos x COSX  COSX
Matches (d).
sin B .
cos Btan B = cos = sin
Banf = cos i p = sin B

sec?x(1 — sin? x) = sec? x — sec?x sin® x

=sec’?x — ——— - sin’x
S
) sin® x
=sec’x — —
cos? x
= sec?x — tan®x
=1
csc® 1/(sinf) cos 6
= = — = cot 0
sec® 1/(cos @) sin@
1 1 1
= cos® x

tan?x + 1  sec>x  1/(cos?x)

tan’ @  sin® 0 1

sec2@ cos> O sec’ 0

_sin? 0 1
cos? 0 1/(cos? 6)

cos? 0

sin” 6 cos? 0 -
= = sin- 6

sin[(7/2) —x] _ cosx

Matches (c).

sin x = tan x sin x

" cos[(m/2) — x]  sinx

= cotx

21. sinxsecx = sinx + —— = tan x
CoS X

The expression is matched with (b).

23. sec* x — tan* x = (sec?x + tan?x)(sec? x — tan? x)

25.

27.

29.

31.

33.

= (sec?x + tan®x)(1) = sec?x + tan®x

The expression is matched with (f).

sec2x — 1 tan?x  sin®x 1 )
— === S T, T sectx
sin? x sinx  cos?x sin®x

The expression is matched with (e).
cos 0 1 1

cot fsec 6 = —; . = - =csc 0
sinf cosf sin 6

. . . 1 .
sin ¢(csc ¢ — sin ) = (sin p)—— — sin> ¢

sin ¢

1 — sin® ¢ = cos? ¢

cotx _ cosx/sinx

csc x 1/sin x
_cosx sinx
sin x 1
= cosx
1 —sin?x  cos?x ) ) , s sin®x
5 =——— = cos’ x tan’ x = (cos®>x)——
cscrx — 1 cot* x cos” x
= sin® x
sec o —— = (sin a) cot «
a  cosa
1 . CcoS «
= (sin @){ — =1
cos a sin
™ .
37. cos 5 T x)secx = (sin x)(sec x)
. 1 sin x
= (sin x) = = tan x
COS X COS X
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T sin x
38. cot{ — — x| cosx = tanxcosx =
2 cos x

- cosx = sinx

cos t 1
S = =sect
cos’t cost

40. (cos 1)(1 + tan??) = (cos 1)(sec®t) =

41. sin Btan B + cos B = (sin B)m + cos B

_sin? B N cos® B
cosf3  cosfB

sin 3
0

_sin? B + cos? B
cos B
1
cos B

= sec 3

. cosu, . sin
43. cotu sinu + tan u cos u = ——(sin u) +
sin u cos

u
(cos u)
u

= cosu + sinu

45. tan?x — tan?xsin®x = tan?x(1 — sin? x)
= tan? x cos? x

sin? x 5
=———-cos’x
cos? x

= sin?x

47. sin? x sec?> x — sin? x = sin? x(sec?x — 1)

= sin? x tan? x

sec?x — 1 (secx + 1)(secx — 1)
secx — 1

secx — 1

=secx + 1

51. tan*x + 2tan?x + 1 = (tan?x + 1)?

= (sec? x)?

sect x

cos’y 1 —sin’y

39.

l—siny_ 1 —siny

_ (1 + siny)(1 — siny)

- =1+siny
1 —siny
42. csc ¢tan ¢ + sec p = sir}d) . z:)rg(i-i-secd)
- + sec ¢
cos ¢
= 2sec ¢

sinf  cos 0
cos @ sin 6

44. sin Osec 6 + cos Ocsc O =
sin2 @ + cos? 6
cos O sin 6

1
cos O sin 6

= sec fcsc O

46. sin? x csc?x — sin? x = sin? x(csc2x — 1)

= sin? x cot? x

Il
2.
=]

[
=

Il
(e}
[}
@

S
=

48. cos?x + cos? x tan®> x = cos? x(1 + tan? x)

= cos? x(sec? x)

=coszx< 2)
cos? x
=1
cos’x —4  (cosx + 2)(cos x — 2)
" cosx — 2 cosx — 2
=cosx + 2

52. 1 — 2cos?x + cos*x = (1 — cos?x)?

= (sin® x)?

sin* x
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53.

55.

56.

57.

59.

61.

63.

64.

sin* x — cos* x = (sin% x + cos? x)(sin® x — cos? x)
= (1)(sin? x — cos? x)

= sin® x — cos®x

cscdx —cesc?x —cescx + 1 = csc?x(escx — 1) — 1(cscx — 1)
= (csc?x — 1)(cscx — 1)

cot? x(cscx — 1)

sec’x —sec2x —secx + 1 = sec2x(secx — 1) — (secx — 1)

(sec?x — 1)(secx — 1)

= tan® x(sec x — 1)

(sin x + cos x)? = sin? x + 2 sinx cos x + cos? x

(sin?x + cos?x) + 2 sin x cos x

1 + 2sinxcos x

(2escx +2)(2cscx —2) =4csctx — 4 60.
= 4(csc2x — 1)
= 4 cot’ x
1 1 1 —cosx+ 1+ cosx

+ =
1+cosx 1—cosx (14 cosx)(l — cosux)
B 2
1 — cos?x
2
sin?x

= 2csc?x

54. sec* x — tan* x = (sec? x + tan2 x)(sec? x — tan® x)

= (sec?x + tan?x)(1

= sec?x + tan®x

)

58. (cotx + cscx)(cot x — csc x) = cot? x — csc?x

=9(1 — sin®x)
=9 cos’x
1 B 1 _secx — 1 — (secx + 1)
“secx+ 1 secx — 1 (secx + 1)(secx — 1)

=1

(3 —3sinx)(3 + 3sinx) =9 — 9sin®x

secx — 1 —secx — 1

sec?x — 1

=2
tan? x

1
-2
(tan2 X

= —2cot®x

cosx I +sinx _ cos’x + (1 +sinx)>  cos’x + 1 + 2sinx + sin’x

1 + sinx cos x cos x(1 + sinx) cos x(1 + sin x)

2 + 2sinx
cos x(1 + sin x)

2(1 + sin x)

" cos x(1 + sin x)

2
coS X

2 sec x

sec2x  tan®x — sec?x

tan x —
tan x tan x

-1
=——= —cotx
tan x

65.

siny 1 —cos?y

l—cosy_ 1 —cosy

_ (1 + cosy)(1 — cosy)

)

1 —cosy

=1+cosy
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5 tanx — secx _ 5(tanx — sec x)

tanx + secx tanx —secx  tan®x — sec?x

5(tan x — sec x)
—1

= 5(sec x — tan x)

tanx  cscx — 1 tan’x(cscx — 1)  tan’x(cscx — 1)

67. 3 secx + tanx _ 3(secx + tan x)
secx —tanx secx + tanx  sec?x — tan®x

_ 3(secx + tanx)
1

= 3(sec x + tan x)

cscx+1 cscx— 1 csc?x — 1

69. y, = cos(% - x), y, = sinx

= tan? x(csc x — 1) tan? x = tan* x(csc x — 1)

X 0.2 0.4 0.6 0.8 1.0 1.2 1.4
v 0.1987 0.3894 0.5646 0.7174 0.8415 0.9320 0.9854 ol z
Vs 0.1987 0.3894 0.5646 0.7174 0.8415 0.9320 0.9854 Conclusion: y, =y,
70. y, = secx — cos x,y, = sin x tan x 6
x |02 0.4 0.6 0.8 1.0 1.2 1.4
vy, | 0.0403 | 0.1646 | 0.3863 | 0.7386 | 1.3105 | 2.3973 | 5.7135 o -

¥y, | 0.0403 | 0.1646 | 0.3863 | 0.7386 | 1.3105

0

23973 | 5.7135

It appears that y, = y,.

cos X 1 + sinx =
7. y, = 1 — sing Y2 =
sin x cos x
X 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0 g

¥ 1.2230 1.5085 1.8958 2.4650 3.4082 5.3319 11.6814 ! ’

¥, 1.2230 1.5085 1.8958 2.4650 3.4082 5.3319 11.6814 Conclusion: y, = y,
72. y, = sec*x — sec®x,y, = tan’x + tan*x 1200

x 0.2 0.4 0.6 0.8 1.0 1.2 1.4

vy, | 0.0428 | 0.2107 | 0.6871 | 2.1841 | 8.3087

50.3869 | 1163.6143

¥y, | 0.0428 | 0.2107 | 0.6871 | 2.1841 | 8.3087

0

50.3869 | 1163.6143

73. y, = cosxcotx + sinx = cscx

. COS x .
COS X cot x + sinx = cos x| — + sin x
nx

2 in2
COS™ X sin® x
- +—
S x sSin x

cos’x +sin?x 1

= = = CSCx

sin x sin x

It appears that y, = y,.

2w

|
N
3

A
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74. y, = secxcscx — tanx = cot x

sin x K
—27

\

Ll 1
1 1 | |
secxcscx — tanx = - = | | )
cosx SInx COS X i T &
1 1
. ! 1
_ 1 sin® x ' !
cosxsinx  cos x sinx -
1 —sin’x
COoS X sin x
cos? x COS X
=———F——=—""=cotx
cosxsinx  sinx

1
75. y, = — ( fcosx>=tanx 5
sin x\cos x — T T
1 ( > 1 oS x J: j: | ):
- —cosx|=—-—— """ o [y 2
sin x\cos x sinxcosx  sinx o :( ;/
1 — cos?x sin? x sin x !
= — = — = = tan x -5
sinxcosx sinxcosx cosx
1/1 + sin 6 cos 0
76. y, = s
N 2( cos@ 1+ sin 9) J :kj: :k
1(1 + sin 0 L _cos 0 ) _ l((l + sin 6)(1 + sin 6) (cos 6)(cos 6) ) AR AL
2\ cos 6 1 + sin 6 2\ (cos 6)(1 + sin 6) (cos 6)(1 + sin 6) imi Y

— N\*—‘

_L
2

1 + sin 0 1

-
<ios0 )(1 + sin 6)
(o +swd

1 + 2sin 0 + sin? 6 + cos? 0) 4

(cos 6)(1 + sin 6)
+2sin 6+ 1 )

2+ 2sin 6 )

(cos H)(1 + sin 6)

= sec 0

- (cos O)(1 + sin 6)

77. Let x = 3 cos 0, then

cos 6

9 — x?

9 — (3cos 0)? =
V9 sin? § = 3 sin 6.

78. Letx = 2 cos 6.

9 —9cos?0 =91 — cos? 0)

79. Let x = 3 sec 6, then

64 — 16x* =
— JBHT — e 0)
= /64 sin’ §
= 8sin 6

64 — 16(2 cos 6)?

x> —9

(3sec 6> —9
V9sec?0 -9
= V9(sec?6 — 1)
= /9 tan’ 0

= 3 tan 6.
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80. Let x = 2 sec 6.
x> —4=(2sec 0 — 4
= VA(sec? 6 — 1)
= J4tan’ 0
= 2tan 0

82. Letx = 10 tan 6.
x>+ 100 = /(10 tan 6)> + 100
V100(tan? § + 1)

= /100 sec? 0
= 10 sec 0
84. x = 6sin 0
3= /36 —x?

= /36 — (65in 0
= V/36(1 — sin’6)
= /36 cos’ 0
=6cos 0

3 1
0050—6—2

sin @ = +1 — cos? 6

12

. 1—(2>
Nz
4

2

Il
+

Il
H+

Il
H
w

86. x = 10cos 6
—5V3 = V100 — »?
= /100 — (10 cos 6)?
= V100(1 — cos® 6)
/100 sin” 6
10 sin 0
5/3__\3

Snf="T0 T T

cos =1 —sin20 = 1—(

81. Let x = 5 tan 6, then

X2+ 25 = J/(5tan 0) + 25
= J/25tan? 0 + 25
= J/25(tan2 0 + 1)
= /25sec? 0

= 5sec 6.

83. Let x = 3 sin 6, then /9 — x> = 3 becomes

V9 = (3sin ) =
J9—-9sin?6=3
VO —sin? ) =3
VO9cos?6 =3
3cos =3
cos =1

sin @ = /1 — cos? § =

I-(y2=0.

85. Let x = 2 cos 6, then /16 — 4x2 = 2/2 becomes

V16 — 4(2 cos ) = 22
V16 — 16 cos2 0 = 2/2
V16(1 = cos? 6) = 22

J16sin2 6 =22

4sin 0 =22
. V2
sm0=7

cos @ = /1 —sin% 6

87. sin @ = /1 — cos? 0

Lety, = sinxandy, = /1 — cos?x, 0 < x < 2.

y, =y, forO < x < m, so we have

sin = /1 —cos2ffor0 < 6 <

2

Y

Y1
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88. cos 6 = —/1 —sin® @

2

SR
IA
>
IN

W

"’\=1

90. csc = V1 + cot? 0 2
O<O<m U v

92. In|sec x| + In|sin x| = In|sec.x sin x|

=1In - sinx

COos x

= In|tan x|

94. In(cos?#) + In(1 + tan?¢) = In[cos? #(1 + tan2 )]

= In[cos? ¢ sec? ¢]

1
= 1n<coszt S )
cos? ¢

=In(l)=0

96. tan2 9 + 1 = sec? 6
(a) 0 = 346°
(tan 346°)2 + 1 = 1.0622

1 2
(7) ~ 1.0622

346°)?
(se ) cos 346°

(b) 6=3.1
(tan 3.1)2 + 1

U

1.00173

(sec 3.1)2

2
( ) ~ 1.00173
cos 3.1

89. sec = /1 + tan® 0
andy, = /1 + tan’x, 0 < x < 2.

1
Lety, =
cos x
T 3w
yy=y,for0<x< Eand7 < x < 2, so we have

3
secB=\/1+tan20f0r030<§and777<0<277.

PAN

|cos x|

91. In|cos x|—In|sinx| =1 = In|cot x|

n-—
|sin x|

93. In|cot?| + In(1 + tan?t) = 1n[|cott|(1 + tan? t)]
= In|cot t sec? f|

cos ¢t 1
nj—/——- >
sint cos’t

1

—————| = In|csc £ sec 7]
sin t cos t

=In

95. (a) csc?132° — cot?132° = 1.8107 — 0.8107 = 1

2 2
(b) csc27” — cot? 7” ~ 1.6360 — 0.6360 = 1

97. cos(%r — 0) = sin 0

(a) 0 = 80°
cos(90° — 80°) = sin 80°
0.9848 = 0.9848

(b) 0=0.8
cos(% — 0.8) = sin 0.8

0.7174 = 0.7174



448 Chapter 5 Analytic Trigonometry

98. sin(— ) = —sin 0 99. uWcos § = Wsin 6
(a) 0 = 250° W sin 6
B= WcosOZtanG
sin(—250°) = 0.9397
—(sin 250°) = 0.9397
(b) o1
2
S n( 1) 0.4794
in| —— | = —
2
- <sm —| = —0.479%4
1 (cosx 101. True. For example, sin(—x) = —sin x means that the
100. cscxcotx — cosx = — ; — COS X . . ..
sin x\ sin x graph of sin x is symmetric about the origin.
COS X
== —CosX
sin®x

cos x — sin®>x cos x
sin?x

cos x(1 — sin?x)

sin?x
coS x cos?x )
=T 5. T cosx cot” x
sin® x
. . T .
102. False. A cofunction identity can be used to transform 103. Asx — — ,sinx—> 1l and cscx — 1.

a tangent function so that it can be represented by a
cotangent function.

104. Asx — 0%, cos x — 1 and sec x = — 1. 105. ASX—)gi,tanx—>0°andCOtX—>0~
coSs x
106. Asx — 7, sinx—0and cscx = snx 107. cos 6 = /1 — sin? @ is not an identity.
cos?f +sin?0 =1 = cos==x1—sin’>0
. . . sin k6 . . .
108. The equation is not an identity. coskd tan 6 is not an identity.
cot O ==xJesc? 0 — 1 .
sin k0 = tan k6
cos k6
110. The equation is not an identity. 111. sin 6 csc 6 = 1 is an identity.
! :l< ! >=lse00¢55e00 sin 6 - 1 = 1, provided sin 6 # 0
5cos @ S\cos 6 5 sin 0 P ’

112. The equation is not an identity. The angles are not the same.

1 .
sinfcsc¢p =sin 6 * _ sin0 # 1, in general

sing  sin ¢
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113. Let (x, y) be any point on the terminal side of 6. 114. Divide both sides of sin? § + cos? 6 = 1 by cos? 6:
Then, r = /x> + y* and sin” 0 N cos?f 1
cos2f  cos2f cos2f
(2 29 = (2 ? + (X ?
sin® 6 + cos? 6 = | p tan? 0 + 1 = sec? 0
y2 + x2 Divide both sides of sin? 6 + cos? § = 1 by sin? 9:
= 2
r sin?f | cos?6 1
P2 sin?@  sin?0  sin?0
T2
1 + cot? = csc? 0
=1

Discussion for remembering identities will vary, but one
key is first to learn the identities that concern the sine
and cosine functions thoroughly, and then to use these as
a basis to establish the other identities when necessary.

15. (Vx+5)(Vx—5) = (V) = (52 =x—25 116. (247 +3)> = (2v2) + 2(2/2)(3) + (37
=47+ 122+ 9
1 x _ (x—8) +x(x+5) 6x 3 _ 6 3
117'x+5+x—8_ (x+35)(x—38) 118'x—4 4 —x x—4+x—4
XX+ 6x—8 _6x+3
x5 — 9 T x4
30+ 1)
T ox—4
2x 7 2xx+4)— 72— 4) X 2 X xX2(x +5)
W i 4T @A+ e ey S R B e e
_2x% + 8x — Tx2 + 28 _x+ X+ 58
T @@=+ 4 (x —5)(x+5)
_ —5x* 4+ 8x + 28 _x(1 + X2 + 5x)
a (x> —D(x+4) _(x—S)(x+5)
Cx?+5x+ 1)
- 2-=25
121. f(x) = % sin(rx) y 122. f(x) = —2tan<?) )

Amplitude: 2

Amplitude: %

T

Period: —= =2 3 *
2 /2 X
Period: L 2 / |
™ Two consecutive vertical |
asymptotes: x = —1,x =1 \E

Key points:

ints: |-+ 1
00, (330030 v (32} 00,32
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123. f(x) = %sec(x + jf)

1
Sketch the graph of y = 5 cos(x + g) first.

1 é 2r
Amplitude: 5 2
Period: 2
T T
Cxt = = ——
One cycle: x n 0= x n
7
x + % =27 = x = Tﬂ-

. 1 . 1
The x-intercepts of y = 5 cos(x + g) correspond to the vertical asymptotes of f(x) = 5sec<x + jf)

124. f(x) = %cos(x -7 +3

ot
Using y = acos bx,a = % so the amplitude is % /\/\

Lol 2w e —
b = 1 so the period is — = 2. | b v
1 - 1 T 2r

(x — ) shifts the graph right by 7 and +3 shifts the graph upward by 3.

Section 5.2  Verifying Trigonometric Identities

B You should know the difference between an expression, a conditional equation, and an identity.
B You should be able to solve trigonometric identities, using the following techniques.
(a) Work with one side at a time. Do not “cross” the equal sign.

(b) Use algebraic techniques such as combining fractions, factoring expressions, rationalizing denominators, and squaring
binomials.

(c) Use the fundamental identities.

(d) Convert all the terms into sines and cosines.

Vocabulary Check

1. identity 2. conditional equation
3. tan u 4. cotu
5. cos?u 6. sin u
7. —cscu 8. secu
. . ! 1
1. sintcsct =sintl— | =1 2. secycosy = cosy = 1
sin ¢ cosy

3. (1 +sina)(l —sina) =1 — sina = cos’a 4. cot? y(sec?y — 1) = cot? y tan® y = 1



Section 5.2 Verifying Trigonometric ldentities

451

5. cos?3 — sin? B = (1 — sin? B) — sin? B 6. cos®> B — sin?> B = cos®> B — (1 — cos® )
=1—2sin’B =2cos?B—1
. . . . . . sin
7. sin2a — sin*a = sin? a(l — sin® @) 8. cos x + sin x tan x = cos x + sin x( )
Cos x

= (1 — cos? a)(cos? .
( a)( @) cos?x + sin?x

= cos’a — cos* « COS X
1
cos x
= secx
2 3 2
csce 6 cot’t cottcot t
9. = csc? 0( ) 10. =—
cot 6 cot 6 csct csct
= csc?ftan 6 _ cotresc?t — 1)
_( 1 )(sin 9) eset
===
sin® 0/ \cos 6 cos t
%I(CSCZI —-1)
~ (walleas) o
sin 6/\cos 0 -
sin ¢
= csc Osec 6 .
cos t sin ¢
=——(csc?t — 1)
sin ¢

= cos t(csc®t — 1)

cot?t cos*t . 1 1 + tan?
11. = -sint 12.7+tan/3:7’8
csct  sin“t tan 8 tan B
cos?t _ sec’ B
sin ¢ tan 3
1 =sin?r 1 sin?t
sin ¢ sint  sint

=csct— sint

13. sin!/2xcos x — sin2x cos x = sin'/2x cos x(1 — sin?x) = sin'/2x cos x - cos?x = cos? x+/sin x

14. sec® x(sec x tan x) — sec* x(sec x tan x) = sec* x(sec x tan x)(sec2x — 1)
= sec* x(sec x tan x) tan? x

= sec’ x tan® x

1 COS X sec 6 — 1 sec 0 — 1 sec 6
15. ——————— = cosxcotx = cos x * — 16. = .
sec x tan x sin x 1 —cos@® 1—(1/secH) sec6
_cos?x _sec f(sec 6 — 1)
sin x sec  — 1
1 —sin’x = sec 6
sin x
= — — sinx
sin x

= cscx — sinx
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17. cscx — sinx =

" tan x

21.

‘sinx + 1

25.

1 1
+

1 sin? x

sin x sin x
1 — sin’x
sin x
cos?x
sin x
COSX COS X
1 sin x

COS x cot x

cotx + tan x

cotx

cos fcot 6

1 —sin 6

1

tan x cot x

cotx + tan x
1

tan x + cotx

_cos Bcot § — (1 — sin 6)
1 —sinf

cos 6
sin 6
1 —sin 6

cos 9(

— 1 +sin g
J- 1o g

sin 6

_cos?6 — sin @ + sin? @
sin 6(1 — sin 6)

_ 1 —sin 0
sin §(1 — sin 6)

1
sin 0

= csc 6

1 _csex+ 1 +sinx + 1

tan<z — 0) tan 6 = cot Otan 0

2

+ =
cscx +1  (sinx + 1)(cscx + 1)

sinx + cscx + 2

sinxcscx + sinx +cscx + 1

_ sinx 4+ cscx + 2
1 +sinx+cscx + 1

_sinx + cscx + 2
sinx + cscx + 2

=1

cos[(7/2) — x] _ sinx

18. secx — cosx

= sin x tan x

1
= (7tan 0) tan 6

=1

" sin[(w/2) — x]  cosx

1 1 cscx — sinx
20— —— ="
sinx cscx sin x csc x
_cscx —sinx
1
= cscx — sinx
- 1+ sin @ cos @ (1 + sin 0)> + cos® 6
" cos @ 1+ sin@ cos O(1 + sin 6)
_ 1+ 25sin 6 + sin® 6 + cos? 6
cos O(1 + sin 6)
2+ 2sin6
cos (1 + sin 6)
_ 2(1 +sin6)
cos 6(1 + sin 6)
2
cos 0
= 2sec 6
cos x cos x(1 — tanx) — cos x
24, cosx — =
1 —tanx 1 —tanx
_ —cosxtanx
1 —tanx
_ —cos x(sin x/cos x) cos x
1 — (sinx/cosx) cosx
_ —sinxcosx
cos x — sin x
_ sinxcosx
sin x — cos X
csc(—x)  1/sin(—x)
= tan x =

" sec(—x)  1/cos(—x)
cos(—x)
sin(—x)

COS x

—sin x

= —cotx
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tan x cot x 1
28. (1 + si 1 + sin(—y)] = (1 + si 1 —si 29, — = = sec
(1 + sin {1+ sin(=y)] = (1 + siny)(1 ~ siny) ooy T oy = secx
=1—sin’y
= cos?y
1 1 1 1
30 tanx +tany  cotx coty . cotxcoty 31 tanx + coty cotx tany cotxtany
"1 —tanxtany - 1 1  cotxcoty " tanxcoty 1 1 cot x tan y
cotx coty cotx tany
_ coty + cotx =tany + cotx

B cotxcoty — 1

cosx —cosy sinx —siny _ (cosx — cos y)(cos x + cos y) + (sinx — sin y)(sin x + sin y)
" sinx +siny  cosx + cosy (sin x + sin y)(cos x + cos y)

_cos?x — cos?y + sin?x — sin?y

(sin x + sin y)(cos x + cos y)

_ (cos? x + sin?x) — (cos?y + sin®y)

(sin x + sin y)(cos x + cos y)

=0
3 \/1+sin6_\/1+sin0.l+sin9 3 JLzcos6_ [l-cosh 1—cosh
) 1 —sinf 1 —sinf 1+sin6 ) 1 + cos 6 1 +cosf 1 —coséb
_ (1 + sin 6)? _ (1 — cos 0)?
1 — sin? 0 1 — cos? 0
_ (1 + sin 6)2 _ (1 — cos 6)?
cos? 0 sin® 6
_ 1 +sino 1 —cos @
|cos 6] |sin 6|
35. cos? B + cosz<g - ) =cos?> B + sin®> B = 1 36. sec’y — cot2<§ - y) =sec’y —tan?y = 1
. T . . T
37. smtcsc(i — t) = sintsect = sin t(cos t> 38. sec2<5 — x> —1=csc?x —1=cot?’x
sin ¢
= = tant
cost
39. (a) 2 (b) R Y
S| 1 T
"2 i i
-1 i i
5 5 i i i
z i i
E i i
H=-Z
-5
( ) Identity
2 2(sin x)? o )
Lety, = (cosa?  (cosx)? (sin x)> — (cos x)
and y, = 1.
Identity

—CONTINUED—
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. —CONTINUED—
(c) 2sec?x — 2sec?xsin?x — sin?x — cos?x = 2 sec? x(1 — sin®x) — (sin% x + cos? x)

= 2 sec? x(cos2x) — 1

=2-———-cos’x — 1
cos* x
=2-1
=1
40. (a) 3 (b) FEEE Ve
U U U U = |IEETEEH
H 1208 | 1 Z0EE
-1 ihizr | Luiz=
0 EEEOR | ERROR
i iudzex | ihicz
H 12008 | L2088
3 Soelh | SoEdy
-2 2 s
- Identity
Identity
. sinx — cos x ) )
(c) cscx(cscx — sinx) + —————— + cotx = csc2x — cscxsinx + 1 — — + cotx
sin x sin x
=csc?x— 1+ 1 —cotx + cotx
= csc? x
41. (a) 5 (b) Y
-4 71 1 ;
: EaE b
V2 LEM | = H
1.5m08 | 2 F
] Zabde | 0 CI
) bRz |z
-27 2r H==4. ?1239399@39
-1 Not an identity
Lety, = 2 + (cos x)? — 3(cos x)* and (c) 2+ cos?x —3cos*x = (1 — cos?x)(2 + 3 cos? x)
¥, = (sin x)2(3 + 2(cos x)?). = sin? x(2 + 3 cos? x)
Not an identity # sin? x(3 + 2 cos? x)
42. (a) 5 (b)
|- IERIEEH
3 Z4.E50 (92.AEY
ﬂ ﬂ 61 E?EGE? 2%.95!
i o i £3087 | 22958
j kj 'I‘k N
=3

-5

Not an identity
Not an identity

sin*x  sin’x

(c) tan*x + tan’x — 3 = —— 5
cos*x  cos’x

S
CO

+ sin2x> -3
cos?x

cos’x cos’x

sin?x

_ <smx+smxcos x>_3

)(smzx + cos?x) — 3

cos?x\co

1 [sin?x 1 3
cos?x \cos?x

= sec?x tan’x — 3

# sec?x(4 tan®> x — 3)
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43. (a) 5
-2 2m
-1
Lety, = 2 + landy, =
Y17 Gsinx)* (sin )2 ey
Identity
(b)

Identity

(c) esc*x —2csc?x + 1 = (esc?x — 1)?

45. (a) 3

X D
A

COs x

Lety, = —7—
et (1 — sinx) an

dy, =
2 COS X

Not an identity

(b)

Not an identity

1 + sinx
1 + sinx

COoS x COS X

©

1 —sinx 1 —sinx

_cos x(1 + sinx)
1 — sin?x
_cosx(l +sinx) 1+ sinx
cos? x

COos x

47. tan®x sec’x — tan’x = tanx(sec’x — 1)
= tan’x tan®x

tan® x

(cot? x)? = cot* x

(1 — sinx)

1

(tan x)*

44. (a)

(b)

(©)

46. (a)

(®)

(©

1
—27 \\[ -\[ / 2m
-1
Identity
7
v o 5
EXLE S -1
e |0 o
[ i i
1.5708 | o o
Ziuda | -1 -1
Haodah | o o
F=-d, r 1238090630
Identity
(sin* B8 — 2sin? B + 1) cos B = (sin? B — 1)?>cos B
= (—cos? B)?cos B
= cos’ B
3
£
-5
Not an identity
cota . . csca + 1
———— is the reciprocal of ———
csca + 1 cot

They will only be equivalent at isolated points in their
respective domains. Hence, not an identity.

. -
sin” x sin*x) 1
48. (tan’x + tan*x) sec?x = 3 7 ) 5
cos?x  cos*x/cos?x
1 . sin*x
=——|sin’x + —
cos*x cos?x

sin®x cos?x + sin*x
cos*x

(
=

L (st
oo

cos’x

4 x cos2x

x(cos?x + sin’x)
cos

sin? x

) = sec*x - tan?x

cos* x \cos? x

Verifying Trigonometric ldentities 455
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49. (sin?x — sin*x) cos x

2

sin?x cos?x cos x

sin®x cos’x

51. sin?25° + sin? 65° =

sin? 25° + cos? 25°

=1

53. c0s?20° + cos?52° + cos? 38° + cos? 70°

54. sin? 12° + sin? 40° + sin? 50° + sin® 78°

sin?x (1 — sin®x) cos x

sin? 25° + cos?%(90° — 65°)

50. sin*x + cos*x = sin?x sin®x + cos*x

(1 — cos?x)(1 — cos?x) + cos*x

1 — 2cos?x + cos*x + cos*x

1 — 2cos?x + 2cos*x

52. cos?55° + cos?35° = cos? 55° + sin%(90° — 35°)

cos? 55° + sin? 55°

=1

= cos? 20° + cos? 52° + sin?(90° — 38°) + sin%(90° — 70°)
= c0s220° + cos?52° + sin%52° + sin220°

(cos2 20° + sin? 20°) + (cos? 52° + sin? 52°)

1+1
2

sin? 12° + sin? 78° + sin? 40° + sin? 50°
c0s2(90° — 12°) + sin? 78° + cos?(90° — 40°) + sin? 50°

cos? 78° + sin? 78° + cos? 50° + sin? 50°

=1+1=2
1 cosx
55. cosx —cscxcotx = cosx — — —_
sin x sin x
1
= cos x(l - >
sin® x
= cos x(1 — csc?x)
= —cos x(csc2x — 1)
= —cosxcot’ x
hsin(90° — 0)  h 0
56. (a) Sm(, ) = ?OS = hcot 0 (¢) Greatest: 10°, Least: 90°
sin 6 sin 6
®) (d) Noon
0| 10° 20° 30° | 40° | 50° | 60° | 70° | 80° | 90°
s | 2836 | 13.74 | 8.66 | 596 | 420 | 2.89 | 1.82 | 0.88 | 0
57. False. For the equation to be an identity, 58. True. An identity is an equation that is true for all

it must be true for all values of 6 in the domain.

59.

7
such angle is 6 = 777

Since sin? @ = 1 — cos? 6, then sin § = +/1 — cos? 6,
sin § # /1 — cos? 6 if 6 lies in Quadrant III or IV. One

real values in the domain of the variable.

tan 6 = /sec> 6 — 1
True identity: tan 0 = +/sec? 6 — 1
tan = /sec?> 6 — 1 1is not true for m/2< < 7 or

37/2 < 0 <2m. Thus, the equation is not true for
0 = 37/4.

60.
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61. (2 +3i) — /=26 =2+ 3i — J/26i
=2+ (3- V26)i

63. V=16 (1 + V/—4) = 4i(1 + 2i)
= 4i + 8
=4i — 8
= -8 +4i

65. ¥2+6x—12=0
a=1,b=6,c=—12

=6+ /& —a(D)(-12)
B 2(1)
_ 6+ /36 +48

2

-6+ /84

67. 3x> —6x — 12 =0
3x2—2x—4)=0
X2=2x—4=0

a=1,b=—-2,c=—4

~(-2)+ /(27 4D
2(1)
2+ /At 16
2

_2+ 20
2

x =

62. 2 —5)?=(2-5)2 - 50
=4 — 20i + 2572
=4—-20i — 25
= —21 —20i

64. (3 +2i)P = (3 +2i)(3 + 2i)(3 + 2i)
= (9 + 12i + 4)(3 + 2i)

(5 + 120)(3 + 2i)

15 + 10i + 36i + 244>

—9 + 46i

66. x> +5x—7=0
a=1,b=5c¢c= -1

_ 5+ V52 + @)
T 2(1)

-5+ V53
XE

68. 8x> —4x —3 =0
a=8b=—4c=-3
c= £ V(=42 +4B)0)

2(8)
4+ /112
- 16
_4+4)7
ST
x_iuiJﬂ
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Section 5.3  Solving Trigonometric Equations

B You should be able to identify and solve trigonometric equations.
B A trigonometric equation is a conditional equation. It is true for a specific set of values.

B To solve trigonometric equations, use algebraic techniques such as collecting like terms, extracting square roots, factoring,
squaring, converting to quadratic type, using formulas, and using inverse functions. Study the examples in this section.

Vocabulary Check

1. general 2. quadratic 3. extraneous
1. 2cosx—1=0 2.secx —2=0
1 T
(a)2005g71=2<5>71:0 (a)ng
T 1
5 1 sec— —2=—7—+—2
(b) ZCOS?W-— 1 =2<5> -1=0 3 cos(m/3)
1
—1/*2*2—272—0
S5
(b) x = 3
S 1
5673 _2_005(577/3) =2
—L—2—2—2—0
=1 = =
3. 3tan’2x — 1 =0 4. 2cos?4x —1=0
)\ ] T T
A 1 = 2 = —
(a) 3[tan2(12>] 1 =3tan ) 1 (a) x 16
2
= 3<\1@) -1 2003{4(%)}—1 = 2coszz{ -1
-0 :2<£>2_]
S5\ ? 5 2
(b) S[tan 2(1)] — 1 =3t 22— | |
12 6 :2<7>_1:1_1:0
2
] 2
=3-—=) -1
16
=0
37
2cos2[ 4{== )| = 1 =2cos2 =" — 1
cos[ (16)} cos
_ <_£>2_
2



Section 5.3

Solving Trigonometric Equations

459

5. 2sin?x —sinx — 1 =0

(a) 25inzg— sin— —1=2(12—1-1

|

2
=0

7 7
(b) 2sin2%— sin?w— 1=

7. 2cosx+1=0
2cosx = —1
1
cosx = ——
T
2
—+2
X 3 nir
dar
orx = — + 2nm
3
10. tanx + /3 =0
tanx = —/3
2
x:?ﬂ-—l—mr
13. sinx(sinx + 1) = 0
sinx =0 or sinx=—1

2

- ()

3
x=l+2n7r

6. csc*x —4cesc2x =0

(a)x=761

T
csc? i 4 csc?

(b)x=%’r

csc“%ﬁ — 4 csc—

8. 2sinx+1=0

smx=—5
7
x=£+2n77
11
orx=l+2n7r
6
11. 3sec?x—4 =0
4
2, — T
sec? x 3
+2
secx = +—~=
X NG
x=g+n'n'

57'r+
orx =— + nmw
6

T 1 _ 4

6  sin*(w/6)  sin%(w/6)
1 4
/2 (/22
=16-16=0

Sm 1 _ 4

6  sin*(5w/6)  sin2(57/6)
14
(12 (1/2r
=16-16=0

9. V3cscx—2=0

V3escx =2
2
csecx = —=
*TA
x:§+2n77
21

orx =— + 2nm
3

12. 3cot?’x — 1 =0

1
tZ J—
cot® x 3
cot +1
X =*t—F
V3
x—z+n
3 T
2
orx=?77+n'n'

14. 3tan®>x — 1)(tan’x — 3) =0

3tan?x — 1

tan x =

57T+
orx =—+nmw
6

T
xX=—+nm

or tan’x —3=0

1 tanx = +/3

3

Ty
X == ni
3

21
OI‘)C:?-F}’MT
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15. 4cos2x—1=0

1
2. — 2
COS~ X 2

1

2 = 4+

COS~ X +5

2
x=§+n7‘r or x=?7r+n77
17. 2sin?22x =1
1 2

3
2x=§+2n77, 2x=%+2n77,

Sm ks
2x:7+2n77,2x27+2n77

T 3 S5 T
Thus,x = — + nw, — + nm, — + nm, — + nm.
8 8 8
We can combine these as follows:
s, nm 3w, nw
8 27 8 2
19. tan 3x(tanx — 1) = 0
tan3x =0 or tanx—1=0
3x = nw tanx = 1
nw T
x=— x=—+nmw
3 4
21. cos? x = cos x
cos®x —cosx =0
cos x(cos2x — 1) =0
cosx =0 or cos’x—1=0
T 3
X=—- — cosx = *1
2" 2
x=0,m
23. 3tan*x —tanx = 0
tanx(3tan?x — 1) =0
tanx = 0 or 3tan?’x — 1 =0
3
x=0,m tanx=i£
3
_ @ 57 17 lw

U6 66 6

16. sin?x = 3 cos?x

sin2x — 3(1 — sin%?x) = 0

4sin>x =3

sin +\/§
inx =+——

2

x*I-i-n or
3 T
18. tan?3x = 3
tan 3x = i\/§

T
3x=§+n'n'=>x=

or

3 7277 + = — + —
= n =
X T = 3

20. cos2x(2cosx + 1) =0

T
—+
9

21

21'r+
x=—+n
3 T

nw
3

nw

cos2x =0 or 2cosx+1=0
2x = — + cosx = ——
X nir X >
2
=T x="" 4 onm
4 2 3

or

22. sec2x— 1 =0
sec?x =1
secx = +1

x=0orx=m

x=?7r+2n77
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24. 2sin®x =2 + cos x
2 —2cos’x =2+ cosx
2cos?x + cosx =0

cosx(2cosx + 1) =0

cosx =0 or 2cosx + 1
T 3 )
xX=—— cos X
272
cos X
X
26. secxcscx = 2c¢scx

secxcscx —2cscx =0

cscx(secx —2) =0

cscx =0 or secx —2=0
No solution secx =2
T ST
=3y
28. secx + tanx = 1
1 sin x _
Ccosx  Ccosx
1 + sinx = cos x
(1 + sinx)? = cos?x
1 + 2sinx + sin?x = cos?x
1 + 2sinx + sin?x = 1 — sin®x
2sin?x + 2sinx =0
2sinx(sinx + 1) =0
sinx = 0 or sinx +1=0
x=0,m sinx = —1
(7 is extraneous.) x = 3777

3.
o i extraneous.

x = 0 is the only solution.

30. 2sin?x +3sinx+1=0

(2sinx + 1)(sinx +1) =0

2sinx +1=0 or sinx+1=0
. sinx = —1
sinx = ——
3
r=2Z
T 1l 2
xX=——

25. sec2x —secx —2 =0

(secx — 2)(secx + 1) =0
secx —2=0 or secx+1=0
secx = 2 secx = —1

S
"3

X =

wly

27. 2sinx +cscx =0

1
2sinx + ——=0
sin x

2sinfx+1=0

. 1 .
sin?x = 3 => No solution

29, 2cos’x+cosx—1=0

(2cosx — 1)(cosx+ 1) =0

2cosx—1=0 or cosx+1=0
cos _1 = -1
x=3 cos x =
xfﬂsl xX =1
3’3
31. 2sec?x + tan’x — 3 =0
2(tan?x + 1) + tan?x — 3 =0
3tan’x — 1 =0
tan + 3
X =+—
3
T Sm 1w 17
X= o o
6 6 6 0
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32. cosx + sinxtanx = 2

cos x + sin x(

sin x

Cos x

)-2

cos?x + sin®x

CoS X
1 p—
Cos X
1
cos x = —
T
T ST
xX=—-—
3°3
34. sinx — 2 =cosx — 2
sin x = cos x
sin)c_1
CoS X
tanx = 1
x=tan" 'l
L= T
4’ 4
3
36. sin2x = ———
2
4 5
2x:£+2n77 or 2x=l+2n77
3 3
21
x=?+n7'r xX=—+nmw
38. secdx =2
4x=7l+2n7'r or 4x:5l+2n77
3 3
Tr+n77 57T+n7'r
x=— 4+ — _2m e
2 2 T2

33.

35.

37.

39.

cscx +cotx =1

(csc x + cotx)? = 12

Il
—

csc?x + 2 cscxcotx + cot® x

cot?x + 1 + 2cscxcotx + cot?2x =1
2cot?x + 2cscxcotx =0

2 cot x(cotx + cscx) = 0

2cotx =0 or cotx +cscx=0
T 37 cosx 1
xZE’? sinx  sinx
cosx = —1
xX=1

By checking in the original equation, we find that x = 7
and x = 377/2 are extraneous. The only solution to the
equation in the interval [0, 27) is x = /2.

1
2x = =
cos 2x >
T S
2x = — + 2nw or 2x=-— + 2nmw
3 3
T S
=— 4+ === 4
X 6 n X 6 ni
tan 3x = 1
. 3x*5f77+2n
3x—z+2n77' or 4 ™
y = A7 x=—+"—
12 3 12 3
These can be combined as x = s + M.
12 3
COS(£>:£
2 2
x
=4 ="+
5T 2nT  or > 1 2nr
x=2 4 4n x=7l+4n77
2 g 2
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x V3
40. sin- = ————
sm2 >
x 47
= =— 4+ 2nmw or £:5777+
2 3 ) 3 2n7T
T
x:T+4nTr leoi_i_él_n,n.
3
42, y = sin 7x + cos wx
sin 7x + cos mx = 0
sin 77X = —COS 7TX
7Tx=—7ZT+n7T
x=*Z+n
. 13711
For —1 < x < 3 the intercepts are FUAVEVE

44. y = sec“(ﬂ) -4

sec(%)=iﬂ
mX T T
84"
x=2+4n

For —3 < x < 3 the intercepts are —2 and 2.

46. 4sin*x + 2sin?x —2sinx — 1 =0

4

R VAW

-2

x = 0.785, 2.356, 3.665, 3.927, 5.498, 5.760

41. y=sin%x+l

From the graph in the textbook we see that the

curve has x-intercepts at x = —1 and at x = 3.
In general, we have: sin(?) = -1
mx 3w
—_ =
> 2 2nr
x=3+4n

X
43. y=t 2(—) -3
y = tan G

From the graph in the textbook we see that
the curve has x-intercepts at x = +2.

In general, we have: tan2<ﬂ> =3

6
tan(?) =+./3
mX v
=+ +
6 3 niT
x==2+ 6n

45. Graph y, = 2sinx + cos x.

4

0//_\-\\ 2w

-4

The x-intercepts occur at
x =~ 2.678 and x = 5.820.

1+ si
47. Graphy, = — > + 214
Ccos X 1 + sinx
10
0 } k‘x\_\_ 2r
Ny

-10

The x-intercepts occur at

x =g~ 1.047 and x = %71 5.236.
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t
48. 7cosxc-ox: 4 49. xtanx — 1 =0 4
1 —sinx ! ] |
COS X 0\ }: o Graph y, = xtanx — 1. j: / i
: . i —|2r
y, = IEL.X -3 i J/E\.I The x-intercepts occur at ’ ! !
sin x i x = 0.860 and x = 3.426. ! !
X~ 0.524,2.618 ° -
50. xcosx—1=0 5 51. sec2x + 0.5tanx — 1 =0
x = 4917 / 1
0 /_\_/ o Graph V= m + 05tanx — 1.
b The x-intercepts occur at 10
x=0,x=2.678,
x = 7 = 3.142, and
0 2m
x = 5.820. I
52. csc?x + 0.5cotx —5=0 53. Graph y, = 2 tan>x + 7 tanx — 15.

54.

55.

(e
N sin x 2 tan x

x = 0.515, 2.726, 3.657, 5.868

SAw

-5

)

10

: fk/flk/h

-30

The x-intercepts occur at x = 0.983, x = 1.768,
x = 4.124 and x = 4.910.

6sin?x — 7sinx +2 =0 2
x =~ 0.524, 0.730, 2.412, 2.618
0
2
12sin?x — 13sinx +3 =10
. =(=13) £ V(=13)* = 4(12)(3)
sinx = 2(12)
_ 13+5
24
sin x = 1 or sin x = 3
inx =3 inx =7

x = 0.3398, 2.8018 x = 0.8481, 2.2935

Graph y, = 12 sin’>x — 13 sinx + 3.

AN

The x-intercepts occur at
x = 0.3398, x = 0.8481, x =~ 2.2935, and x =~ 2.8018.

30

0

-10
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56. 3tan’x + 4tanx — 4 =0 50
-4+ /4 —403)(— -4+
tan x = B)(=4) S 04 _ fZ,z
2(3) 6 3
2 0 —— — 2m
tanx = —2 tanx:§ _10

2
x = arctan(—2) + nm x = arctan| = | + nw

3

~ —1.1071 + nmw =~ 0.5880 + nm

The values of x in [0, 27) are 0.5880, 3.7296, 2.0344, 5.1760.

57. tan>’x + 3tanx + 1 =0

-3+ /32 —4M01) -3+ /5
tan x = =
2(1) 2
-3 - /5 -3+ /5
tanx:f or tanx:f

x =~ 1.9357, 5.0773 x =~ 2.7767, 59183

58. 4cos>x —4cosx—1=0

4+ S —a@(-0)

cosx = @)
42U 12
8 2
1-V2 1+ V2
cosx = cosx =
2 2
x = alrccos(1 _2ﬂ> No solution
=~ 1.7794 (1 + V2 > 1)
2
Solutions in [0, 277) are arccos(1 —2\5) and

2 — arccos(l _2ﬁ>: 17794, 4.5038.

7

59.

Graph y, = tan>x + 3tanx + 1.

10

The x-intercepts occur at x = 1.9357, x = 2.7767,
x = 5.0773, and x = 5.9183.

tan?x — 6tanx + 5 =0

(tanx — 1)(tanx — 5) =0

tanx — 1 =0 or tanx —5=0
tanx = 1 tanx = 5
T S
x = T4 x = arctan 5, arctan 5 + 7
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60. sec2x +tanx —3 =0
1 +tan’x +tanx —3 =0
tan?x +tanx — 2 =0

(tanx + 2)(tanx — 1) =0

tanx +2 =10 tanx — 1 =0
tanx = —2 tanx = 1
x = arctan(—2) + nw x = arctan(1) + nw
~ —1.1071 + nm :g—i-nﬂ'
. . T 5
Solutions in [0, 277) are arctan(—2) + , arctan(—2) + 2, OV
61. 2cos’x—5cosx+2=0 62. 2sin?x —7sinx+3=0
(2cosx — 1)(cosx —2) =0 (sinx —3)2sinx —1)=0
2cosx—1=0 or cosx —2=0 sinx —3=0 2sinx—1=0
_ l =2 1
cosx =15 cosx = No solution sin x = 5
x = %T, 531 No solution _m5m
*Te6
. . T ST
Solutions in [0, 277) are —, —.
6’ 6
63. (a) f(x) = sinx + cos x 3
. T
Maximum: (Z, ﬂ) o .
L S
Minimum: R ) 3
(b) cosx —sinx =0
cosx = sinx
{ = sin x
COS X
tanx = 1
T S
x==27
4" 4
2 2
f(%) = sin— + cosf—7+7= 2
f(Sw) n o + cos ST sin T + ( cos W) 2 2 2
7)) = gin == - _in— —cog —| = X2 _ M2 _
4 4 4 4 4 2 2

Therefore, the maximum point in the interval [0, 277) is (77/ 4, ﬂ) and the minimum point is (5 /4, — V2 )
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64. (a) f(x) = 2sinx + cos 2x
max: (0.5240, 1.5) min: (1.5708, 1.0)
max: (2.6180, 1.5) min: (4.7124, —3.0)

(b) 2cosx —4sinxcosx =0

2cosx(l1 —2sinx) =0

0/_\-\_,-"_‘\ _u'f27‘_

\/

2cosx =0 1 —2sinx=0
x:EL sinx:l
22 2

=~ 1.5708, 4.7124 T S5

X = ,?

65. f(x) = tan%x

Since tan 77/4 = 1, x = 1 is the smallest nonnegative
fixed point.

67. f(x) = cosl
x

(a) The domain of f(x) is all real numbers x except x = 0.

"6
~ 0.5240, 2.6180

66. Graph y = cos x and y = x on the same set of axes.
Their point of intersection gives the value of ¢
such that f(c) = ¢ = cosc = c.

2 (07739, 0.739)

4

c = 0.739

(b) The graph has y-axis symmetry and a horizontal asymptote at y = 1.

(c) As x — 0, f(x) oscillates between —1 and 1.

(d) There are infinitely many solutions in the interval [— 1, 1]. They occur at x = (

(e) The greatest solution appears to occur at x = 0.6366.

68. f(x) = 22X

X
(a) Domain: all real numbers except x = 0.
(b) The graph has y-axis symmetry.

(©) Asx — 0,f(x) — 1.

sin x . . .
(d) = 0 has four solutions in the interval [—8, 8].
x
i (l>
sinx{—] =0
x
sinx =0

x = =2, — 1, W, 27

2 . .
2+ D where n is any integer.

1 .
69. y = —(cos 8¢ — 3 sin 81)

12
i( 8t — 3sin8f) =0
5 cos sin 81) =
cos 8t = 3 sin 8¢
! tan 8¢
— = tan
3
8t = 0.32175 + nm
1~ 004 + X

8
In the interval 0 < 1 < 1, ¢t = 0.04, 0.43, and 0.83.
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70. y, = 1.56¢~02% cos 4.9¢ 4

Right-most point of intersection: (1.96, —1)
|if \ T !f‘ﬂﬁ‘lﬂbﬁ?ﬁﬂ""‘ 10

The displacement does not exceed one foot
from equilibrium after r = 1.96 seconds.

o

71. § = 74.50 + 43.75 sin%t

t 1 2 3 4 5 6 7 8 9 10 11 12
S | 964 1124 | 1183 | 1124| 96.4 | 745 | 52.6 | 36.6 | 30.8 | 36.6 | 52.6 | 74.5

Sales exceed 100,000 units during February, March, and April.
Tt
72. Graph y, = 58.3 + 32 cos(K) s

100 T

v, =75.

~
A
L

Left point of intersection: (1.95, 75)

a
Y

Right point of intersection: (10.05, 75)

I~}
G
)

Monthly sales
(in thousands of dollars)

So, sales exceed 7500 in January, November, and

>
December. 24 6 8 10 12
Month (1 < January)

x

73. Range = 300 feet 74. Range = 1000 yards = 3000 feet

vo = 100 feet per second v, = 1200 feet per second

1 2
r = 35V,° sin 26 1 .
3270 f=33v,>sin26

1 .
3;(100)? sin 26 = 300
(100 3000 = 25(1200)2 sin 26

sin 260 = 0.96
sin 26 = 0.066667
26 = arcsin(0.96) = 73.74°
20 = 3.8°
0 =~ 36.9°
0~=109°

or
26 = 180° — arcsin(0.96) = 106.26°
0=~ 53.1°

[ T
75. h(r) = 53 + 50 sm<16t 2)

(a) h(r) = 53 when 50 sin(lt - E) =0.

16 2
it—ﬂ-=0 or ﬂt—z=
16 2 6 2 7

T T T 37
RPN RPN )
16 2 16 2

t=28 t=24

The Ferris wheel will be 53 feet above ground at 8 seconds and at 24 seconds.

—CONTINUED—
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75. —CONTINUED—

(b) The person will be at the top of the Ferris wheel when

sin(it - E) =1
16 2

mo_T_m
6" 272
o
6 7
¢ = 16.

The first time this occurs is after 16 seconds. The period of this function is = 32. During

2w
/16
160 seconds, 5 cycles will take place and the person will be at the top of the ride 5 times, spaced
32 seconds apart. The times are: 16 seconds, 48 seconds, 80 seconds, 112 seconds, and 144 seconds.

76. (@) - 77.A:2xcosx,0<x<g

° (@ 2

Unemployment rate
[ )
(SR

= 2
2 4 6 8 10 12 14
Year (0 <> 1990) The maximum area of A = 1.12

(b) By graphing the curves, we see that occurs when x = 0.86.

(1) r = 1.24 5in(0.47¢ + 0.40) + 5.45 best fits the data. (b) A > 1for0.6 <x < 1.1

(c) The constant term gives the average unemployment
rate of 5.45%.

. 2T
(d) Period: 047 13.4 years

(e) r = 5 when t = 20 which corresponds to the year 2010.

78. f(x) = 3 sin(0.6x — 2)
(a) Zero: sin(0.6x —2) =0 (b) g(x) = —0.45x> + 5.52x — 13.70
0.6x—2=0 4

0.6x =2 p
0 6

_2 1 f/

T 06 3 ‘

() —0.45x* + 5.52x — 13.70 = 0

For 3.5 < x < 6 the approximation

_ 552 + /(5527 — 4(=0.45)(— 13.70) appears to be good.

2(—0.45)

X

x = 3.46, 8.81

The zero of g on [0, 6] is 3.46. The zero is close
to the zero 13*0 ~ 3.33 of f.

79. True. The period of 2 sin 47 — 1 is g and the period of 2 sint — 1 is 2.

In the interval [0, 277) the first equation has four cycles whereas the second equation has only one cycle,
thus the first equation has four times the x-intercepts (solutions) as the second equation.
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80. False. 81. y, = 2sinx 82. By inspecting the graphs of y, and
sin x = 3.4 has no solution since ¥, it appears they intersect at three
3.4 is outside the range of sin. Y =3x+ 1 points.
Also, 3.4 is outside the domain of From the graph we see that there is
arcsin, so x = arcsin(3.4) is an only one point of intersection.

83.

85.

87.

89.

91.

invalid equation.

C =90° — 66° = 24°

B
o 223 223
cos 66° = P N

A b c
acos 66° = 22.3

b = 223 tan 66° =~ 50.1

0 = 390° 6’ = 390° — 360° = 30°, 6is in Quadrant I.
sin 390° = sin 30° =

cos 390° = cos 30° =

tan 390° = tan 30° =

S el
(98] (98]

V3
3

6 = —1845° 6’ = 45°, 61is in Quadrant IV.
sin(—1845°) = —sin 45° = ?
cos(—1845°) = cos 45° = %

tan(—1845°) = —tan45° = —1

250 feet 1 mile

tan 6= 2 miles % 5280 feet 0.02367
0~ 1.36°
o p
250 ftlj\\'79\
2 mi
Not drawn to scale
Answers will vary.

84. Given: A =90°,B=71°b = 14.6
C=90°—-171°=19°

sin 71° = 146 B
a
71°
14.6
4T SinT1 154 A 146 c
tan 71° = 146
c
14.6
“T@n71° >0
86. 600°

600° — 360° = 240°, Quadrant III

Reference angle: 60°

sin 600° = —sin 60° = —?

cos 600° = —cos 60° = —%
tan 600° = tan 60° = /3
88. —1410°
—1410° + 4(360°) = 30°, Quadrant I

sin(—1410°) = sin 30° = %

cos(—1410°) = cos 30° = ?
tan(—1410°) = tan 30° = ?
90. h=y—x
h
o Y
tan 39.75 100

100 tan 39.75° =y

| ——— = —— | ——>]

|— ———

tan 28°

100 tan 28° = x
h = 100 tan 39.75° — 100 tan 28°
h = 30 feet
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Section 5.4

Sum and Difference Formulas

B You should know the sum and difference formulas.
sin(u & v) = sin u cos v % cos u sin v
cos(u £ v) = cosucos v * sin u sin v
tan u £ tanv

tan(u +v) = ———
(u ) 1= tan u tan v

differences are special angles.

B You should be able to use these formulas to find the values of the trigonometric functions of angles whose sums or

B You should be able to use these formulas to solve trigonometric equations.

Vocabulary Check
1. sin u cos v — cos u sin v

tan u + tanv
"1 —tanutanv

5. cosucosv + sinusin v

2. CcOS ucos v — sin u sin v
4. sin u cos v + cos u sin v

tanu — tan v
"1+ tanutan v

1. (a) cos(120° + 45°) = cos 120° cos 45° — sin 120° sin 45°

-0

+ —

o o__i
(b) cos 120° + cos 45° = > 2 )

5. (@ si <71_z>_\- Sm_ o m_ 1
. 1n 6 3 sin 1116

7 I
(b) sin%f sin§= — ==

2. (a) sin(135° — 30°) = sin 135° cos 30° — cos 135° sin 30°

() (2

_Jo+ V2
4
. o o __ 2 \/§_\/§_\/§
(b) sin 135 cos 30° = 2 > = >
(37 5@ . 37 Sw 37 . Sw
4. (a) sin|— + — ) = sin—cos — + cos — sin —
4 6 4 6 4 6
(2B (2 (1)
2 2 2 2
 Je+ 2
4
5 2 1 2+ 1
(b) sinf-ﬁ-sinl—i-‘rf V2
6 2 2 2
6. (a) sin(315° — 60°) = sin 315° cos 60° — cos 315° sin 60°
_-V2 1 V2 3
2 2 2 2
_ V2 /6
4 4

(b) sin 315° — sin 60° = -2
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7. sin 105° = sin(60° + 45°)

= sin 60° cos 45° + cos 60° sin 45°

_3 V2 1 2
2 2 2 2
— ()

cos 105° = cos(60° + 45°)

tan 105°

9. sin 195°

cos 195°

= cos 60° cos 45° — sin 60° sin 45°

_1. V2 B2
T2 2 2 2
=221~ 3)

= tan(60° + 45°)

_ tan 60° + tan 45°
1 — tan 60° tan 45°

B3+l V341 1+ V3
T1-Y3 1-Y3 1+3

= sin(225° — 30°)

sin 225° cos 30° — cos 225° sin 30°

—sin 45° cos 30° + cos 45° sin 30°

R S 3
2 2 2 2
=21~ )

cos(225° — 30°)

c0s 225° cos 30° + sin 225° sin 30°

—cos 45° cos 30° — sin 45° sin 30°

_ Y2 V3 V2
o2 2 2 2
= ()

8. 165° = 135° + 30°
sin 165° = sin(135° + 30°)

sin 135° cos 30° + sin 30° cos 135°

= sin 45° cos 30° — sin 30° cos 45°

_V2 V3 1 V2
T2 2 2 2
-2

cos 165° = cos(135° + 30°)
= cos 135° cos 30° — sin 135° sin 30°

= —co0s8 45° cos 30° — sin 45° sin 30°

BV S S B
2 2 2 2
P

tan 165° = tan(135° + 30°)

_ tan 135° + tan 30°
1 — tan 135° tan 30°

_ —tan 45° + tan 30°
1 + tan 45° tan 30°
/3

3

L]
3

=-2+3

tan 195° = tan(225° — 30°)

_ tan 225° — tan 30°
1 + tan 225° tan 30°

_ tan 45° — tan 30°
1 + tan 45° tan 30°

- (3)
_ 3)_3-V33-3
1+<J§> 3+V3 3-3
3

12 — 63
:76‘[: -3
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10. 255° = 300° — 45° 1. sin 17 _ Sm(f‘j N 77)
12 4 6
sin 255° = sin(300° — 45°)

. 37 T 37 .
= sin 300° cos 45° — sin 45° cos 300° = SN Cos o cos T sin
= —sin 60° cos 45° — sin 45° cos 60° NCNE] < \[2)1

= — e — + —_—— =

V3 V2 V2 22 2 )2
2 2 2 2 3
/2 - %(\@ -
->2(/3+1)
) cos Um _ 005(3777 + 7—T>
cos 255° = cos(300° — 45°) 12 4 6
= cos 300° cos 45° + sin 300° sin 45° _ 37 w  3m.w
= COSTCOSE - SIHTSIHg

= cos 60° cos 45° — sin 60° sin 45°
V2 32 2B L f(f+1)

1
T2 2 22 22 22

V2 LN
T(l_ﬁ) tan4 —tan4+6
tan 255° = tan(300° — 45°) 37 T
tanj-i-tang
tan 300° — tan 45° - -
1 + tan 300° tan 45° l—tan%—rtang
—tan 60° — tan 45°
= 3
1 — tan 60° tan 45° 1+ Tf
-J3-1 = 3
=———=2+.3 = (-2
1-3 ( )3
_3+V3 3-3
3+Y3 3-J3
—12 + 63
:7‘[=—2+\/§
6
Tm @ T T T
12, —==+2 ™ = T4 T
12 3 4 Mo an(3 4)
sin 7 s'n(ﬂ.+w) T+ tan 2
in— = sin| — + — — —
2 3ty tan3 tan4
T T
= sinzcosz-i- sinlrcosE 1= tangtanz
3 4 4 3
_ V3 V2, V20 _ Y3+l
2 2 2 2 1-V3
2 =-2-J3
= Y25 41)
4
T <7T 77)
cos — = cos| — + —
12 3 4
—coszcosz—sinzsinﬂ
3 4 374
L ovz2 V3 V2
2 2 2 2
2
:§(1—J§)



474

Chapter 5

Analytic Trigonometry

13. sin

12

T ,(977 577')
— =sin|— — —

4 6

- 2(-)- ()6

17
cos—— =
12

V2

—T(\@Jr 1)
cos(%—%)

9 S 97 .
= cosjcos?-i— smjsm
_Y2( 3 ﬂ(z)
2 2 2 \2

221 3)

17
tan —— =
12

wf27_31)
4 6

_ tan(97/4) — tan(57/6)

1 + tan(97/4) tan(57/6)

_1-(=v3/3)

1+ (=v373)
3+Y3 3+Y3

T3-/3 3+.3

15. 285 = 225
sin 285° =

12 + 63

=2+ /3
S V3

+ 60
sin(225° + 60°)

S

6

= sin 225° cos 60° + cos 225° sin 60°

_ _Q(l)

cos 285° =

tan 285° =

2 \2

_ﬂ<ﬂ>_
2\ 2/

cos(225° + 60°)

-

J2

(V3 +1)

cos 225° cos 60° — sin 225° sin 60°

tan(225° + 60°)

V2

-5 () -

tan 225° + tan60° 1+ /3 1+ 3

1 — tan 225° tan 60°

4+2J3
-2

1 —

V3

1+ Y3

=-2-/3=-(2+.3)

COS<_

2
12

_m
4
(T T
—sm(g—z>
. T .o
= sin-cos - — sin-cos
1. V2 V2 3
2 2 2 2
2
-2 5
4
os(# 77)
N
6 4
COS — Cos T + sinfsinﬂ
Sy ey
V3 ov2 o1 V2
2 2 2 2
2
=£(ﬁ+1)
4
T o
wlz3
T T
tang—tanz

1 + tan—= tan—
an — tan —
6"y
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16. —105 = 30° — 135°
sin(30° — 135°) = sin 30° cos 135° — cos 30° sin 135°
sin 30°(—cos 45°) — cos 30° sin 45°

B-2)- ()
L4 )

2
cos 30° cos 135° + sin 30° sin 135°

4
cos(30° — 135°)

tan(30° — 135°)

cos 30°(—cos 45°) + sin 30° sin 45°
VERTEVATY (1) V2
2 2 2
_ 2
tan 30° — tan 135°
1 + tan 30° tan 135°
"1 + tan 30°(—tan 45°)
V3
S 2+ V3
V3
1+ {— (-1

S ~Z
LI
_ tan 30° — (—tan 45°)
22y
3

18. 15° = 45° — 30°

sin 15° = sin(45° — 30°)

V2

2

1

2

) (2)

cos 45° cos 30° + sin 45° s

)

2
tan 45° — tan 30°

cos 15° = cos(45° — 30°)

€

17. —165°

= —(120° + 45°)
sin(—165°) = sin[—(120° + 45°)]

—sin(120° + 45°)
= —[sin 120° cos 45° + cos 120° sin 45°]

_ |V V21 V2
B 2 2 2 2
-2

cos(—165°)

cos[— (120° + 45°)]

cos(120° + 45°)

cos 120° cos 45° — sin 120° sin 45°

_1. V2 V3 V2
T2 2 2 2
=P+ v3)

tan(— 165°) = tan[— (120° + 45°)]
= —tan(120° + tan 45°)

_tan 120° + tan 45°
1 — tan 120° tan 45°

sin 45° cos 30° — cos 45° sin 30°

v R B
1= (=v3)()
_ 1= 1=
1+/3 1-/3
_ _4-2V3
-2
=2-3
2(V3 -1 2
- EE=D S
in 30°
A3+ 1 2
)= s

3-V3 3-V3_12-6/3 _

tan 15° = tan(45° — 30°) = ————— 1"
1 + tan 45° tan 30
o3 3= 3
_ 3 _ 3
3 3+ V3
1+ (1)({) 3f

2- V3

T3+ 3 3- /3 6
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137 37 =« 137 RE
. = == =tan|~ + =
B =yt T t(4 3>
. 137 37 3 T
sin 2 sm(4 + 3) tan<4>+tan<3>
37 T
= sin —/— cos +cos3lsin7l I~ tan 4 tan 3
4 3 4 3
-1+ V3
2 1 2 3 =
21 (L2 )
2 2 2 2
¥ _1-/31-3
:T(l_\/g) 1+\/§ 1—\/§
cos&:cos(ﬁ-i-lr) :_47—22\/5
12 4 3
= cosﬁcoszf sinﬁsinz R
4 3 4 3
IR - BV T
o2 02 2 2 4(1+‘/§)
T T T
.- =737;

o
®]
)
P
|
N
S
~—
Il I
—
N —
~—
VS
|
]
~—
+
—
|
|
w
~—
S
|
\S)
~—
Il
|5
[\)
—_
—
I
B
~

_ =31
1+ (=V3)0) 243
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. BT (77
12 4 3
[ (377 77')] _<37T Tl')
sinf —|— + —|| = —sin{— + —
4 3 4 3
[ ol
smfcos +cosfs1n
4 3
_ﬁ V3
2 2
V2 V2
=21 8 = ()
4 4
cos[7<3l+ﬂ)]—cos3fw+f>
4 3 4 3
= 0057 cos T — sin T gin T
cos 7 cos3 S " S 3
:_Q(A)_Q B V254
2 \2 2 2 4
tan[7<3£+3)] ftan(ﬂTJr >
4 3 4 3
an " + tan 7
R T T B v
1 — tan— tanz b= (_ \/§)
3
1-J3 17\/§_472\/§__2+ﬁ
1+J3 1-U3 -2
2,77,
12 4 6
in(z-i-ql)— inE I-i— z in—
S 1% S 4cos6 cos4s 5

() (2N

T T T T . om . T
cos|{— + — | = cos —cos— — sin — sin —

4 6 4 6 4 6
V2\(V3 J2\(1\ V2
-()05)- () = Fes -
. tang-ﬁ-tan%r 1+?
tan(z'f'g): = =\/§+2

3
1 — tan = tan = 1—(1) i
4 6 3

23. cos 25° cos 15° — sin 25° sin 15° = co0s(25° + 15°) = cos 40°

24. sin 140° cos 50° + cos 140° sin 50° = sin(140° + 50°) = sin 190°
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tan 325° — tan 86° tan 140° — tan 60°

25. 1 + tan 325° tan 86° = tan(325° — 86°) = tan 239 26. | + tan 140° tan 60° = tan(140° — 60°) = tan 80
27. sin3 cos 1.2 — cos 3sin 1.2 = sin(3 — 1.2) = sin 1.8 28. oS = cos = — sin— sin — = cos(ﬂ + E)
7 5 7 7 5
127
= cos —
35

tan 2x + t . .
g9 X T ANY tan(2x + x) = tan 3x 30. cos 3x cos 2y + sin 3x sin 2y = cos(3x — 2y)
1 — tan 2x tan x

31. sin 330° cos 30° — cos 330° sin 30° = sin(330° — 30°) 32. cos 15° cos 60° + sin 15° sin 60° = cos(15° — 60°)
= sin 300 — cos(—457) = ?
_ 3
2
33 s'nlcosz + cosls'nz = s'n(l + E) 34 cosicos?’j — s'nis'ngﬁ = cos(ﬂ + Sl-)
PSR 0%y My T Ty "6 16 M 16 MM 16 16 16
—in T . )
4 2
_3
2
WEIIWES
tan 25° + tan 110° o . 4 12) ST ow
3 T an25ttan 1107~ @057 1109 36. Sa " < 4 12)
1 + tan e tan D
= tan 135°
T
= = tan|—
an< ’ )
- tan<ﬂ) _3
6 3

For Exercises 37-44, we have:

. 5 . 12 5
sinu = 13, uin Quadrant I = cosu = —33,tanu = —y;
— 3 : 4 — _4

cosv = —_,vin Quadrant Il = siny =3, tany = —3,

y y

(3,4
(-12,5) 5
13 Py
™ . \
X

Figures for Exercises 37-44
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37. sin(u + v) = sinu cos v + cos u sin v 38. cos(u — v) = cos ucos v + sin usin v
“ (305 ()6) -(-5)1-9)+ G)6)
IRVEVANE 13)\5 13\ 5 13)\5
e 36,2056
C 65 65 65 65
39. cos(u + v) = cos ucos v — sinu sin v 40. sin(v — u) = sin v cos u — cos v sin u
(B30 EREH
13)\ 5 13)\5 5\ 13 5)\13
_ 16 _ 48 15 33
65 65 65 65
5 4 21
+ 1+ (=5 -5 1 1
41. tan(u +v) = tanu ftany _ "2 5( 3)4 = 125 42, csc(u — v) = — = —
Il —tanutanvy 1 — (—ﬁ)(—g) 1 —3 sin(u —v)  —sin(v — u)
SRR S
4)\4 16 (=) 33
5 4
p—— + —_—=
43. sec(v — u) = 1 _ 1 . . 44, tan(u + ) = tanu + tany _ ( 12) 5( 34)
cos(v — u)  cosvcosu + sinvsinu I —tanutanv 1 - (-3)(-%)
_ 1 R i 6
- 3 12 4\(5\ =3 == _=
(=35 + B G+ @) & 5 16
_6 _ 1 _ L _ 16
== cot(u-l—v)ftan(u_*_v)f _%7 0

For Exercises 45-50, we have:
1. _ 24 _ 1
sinu = —3;z, u in Quadrant IIl = cosu = —3;, tanu = 3;

4 . . 3 3
cosv = —z,vin Quadrant IIl = siny = —5, tany = §

25
(=24, -7) 5
4,-3)

Figures for Exercises 45-50

45. cos(u + v) = cos ucos v — sin u sin v 46. sin(u + v) = sinu cos v + cos u sin v

= (=3)(=3) = (=%)(=3) = (=35)(=3) + (=%)(=3)

W
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tanu — tan v

47. tan(u — v) = 1 + tanutan v
73 1
24 " 4 T _ﬂ
- 7\(3 39
L+ 6 2 117
1 1 5

49. sec(u+v)=m=§—§
5

Use Exercise 45 for cos(u + v).

50. cos(u — v) = cosucosv + sinusinv = (—%>(—i> +

_ 9% L 21 117
125 125 125

48. tan(v — u)

cot(v — u)

tanv — tan u G) -

1 + tan v tan u 1+(7

LS

“ 17

PN
8]l

w
&

! L7

tan(v — u) - % 44

51. sin(arcsin x + arccos x) = sin(arcsin x) cos(arccos x) + sin(arccos x) cos(arcsin x)

=x-x+ V1 -2 V1 -2

=x2+1—x2

6 = arcsin x

52. Let
u = arctan 2x and v = arccos x

tan u = 2x cosv = x.

VaxZ+1

1

sin(arctan 2x — arccos x) = sin(u — v)

= sinu cos v — cos u sin v
2x ) 1

= X —
47 + 17 47 + 1

2x2 — 1 — x?

4x2 + 1

6 = arccos x

1
1 ) 1
| ‘m
a [] a []
V122 *
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53. cos(arccos x + arcsin x)

= cos(arccos x) cos(arcsin x) — sin(arccos x) sin(arcsin x)

2

=x-J1—x*—

1 —x*-x
=0
(Use the triangles in Exercise 51.)
54. Let
u = arccosx  and v = arctan x
cosu =x tanv = x.
1 1 +X2

1-x

cos(u — v)

cos(arcos x — arctan x)

= cos u cos v + sin u sin v

ol )+ (TR )

x +xJ1 —x2
V1 + X2

= sin 377 cos x — sin x cos 377

= (0)(cos x) — (—1)(sin x)

55. sin(37 — x) 56. sin(% + x) =

= sin x

57. sin(% + x)

5
58. cos(f - x)

. m .
= s1ngc0sx+ cos€s1nx

=l cosx + /3sinx
2

59. cos(m — 6) + sin(g + 0) = cos 7rcos O + sin 77 sin 6 + sin g cos 6 + cos g sin

= (—1)(cos 0) + (0)(sin 6) + (1)(cos 0) + (sin 6)(0)
= —cos 6 + cos 6

=0

T
tan — — tan 0
1 —tan @

" 1+4+tan 8

T
60. tan|— — =
an<4 0)

1 + tan = tan 6
an — tan
4

LT . m
smgcosx + smxcosz

(1)(cos x) + (sin x)(0)

COSs x

T T T .
= COS —COS x Sin — Sinx
4 4

2
= - %(cos x + sin x)

0
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61. cos(x + y) cos(x — y) = (cos x cos y — sin x sin y)(cos x cos y + sin x sin y)

= cos? x cos? y — sin? x sin? y

cos? x(1 — sin?y) — sin? x sin® y

cos® x — cos® x sin? y — sin® x sin’ y

cos? x — sin? y(cos? x + sin? x)

= cos?>x — sin?y

62. sin(x + y) sin(x — y) = (sin x cos y + sin y cos x)(sin x cos y — sin y cos x)

sin? x cos? y — sin? y cos? x

= sin? x(1 — sin?y) — sin?y cos? x

sin? x — sin? x sin?> y — sin? y cos® x

= sin? x — sin® y(sin® x + cos? x)

sin? x — sin?y

63. sin(x + y) + sin(x — y) = sinxcosy + cos xsiny + sin x cos y — cos x sin y

= 2sinxcosy

64. cos(x + y) + cos(x — y) = cosxcosy — sin xsiny + cosxcosy + sin x sin y

= 2cosxcosy

3 37 . 37, . .
65. cos 5 x| = cosjcosx + sm7s1nx 66. cos(m + x) = cos 7 cos x — sin 7 sin x

(0)(cos x) + (—1)(sin x) = (=1)cosx — (0) sinx

. = —COsX
= —Sinx

LAl
L VARV

3 3 3 _ tan7 + tan 60
67. sin(% + 0) = singcos 0+ cos{sin 0 68. tan(m + 60) = P
= (—1)(cos ) + (0)(sin 6) __O+tano6
1 —(0)tan 6
= —cos 0
= tan 6

3

)

AN
VANV 5

)

[
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70.

71.

. w . s
sm(x + *> + sm<x — *) =1
3 3

. T LT . T .
smxcos§+ cosxsm§+ s1nxcos§— cosxsmg =1

2 sin x(0.5) = 1
sinx = 1

T

=T

2

. 'n'+ o ( T . 77)
sin x cos — + cos x sin — — [ sinx cos — — cos x sin— | =
6 6 6 6

2
2 cos x(0.5) = 1+
cos x(0.5) = =
2
COSX:E
T ST
xX=— —
33
T T
cos(x-i-*)—cos(x—*):l
4 4

o™ . . m . . T
COSXCOS— — SInxsSIin— — [ cosxcos— + sin x sin — :1
4 4 4 4

-2 sinx<ﬂ> =1
2

—V2sinx =1

sinx = —
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72. tan(x + 7) + 2sin(x + 7) =0

tan x + tan 7 . .
—————————— + 2(sinxcos 7 + cos x sin 7) = 0
1 — tan x tan 7

t +0
% + 2[sin x(— 1) + cos x(0)] = 0
tan x .
4 2sinx =0
Smr_ 2 sin x
CoS X
sin x = 2 sin x cos x
sinx(1 —2cosx) =0
. 1
sinx =0 or Ccosx = —
2
x=0,m X = E,
3
73. Analytically: cos(x + g) + c0s<x - g) =1

T . . T m . . m
COS X COS — — sinxsin— + cosxcos— + sinxsin— = 1
4 4 4 4

2
2cosx<f> =1
2
\/fcosxz 1
cos !
xX=—F
V2
V2
COSX = ——
2
T T
x=— —
4" 4

Graphically: Graph y, = cos(x + 7ZT> + cos(x - g) and y, = 1.
. . . T T
The points of intersection occur at x = n and x = 1

74. tan(x + 7) — cos(x + g) =0 4

2m

Answers: (0,0),(3.14,0) = x=0, 7 o :

Sar
3

2m
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1 1
75. y = —sin2t + —cos 2t
3 4

76.

77.

79.

81.

83.

84.

(@ a=—2,b B=2

_!
7

L | —

C = arctan é = arctan% ~ 0.6435
a

1\? 1\?
y = <§> + (Z) sin(2t + 0.6435)

5
= —gj + 0.
2 sin(2¢ + 0.6435)

A 5 (z x)
= A cos - ==
yl 7TT A
t X
y2=Acos27-r?+X
+y,=A 2(’ x)+A 2(t+x>
= A cos - — = cos — 4+ =
Tty AV T

5
(b) Amplitude: B feet

1 B

2 1
(c) Frequency: = — = — cycle per second
T

period N 27 2w

=A 271 271 277 271 A 277 271 S 2” 277
COS -, COS - sin . Sin N Cos - COS — — SIin . sin N
y y2 T A T \ T \ \

= 2A cos 277-i cos 277-{
T A

False.

sin(u + v) = sin u cos v * cos u sin v

T w . . T
False. cos| x — 5 = COSXCOSE + sin x sin —

(cos x)(0) + (sin x)(1)

= sinx

cos nar cos 6 — sin nar sin 6

(=1)*(cos 8) — (0)(sin 6)

cos(nm + 6) =

= (—1)"(cos ), where n is an integer.

a

b . b
C=arctan; = smC=ﬁ,cosC=W

T

78. False.

cos(u + v) = cosucosv ¥ sinu sin v

80. True.

< _m __~<z_ >__
Sin| x 2 Sll’l2 X COS X

82. sin(nm + 6) = sin nacos O + sin 0 cos nm
= (0)(cos ) + (sin )(—1)"

= (—1)"(sin 6), where n is an integer.

Va2 + b*sin(BO + C) = Va® + b2<sin BO - 2a+ > +
a
_ a S a _ b
C= arctanz = smC—ﬁ,cosC—W
Va2 + b*cos(BO — C) = Ja® + b2<cos B6 -

= bcos BO + asin BO
= asin B + b cos BO

S . cosBO) = asin BO + b cos BO
a

b a
S Y [ p—a—
Ja* + b? sin B0 Ja* + b2>
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85.

87.

89.

91.

sin 6 + cos 6

a=1,b=1, B=1
b T
(a) C = arctan— = arctan 1 = —
a 4
sin @ + cos 0 = Va*> + b?sin(BO + C)
= ﬂsin(@-l-g)
a T
b) C = arctan — = arctan 1 = —
(b) arcanb arctan 1

sin @ + cos 0 = /a? + b?cos(BO — C)
T
) g— L
cos< 4)

12 sin 36 + 5 cos 360
a=12,b=5 B=3

b 5
(a) C = arctan — = arctan — =~ (.3948
a 12

12sin 30 + 5cos 30 = /a*> + b*sin(BO + C)
~ 13 sin(36 + 0.3948)

a 12
(b) C = arctan; = arctan? ~ 1.1760

12sin 30 + 5cos 30 = /a?> + b>cos(BO — C)
~ 13 cos(30 — 1.1760)

b
C=arctan—=— = a=0
a

2
JE+ P =2 = b=2
B=1

2 sin(@ + g) = (0)(sinf) + (2)(cosh) = 2 cos 6

cos(x + h) — cos x

coSxcos h — sinxsin — cos x

h h

cosxcosh — cosx — sinxsinh

h

_cosx(cosh — 1) — sinxsinh
h

_cosx(cosh — 1) sinxsinh

B h h

86.

88.

90.

3sin260 + 4 cos 20
a=3,b=4,B=2

b 4
(a) C = arctan — = arctang =~ 0.9273
a

3sin20 + 4 cos 20 = Va?> + b* sin(BO + C)
~ 55in(260 + 0.9273)

3
(b) C = arctan% = arctanz =~ (0.6435

3sin 260 + 4 cos 20 = Va? + b? cos(BO — C)
~ 5cos(26 — 0.6435)

sin 26 — cos 26
a=1,b=—-1,B=2

b
(2) C = arctan— = arctan(—1) = ——
a 4

sin 20 — cos 20 = Va? + b? sin(BO + C)

T
= V2sin( 20 — —
sm( 4)

a T
b) C = t. — = t. —1) = ——
(b) arctan = arc an(—1) 1

sin 260 — cos 20 = Va? + b? cos(BO — C)

= \/ZCOS(ZO + jf)

3
C:arctangz—%za:b,a<0,b<0
—-5J2
Vi +bP=5=a=b= zf
B=1
3 5V2 52
5cos(0+7ﬂ->=* {sin@— \2[0039
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92. (a) The domains of fand g are the sets of real numbers, & # 0. (c) The graphs are the same.
(b) 2
h 0.01 0.02 0.05 0.1 0.2 0.5
f(h) | —0504 | —0.509 | —0.521 | —0.542 | —0.583 | —0.691 -3 3
[
g(h) | —0.504 | —0.509 | —0.521 | —0.542 | —0.583 | —0.691

(d) As h—0, f(h) approaches —0.5.
As h—0, g(h) approaches —0.5.

93.

-

m; = tan o and m, = tan 3

m B+8=90° = 6=90°—- 8
! 95 a+0+6=90° = a+6+(90°—-p) =90° = 0=«
/ ) Therefore, = arctan m, — arctan m,.

i Fory=xandy=\/gxwehaveml=1andm2=\/§.
m 6 = arctan</3 — arctan 1

= 60° — 45°
=15°

94. For m, > m; > 0, the angle 0 between the lines is:

m, —m
6= arctan<#>

1 + mm,
m, =1
1
m; = ﬁ
L
6 = arctan \{§ = arctan(2 - \/3) = 15°
1+—=
V3
9s. 3
2m 2n Conjecture: sin2(9 + Z{) + sinz(ﬂ - Z{) =1

2 2
sin2<9 + 7ZT> + sin2<0 — g) = [Sin OCOSZTT + cos 0sin %] + [sin Ocosf — cos OSin%]

sin0+cost‘)2+ sint‘)_cos@2
2 V2 V22
sin? 0 . cos?@ sin% 0 . cos? @

= ) + sin fcos 6 + — sin fcos 6 +

= sin? 6 + cos? @

=1
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96. (a) To prove the identity for sin(u + v) we first need to prove the identityfor cos(u — v). Assume
0 < v < u < 2mand locate u, v, and u — v on the unit circle.

The coordinates of the points on the circle are:
A = (1,0), B = (cos v, sinv), C = (cos(u — v), sin(u — v)), and D = (cos u, sin u).

Since £DOB = £ COA, chords AC and BD are equal. By the distance formula we have:

[cos(u — v) — 1> + [sin(u — v) — 0> = /(cos u — cos v)? + (sin u — sin v)?
cos?(u —v) — 2cos(u — v) + 1 + sin?(u — v) = cos?u — 2 cosucosv + cos?v + sin?u — 2sinu sinv + sin®v
[cos2(u — v) + sin?(u — v)] + 1 — 2 cos(u — v) = (cos2u + sin? u) + (cos? v + sin®v) — 2 cos u cos v — 2 sin u sin v
2 —2cos(u —v) =2 —2cosucosv — 2sinusiny
—2cos(u — v) = —2(cos u cos v + sin u sin v)
cos(u — v) = cosucosv + sinu sin v

Now, to prove the identity for sin(z + v), use cofunction identities.

sin(u + v) = cos[g — (u + v)] = cos[(g - u) - v]

T . [T .
cos(i — u) cosv + sm(z - u> sin v

sin 1 cos v + cos u sin v

(b) First, prove cos(u — v) = cos u cos v + sin u sin v using the figure containing points y
A(1,0) C

B(cos(u — v), sin(u — v)) u

C(cos v, sin v) O
D(cos u, sin u)

on the unit circle.

Since chords AB and CD are each subtended by angle u — v, their lengths are equal. Equating
[d(A, B)]? = [d(C, D)]? we have (cos(u — v) — 1)2 + sin?(u — v) = (cos u — cos v)? + (sinu — sin v)%.
Simplifying and solving for cos(u — v), we have cos(u — v) = cos u cos v + sin u sin v.

Using sin 6 = cos(g - 0) we have

cos[g — (u — v)] = cos[(% - u) - (—v)]

cos(g - u) cos(—v) + sin(% — u) sin(—v)

sin(u — v)

sin # cos v — coS u sin v.
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97.  f(x) =5(x —3) 98. Fla) =2 g 2
y=56-3) LT
8
Y _
5% 3 8y =7—x
y _ x=7—-8 = flx)=—-8x+7
5 +3=x SR
) py = T
5T3=y T (-8x+7)
8
fx) = % _—
i X5\ [x+15 f‘l(f(X)):—8<7;x>+7
1) = oS58 = 5[ 5 -
_ofx+ 15\
= 5< 5 ) 5(3)
=x+15—-15
=x
) = £ - 3) = DD
sy — 15+ 15
B 5
_
5
=x
99. f(x) =x>—38 100. fx) = Vx—16,x > 16
fis not one-to-one so f~! does not exist. y=Jx—16
y2=x-16

101. logy3* 3 =4x — 3

103. (6x=3) = gy — 3

x=y2+16 = f7'x) =2+ 16,x 2 0

FF0) = V62 +16) — 16 = x
FUE) = (VA= 16)" + 16 = x

102. log, 8% = 3x2

104. 12x + &m0 =2 = 12x + x(x — 2)
= 12x + x> — 2x

=x2+ 10x
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Section 5.5  Multiple-Angle and Product-to-Sum Formulas

You should know the following double-angle formulas.

(a) sin 2u = 2 sin u cos u

(b) cos 2u = cos®>u — sin’u
=2cos?u — 1
=1—2sin?u

2 tan u

c) tan2u = ————

© 1 — tan®u

You should be able to reduce the power of a trigonometric function.

(@) sinu = 1 — cos2u
2

(b) cos?u 1 + cos 2u
2

© tanu = 1 — cos2u

1 + cos2u

You should be able to use the half-angle formulas. The signs of sin LS and cos LS depend on the quadrant in which g lies.

2 2
(a) sinE:i /71 —cosu
2 2
u 1 + cosu
b —=x /—
()0052 )

1 —cosu  sinu

u
(c) tan—- = - =
2 sin u 1+ cosu

You should be able to use the product-sum formulas.

(a) sinusinv = %[cos(u —v) — cos(u + v)] (b) cosucosv = %[cos(u —v) + cos(u + v)]

(c) sinucosv = %[Sin(u + v) + sin(u — v)] (d) cosusiny = %[sin(u +v) — sin(u — v)]

You should be able to use the sum-product formulas.

sin
2

+ - +y -
(c) cosx + cosy =2 cos(x > y) cos(x y> (d) cosx —cosy = —2 sin(x 5 )) sin(%)

+ —_
(a) sinx +siny =2 sin(x 2 y) cos<x 5 y) (b) sinx — siny = 2 cos(x
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Vocabulary Check

1. 2sinucosu 2.

3. cos?u —sinfu=2cosu—1=1—2sin*u 4.

/1 — cosu
2

5.+ 6.
1

7. E[cos(u — ) + cos(u + v)] 8.

9.2 sin(u b V> cos(” ; v) 10.

cos?u

tan? u

I —cosu  sinu
sin u 1 + cosu

1. .
E[Sln(u + v) + sin(u — v)]

-2 qin(u * v) sin(u — V>
L 2 ’ 2

Figure for Exercises 1-8

V171
[} rl
4
. 17 1
1. 0=— . 2
sin 17 2. tan 6 1
. . 2 tan 0
4. sin260 = 2 sin 6 cos 6 5. tan20 = ————
1 — tan? @
S 1
17 17 2(;)
_8 T (L
17 4
1
_ 2
L
16
116
2 15
_8
15
7 26 ! ! ! 8
. csc20 = = = .
sin20 2 sin O cos 0 <\/17><4\/17>
17 17

in 0 7
sin 0 = ——
17
cos(9—ﬂ
To17
1
t = -
an 0 2

3. cos20 =2cos?0— 1

1
cos 26

6. sec 20 =

1
cos? § — sin? 0

- 1
(4 1>2
<\/17> _<\/17
o
T 1
17 17
_17
15

12
1 _1—tan29_1_(1)

an20  2tan 6 (1)
24

cot26 =
t.
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sin2x — sinx = 0
2sinxcosx — sinx =0

sinx(2cosx — 1) =0

sinx =0 or 2cosx —1=0
0 1
=0, cos x = —
X T X >
T ST
xX=— —
3°3
Y
=0, m—
TR Ty

11. 4sinxcosx = 1

2sin2x =1
in2 1

sin 2x = —
)

2x=7g7+ 2nm or 2x=%+2n7‘r

_om
12
5w 1w

X = >
127 12

+ nm

13. cos2x —cosx =0

CcoS 2X = coS X
cos?x — sin®x = cos x
cos?x — (1 — cos?x) —cosx =0

2cos’x —cosx—1 =0
(2cosx + 1)(cosx — 1) =0

2cosx+1=0 or

cosx—1=0

cosx = —— cosx =1
x_277r,4?7r x=0
14. cos 2x + sinx = 0
1 —2sin?x + sinx = 0
2sinx —sinx — 1 =0
(2sinx + 1)(sinx — 1) =0
2sinx +1=0 or sinx—1=0
. 1 .
smx=—§ sinx = 1
Tm 117w T
xX=—— x=_

10.

12.

sin2x + cosx = 0
2sinxcosx + cosx =0

cosx(2sinx+ 1) =0

cosx =0 or 2sinx+1=0
T 3 .
xX=—— sinx = ——
272
Tm 1o
X =——
6 6
sin 2x sin x = coS x
2sinxcosxsinx — cosx = 0
cosx(2sin2x — 1) =0
cosx =0 or 2sin2x—1=0
T 3 . 1
xX=—_— sin?x = —
272 2
J2
N s
sin x 5
m 37 57 I
X= S T
4> 47 47 4
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15. tan 2x — cotx = 0 16. tan2x — 2cosx = 0
2 tan x 2 tan x
T = cotx T 5, = 2cosx
1 — tan?x 1 — tan® x
2tan x = cot x(1 — tan? x) 2tanx = 2 cos x(1 — tan® x)
2tanx = cotx — cotx tan®x 2tanx = 2 cosx — 2 cos x tan? x
2tanx = cot x — tan x sin? x
2tanx = 2cosx — 2cos x 5
3tan x = cotx Cos™ x
)
— = sin? x
3tanx — cotx =0 2tanx = 2cosx — 2——
| CoS X
3tanx — =0 -
tan x sin’ x
tanx = cosx —
3tanZx — 1 —0 cOS X
tan x sin x sin® x
= Ccosx —
1 Cos X cos X
—@Btan’x — 1) =0
tan x sinx  sin?x
— + —cosx =0
cotx(3tan?x — 1) =0 COSX  COSX
cotx =0 or 3tan’x—1=0 sin x + sinx — cos?x
Cos X
T 3 ) 1
xZE, 7 tan x=§
[sinx + sin2x — (1 — sin?2x)] =0
3 cos X
tanx = +—— . .
3 secx[2sin?x + sinx — 1] =0
=T Sm Tm 1w sec x(2sinx — 1)(sinx + 1) =0
6 6 6 6 . .
secx=0 or 2sinx—1=0 or sinx+1=0
7 w Swm Tmw 37w llw No soluti
X o T T T T inx=—
62 6° 6 2 6 0 solution sinx=l sin x 1
2 3
T
X =—
T ST 2
x=——
6 6

Also, values for which cos x = 0 need to be checked.

m 3w are solutions
22 g s.
m aw S 3
X=
62 6 2
17. sin 4x = —2 sin 2x
sin4x + 2sin2x = 0
2 sin 2x cos 2x + 2sin2x = 0
2 sin 2x(cos 2x + 1) = 0
2sin2x =0 or cos2x+1=0
sin2x = 0 cos2x = —1
2x = n 2x = 7+ 2nw
n T
X =—-m X =—_+nmw
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18. (sin 2x + cos 2x)2 = 1
sin? 2x + 2 sin 2x cos 2x + cos?2x = 1

2 sin 2x cos 2x = 0

sindx = 0
4x = nmw
n
r =17
4
_oFm3m Smwiminm
X AR 4,77', 4’ 2 4
19. 6 sin x cos x = 3(2 sin x cos x) 20. 6cos>x —3 = 3(2cos?x — 1)
= 3 sin 2x = 3 cos 2x
21. 4 — 8sin®>x = 4(1 — 2sin%x) 22. (cos x + sin x)(cos x — sinx) = cos? x — sin®x
= 4 cos 2x = cos 2x
oo 4 3m __3 __2m
23. sinu = 5,71-<u<2=>cosu— 5 24. cosu = 3,2<u<7r
. . 4 3 24 5/ 2 45
s1n2u=2s1nuc0su=2<—§)<—§)=g sin2u=25inucosu=2-7<—§>=——f
. 9 16 7 4 5 1
cosZu:coszu—smHt:g—g:—g COSZMZCOSZM—Sin2u=§—§=*§
2&
anz = 2o 20 8 9)_ % -5
1 — tan® u 173 3 7 7 2tan u 2
tan 2u = =45
1 — tan?u 1_§
4
V5 S

T
cscu =3, -<u<m

4
25. tanu=§,0< u<E = sinu=§andcosu:*

4 2 5 5
PP _o(3)(4) - 24
s1n2u—251nucosu—2<5>(5)—25

16 9 7

= 2 —gin2y = — — — = —

cos 2u = cos*u — sin“ u 25 25 25

7

7

tan 2u =
1 — tan?u S 2

2tanu 2(3) 3(16)224
1=
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26. cotu:—4,3777<u<277 ¥
in2 2 si 2( 1 )( 4 ) 8
sin2u =2sinucosu =2 ——||—=| = ——
1T S SIees i SN /17 17 AN
4
cos 2u = cos?u — sin% u K = -l
N
17 17 17
(-3)
2 —_
2 tan u 4 8
tan 2u = = - -2
1 — tan?u - (_1>2 15
4
27. secu = —— 7I< <7 = sinu = 21 and cos ——%
. u » p<u<m in u 5 u 5
in2 s ) V21 2 421
in 2u = 2 sin = _A) o v
sin 2u sin u cos u ) ) >
cosZu—coszu—sinzu—<—g)2— M2V _ 17
5 5 25
N
tan 2 2tan u 2
an 2u = =
T T antu J21\?
2
=V21 420
g 17
4
1/ 22 42
28. sin2u = 2sinucosu =2 - (—i)= i )
3 3 9
2V2\? 1\2 7
cos 2u = cos?u — sinfu = (— i) - <7> =
3 3) 79 s L
! ™
2 _ﬁ -22
2 2 tan u 4 42
an 2u = = = -
1 — tanu | < ﬁ)z 7
4

29. cos*x = (cos? x)(cos? x) = <

1+ 2cos 2x + cos?2x
4

1 + cos 2x)<1 + cos Zx)
2 2

1 + cos 4x
2

1 + 2cos2x +

4

2+ 4cos2x + 1+ cosdx
8

3 4+ 4cos2x + cos dx
a 8

1
= §(3 + 4 cos 2x + cos 4x)
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30. sin®x = sin*x sin*x = (sin? x sin? x)(sin? x sin® x)

1 — cos 2x
2

<1 — cos 2x)<1 — cos Zx)
2 2

= i(l — 2cos 2x + cos? 2x)

sin? x =

sin* x

_1

1 + cos 4x>>
4

- +
(1 2 cos 2x ( 2

1
= §(3 — 4 cos 2x + cos 4x)
sin® x = sin* x sin* x

1
= a(S — 4 cos 2x + cos 4x)(3 — 4 cos 2x + cos 4x)

= 6L4(9 — 24 cos 2x + 16 cos? 2x + 6 cos 4x — 8 cos 2x cos 4x + cos? 4x)

! 1 + cos 4 ! L+

= —[9 — 24 cos 2x + 16<w) + 6 cos 4x — (8)<*>(cos 6x + cos 2x) + (ﬂﬂ
64 2 2 2
1[35 1

= a[j — 28 cos 2x + 14 cos 4x — 4 cos 6x + Ecos 8x]

1
= @[35 — 56 cos 2x + 28 cos 4x — 8 cos 6x + cos 8x]

1
In the above, we used cos 2x cos 4x = E(COS 6x + cos 2x).

32. sin* x cos* x = sin? x sin® x cos? x cos? x

- +
31. (sinx)(cos? x) = (l cos 2x>(1 cos 2x>

2 2
= (sin? x cos? x)(sin? x cos? x)

1 — cos?2x | .
-4 = (22 L)
4 <4 sin Zx)(4 sin Zx)

_ 1(1 1+ cos 4x) _ [1(1 — cos 4x>][1<1 — cos 4x>]
4 2 AT 2 AT 2

1 1 ,
=§(2—1—cos4x) =6*4[1*2c0s4x+cos 4x]

1 1 1 + cos 8x
=§(1—cos4x) fa[l—2cos4x+(f

1{3 1
_674[5_ 2 cos 4x+acos Sx]

1
=—@G- +
128(3 4 cos 4x + cos 8x)
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+ cos 2x><1 + cos 2x>

. . 1 —cos2x\/1
33. sin? x cos* x = sin? x cos? x cos? x = 5 5

1

g(l — cos 2x)(1 + cos 2x)(1 + cos 2x)
1

g(l — cos2 2x)(1 + cos 2x)

1

8(1 + cos 2x — cos? 2x — cos> 2x)

1 1 + cos 4x 1 + cos 4x
=—|1+4+cos2x — (————| — cos 2x{ ——
8 2 2

E[Z + 2cos2x — 1 — cos 4x — cos 2x — cos 2x cos 4x]

1
= —(1 + cos 2x — cos 4x — cos 2x cos 4x)

34. sin* x cos? x = sin? x sin® x cos? x

(1 — cos 2x>(1 — cos 2x>(1 + cos 2x>
2 2 2

1
= g(l — cos 2x)(1 — cos? 2x)

—(1 — cos 2x — cos? 2x + cos? 2x)

_l[] B 5 _<l+cos4x>+ 2<1+cos4x>]
g cos 2x - cos 2o ————

E[Z — 2cos2x — 1 — cos 4x + cos 2x + cos 2x cos 4x]

1 1 1
[1 — co0s 2x — cos 4x + —cos 2x + —cos 6x]
16 2 2
1
= 5[2 — 2cos 2x — 2 cos 4x + cos 2x + cos 6x]

1
= 5[2 — c0s 2x — 2 cos 4x + cos 6x]

Figure for Exercises 35-40

8 8
sin 0 = 7

— 15
5 cos 0 = |7

0 1 + cos 6 1+% \/372 \/E
35, Z = - - 17 _ = = — =~
TN 2 V2 34 17
_ 5 ;
36. smf /1 —cos 6 cost‘) /1 17 _ 7

\\1



498 Chapter 5 Analytic Trigonometry
37, tang= sinf 8/17 _8 17 _1 38, 0 1 _ 1
2 1l4+cosf 1+ (15/17) 17 32 4 2 cos(6/2)  J/{ + cos 0)/2
B 1 o
1+ (15/17)]/2 16/17
_ 17
4
) 1 1 o 1 sin 0 8/17
39. —= = 40. cot — = =
2 Tsin(0/2) T S —cos 0))2 2 an(6/2) 1-cosf 1 —(15/17)
1 1 8/17
- - - JT7 =2y
[1-a5/17]2 J1/17 2/17
41. sin75° = sin(l- 150°) = \/1 —cos 1507 _ \/1 +(v3/2)
2 2 2
= %\/2 +V3
1 . 1+cos150° /1 -(/3/2)
cos 75° = cos (2 150) \/ ) = \/ )
:% /2 — \/§
tan 75° = tan(l . 150°) = 150 = 1/2
2 1 +cos150° 1 —(/3/2)
1 2+ /3 2 + f
= =2+
2-/3 2+ 2+ V3
1 1 — 3/2
42. sin 165 = sin<2 330 Jlocos330_ /1 [f/ )_ J2- 3
1 /1 + cos 330 _ 1+ (/32
cos 165 = cos(2 330 €os ;f/ 2 + ﬁ
1 sin 330 -1/2
tan 165 = tan( = - 330 ) = -
an an<2 ) 1+ cos330 1+ (f/2) =V3-2
1 1 — cos 225° 1+ (V2/2) 1
43. sin 112°30’ = sin(5 . 225° = /L = /- EE [2/) = V2+ V2
1 1+ 225° 2/2
cos 112°30° :cos<§-225° - Jiresy ] [f/ )_ \/ -2
1 sin 225° -J2/2
tan 112°30 = tan( = - 225°) = = -1-2
an a“(z ) 1+ cos225  1-(v2/2) V2

1
44. sin 67°30" = sin(g . 135

1
cos 67°30" = cos<5 . 135°

sin 135° V2
1 +cos135° 1 — (ﬂ/Z)

tan 67° 30" = tan(% . 135") =

/1 — cos 135° 135° /1+(42/2) 1
cos f/ 5\/24-7

ﬂ/Z
2/2

1+c0§135° 1
ettt / [ jzf/z_
>

N

N

=1+ V2
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| 1 — cos— 1—?
T T
— 46. sin— =sin| == || = =
V2 sin = s1n[2<6>] 5 5
1
:E 2—\/§
V2
1/ 1
— = —=]|= —_— =2+ V3
_ . cos B COS[2<6>] 5 3
tan — = — = = =J2-1
g ta“[z(zt)] - 2 o 1
1+cosz 1+7 | ] smg 5
T
t tan| J} = =2-.3
D) a"[2<6>J /A V3
l+cos— | +—
2
1 — cos— l—i——2
3w (1 3w\ _ 4 2 1
47. 511‘18 —sm(2 4)— 3 = > 2\/24-\/5
37 2
cos3—77=cos<l.3i7>: 1—i_COST: 1_T=l 2- U2
8 2 4 2 2 2
sin 3T ~2 ~2
3 <1 377) 4 2 2 2
tan— =tan| - - — | = = = =/2+1
8 2 4 37 2 2-V2) 2-2
l1+cos— 1 ——
4 2 2
5 12 3
49.sinu:§,g<u<77:>cosu:—ﬁ 50.cosu:g,0<u<727
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3
51. tanu = —— T

8 2

— <u<2m = sinu=—

5
V89

3
52. cotu=3,7-r<u<77-r

8
V89 8- /89
5 5
/89

gm<g> _ 1 —cosu _ _ 10+3/10 _ 1 /10+ 310 .
2 2 20 2 5 SR
-1 \/16
(E)__ L +cosu _ 10 =310 1 10 — 310
©\2) = 2 - 20 2 5
3
tan(”) l—gcosu_ J10 _ /0 -3
2 sin u _ 1
V10
53 = —— 7< <3iT:>’ = —— and = —=
. cscu 3 U< sin u 5 and cos u S
<u> 1 —cosu \/1+% 310
sin( = | = = S =—
2 2 2 10
(u) 1+ cosu 1 —% V10
cos|=|=— )/ ——=— = ——
2 2 2 10
y
3V/5 /
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1 - 6
55. / % = |sin 3x]

/1 — cos 8x
2

1 — 8
57, cos8x
1 + cos 8x /1 + cos 8x
2
_ sin 4x
cos 4x
= —|tan 4x]|
X
59. smi +cosx =0
/1 — cosx
+ ——Q——— = —CO0SX
2
1 — cosx )
—— = cos’x
2
0=2cos?x + cosx — 1
= (2cosx — 1)(cosx + 1)
1
cosx = — or cosx = —1
2
T Su
x=— = =
3 3 x=1

[

o

27

By checking these values in the original equation, we see
that x = 77/3 and x = 57/3 are extraneous, and x = 7 is

the only solution.

/T + cos 4 4
56. L R ‘cos l‘ = |cos 2x|
2 2
5 /1 — cos(x — 1) _ —‘sin(x - 1>‘
2 2

60. h(x) = sin% +cosx — 1

X
sm5+cosx—l=0

/1 — cos x
+ —— =1 —cosx
2

1 — cosx
f: 1 — 2cosx + cos?x

1 —cosx=2—4cosx + 2cos®x

2cos2x —3cosx+1=0

(2cosx — I)(cosx — 1) =0

2cosx —1=0 or cosx—1=0
1
cosx = — cosx =1
2
5
x—z,i x=0
373

T Sw . .
0, 3’ and EY are all solutions to the equation.

501
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61.

63.

64.

65.

66.

67.

68.

69.

70.

71.

X
cos~ —sinx =0 62. glx) = tan> — sinx
2 2
I +cosx . tan> — sinx = 0
+ #—smx 2
1 —cosx
1+ cosx . e A
— - sin? x sin x st x
1 + cosx = 2sin%x I = cosx = sin®x
1 +cosx=2—2cos?x I —cosx=1-cos’x
2. _
2cos’x +cosx —1=0 cos*x — cosx =0
(2cosx — I)(cosx + 1) =0 cos x(cosx — 1) = 0
2cosx—1=0 or cosx+1=0 cosx =0 or cosx—1=0
_m3m -
COSX = — cosx = —1 X—Z, 2 cos x =
T S5 x=0
xX=— — xX=1
373 T 37 . .
0, Py and Y are all solutions to the equation.
T S
X =7 T
3 3 3
/3, m, and 57/3 are all solutions to the equation. /
0 27
| [
0 2m -
-2
T T 1 T T T T T
6sin—cos—=6-—|sinl—+ — | +sinf———|| =3(sin— + sin0
4%y 2[ (4 4) (4 4>] ( 2 Y )

4 cos%-rsin%-r =4- %[sin(qg + 5%) - sin(g - %)] = 2[sin<%7> - sin<—g>] = 2[5in<%7-> + sin(%)]
10 cos 75° cos 15° = 10(%)[cos(75° — 15°) + cos(75° + 15°)] = 5[cos 60° + cos 90°]

6 sin 45° cos 15° = 6(3)(sin 60° + sin 30°) = 3(sin 60° + sin 30°)

cos 40'sin 660 = sin(40 + 66) — sin(46 — 66)] = [sin 106 — sin(—26)] = (sin 106 + sin 26)

3 sin 2 sin 3a = 3 - Ycos(2a — 3a) — cos(2a + 3a)] = 3[cos(— @) — cos 5a] = 2(cos & — cos 5a)

5cos(—5B) cos 3B = 5 - 3[cos(—58 — 3B) + cos(—5B + 3B)] = 2[cos(—8B) + cos(—28)]
= 3(cos 8B + cos 2p)

cos 26 cos 46 = 3[cos(26 — 46) + cos(20 + 46)] = 3[cos(—26) + cos 66] = H(cos 26 + cos 66)

sin(x + y) sin(x — y) = 3(cos 2y — cos 2x) 72. sin(x + y) cos(x — y) = 3(sin 2x + sin 2y)
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73.

75.

77.

78.

79.

80.

81.

82.

83.

84.

85.

86.

cos(6 — ) sin(6 + m) = %[sin 26 — sin(—2m)] 74. sin(@ + ) sin(0 — m) = %(cos 20 — cos 26)

= (sin 26 + sin 27)

+ — + —
sin 50 — sin 30 = 2 cos(sg 30) sin(sa 39) 76. sin 360 + sin 6 = 2 sin<30 9) cos(30 9)
2 2 2 2
= 2cos40sin 6 = 2sin 26 cos 6
6x + 2x 6x — 2x
cos 6x + cos 2x = 2 cos ) cos 5 = 2 cos 4x cos 2x
+5 -5
sinx + sin 5x = 2 sin<x 5 x> cos<x 5 x> = 2 sin 3x cos(—2x) = 2 sin 3x cos 2x
+B+a- +B—a+
sin(a + B) — sin(a — B) = 2cos<a B > “ B) sin(a B 3 = B) = 2cos asin B
+ 27 + + 27 —
cos(¢p + 2m) + cos p =2 cos(d) 2; ¢ ) cos<¢ 2277 d)) = 2 cos(¢p + ) cos(m)
T T T T
—_ — — +7 — —_—
<0+71)— <e—ﬂ>: —2sin <0+ 2)+<0 2) in <9 2> (9 2> = —2sin fsin—
cos > cos 2 S 2 S > S S >
T T
in< +E)+in< —7T>—2inx+2+x 2 T2 (x 2> = 2sinx cos —
sin| x > sin| x > S 2 cos 2 sxcos2
60° + 30° 60° — 30°
sin 60° + sin 30° = 2 sin( 2 )cos( > > = 2 sin 45° cos 15°
31 /341
. ° 4+ gi o= 4 _ =
sin 60 sin 30 ; > 2
120° + 30° 120° — 30°
cos 120° + cos 30° = 2 c0s< >cos< > ) = 2 cos 75° cos 45°
1 V3 J3-1
120° + 30°= ——+ — =
cos cos 2 5 2
L) 3 _ =
3w T 5 4 41 . 4 4 __2~E'7l
cos 7 cos 1" sin > sin > = sin 5 sin 7
cos —cosz——ﬁ—ﬁ—— 2
4 4 2 2
st 3w\ [sm 3w
s'nsl—sin3£=200s 44 sin 44 = 2 cos sinE
My 4 2 2 Ty
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87. sin 6x + sin2x = 0

+ 2 -2
2 sin<6x ) x) cos<6x x) =0

2
2(sin 4x) cos 2x = 0

sindx =0 or cos2x =0

4dx = n 2x=g+n77
nr Y
xX=— x=—4 —
4 4 2

In the interval [0, 277) we have

_o T m3m 5w 3w Im
TRy ™y s -2
88. h(x) = cos 2x — cos 6x

cos2x — cos 6x = 0
—2 sin 4x sin(—2x) = 0

2 sin4x sin 2x = 0

sin4x = 0 or sin2x = 0
dx = nm 2x = nm
nr nwr
x=— X =—
4 2
_o T m3w Smldwiw c=0 T .37
X 74,2,4777,4,2,4 ,2777,2
cos 2x
-1=0 90.

sin 3x — sin x

cos 2x .
sin 3x — sin x

=
1=

f(x) = sin? 3x — sin®x

sin?3x — sin?x =0

(sin 3x + sin x)(sin 3x — sinx) = 0

cos 2x (2 sin 2x cos x)(2 cos 2x sinx) = 0
— =1
2 cos 2x sin x - 3
sin2x =0 = x = ,5,77,7 or
2sinx = 1
3
. cosx:0:>xzz,i-r or
smx:E 272
37 57 7
T 5w cos2x=0:>x=z,£,l,—7r or
x:g,? 447 47 4

sinx=0 = x=0,7

| S |

ML

| VWY
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Figure for Exercises 91-94

5\ 25
91. sin? a = <*) = —
13 169
12\2
R
sSin” « COS” 13
_ 144 25
169 169

5\/4 4
93. sinacos B = <E)<g> = I

sin a cos B = cos<g - a) sin(% - B)
-(5)5) -5

95. csc 260 =

sin 20
-

2 sin O cos 0
-

sin @ 2cos 6

_csch
2 cos 6

97. cos?2a — sin?2a = cos[2(2a)]

= cos 4a

99. (sin x + cos x)2 = sin®>x + 2 sinx cos x + cos? x

= (sin?x + cos?x) + 2 sin x cos x

1 + sin 2x

101. 1 + cos 10y = 1 + cos? 5y — sin? 5y

1 + cos?5y — (1 — cos? 5y)

2 cos? 5y

12\2 144
92. cos?> a = (cos a)?> = (—) =

13 169

cos?a =1 —sin«a

- (3

25 _ 144
B 169 169
12\/3 36
94, cos asin B = (B)<g> = P

cos asin B = sin(g - a) cos(% - ,8>
12\/3 36
-(5)5)-5

1 1

96. 20 = =
se¢ cos26 cos?f — sin® @

b
cos? 0

.20
1_SlIl

cos? 0

sec? 0
1 — tan® @
sec? 6
1 —(sec20—1)

_ sec’ @
2 —sec? 0

98. cos* x — sin*x = (cos? x — sin? x)(cos? x + sin? x)

= (cos 2x)(1)

= cos 2x

o (2 ols) -2 )]
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102, S8 3B _ cos(2B + B)

cos 3 cos 3
_ cos2pcos B — sin 2B sin B
cos B
_ (1 = 2sin’B) cos B — (2 cos Bsin B) sin B
cos 3
=1-2sin?B — 2sin’*B
=1—4sin’B
u 1 —cosu
104. tan - = ——
2 sin u
_ 1 cosu
sinu  sinu
=cscu — cotu
of 5l 52)
. . sin cos
sinx +siny 2 2
" cosx — cosy ,<x+y>‘<x—y>
—2sin sin
2 2
SWLES
2
) <4t> ( 2t>
cos| — | cos| ——
108. cos t + cos 3t 2 2

sin3r —sint (ﬂ) , (g)
cos 5 sin >

_ cos(—1)
~ sin(y)

_ cos(t) _
sin()

cott

110. cos(ﬂ + x) + cos(ﬂ - x> = 2 cos %

3 3

=2 cos(g) cos(x)

1
= 2(5> COSX = COS X

u 1
103. —=—
sec >

u
cos —
2
/2
1+ cosu
/ 2sinu
sin u(1 + cos u)

2sinu
RN Arrarrr—
sinu + sin u cos u

+
+

2sinu

cos u

Il
+

sinu  sinucos u
7_1’_7

cos u cos u

2 tan u

Il
H+

tan u + sin u

. (xxy X+y
sin x £ sin 2sin 2 cos 2
105. =) _
cos x + cosy (x + y) (x - y)
2 cos cos
2 2
X+ y)
=t
an( 5
) <4x + 2x) (4x — 2x>
cos cos
+
107 cos 4x + cos 2x _ 2 2

" sin4x + sin 2x

9 s (4x + 2x> <4x — 2x>
sin cos
2 2

2 cos 3x cos x
= _———— =cot3x
2 sin 3x cos x

109. sin(% + x) + sin(g - x> =2 singcosx

1
=2-—-cosSXx
2

Cos x
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111. 3

W o
FRYRYIAYAY,

cos 38 = cos(2B + B)
= cos 23 cosB — sin

= (cos?B — sin?B) ¢

112. sin4B3 = 2sin 2B cos 23
= 2(2 sin B cos B)(1

Lety, = cos(3x) and

¥, = (cos x)* — 3(sin x)? cos x.

2Bsin B
os B — 2 sin B cos BsinfB

cos® B — sin? B cos B — 2 sin? B cos B

cos® B — 3 sin? Bcos B

— 2 sin? B)

= 4 sin B cos B(1 — 2 sin? B)

3

Llanarannl,

[TRYATRT RTRTATAY
-3
C(3x+x\ . [3x—x
3x — cos x ~2sin 2 st 2
114, S8 T8 T
sin 3x — sin x <3x+x> . (3xfx)
2 cos sin
2 2
_ —2sin2xsinx
2 cos 2x sin x
= —tan 2x
3
-3
1 +cos2x 1 cos2x
116. = 2x=—"T—""-"=—+
f(x) = cos® x 5 5 5

1
Shifted upward by > unit.

1
Amplitude: |a| = 5

2T
Period: — =
erio 5 T

y

24+

B\VAVAR

113. 3
. ), Lety, = (cos 4x — cos 2x)
i g (2 sin 3x)
and y, = —sinx.
-3
. (4x + 2x> . <4x — Zx)
—2sin sin
cos 4x — cos 2x 2 2
2 sin 3x 2 sin 3x
—2 sin 3x sin x .
= —————— = —sin
2 sin 3x s
115, sin? x = 1 — cos 2x :1_ cos 2x
2 2 2

117. sin(2 arcsin x) = 2 sin(arcsin x) cos(arcsin x)

2

=2xJ1 —x
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1 .
118. cos(2 arccos x) = cos?(arccos x) — sin?(arccos x) 119. 372(75)2 sin 26 = 130
= 2 — — y2) = 2 _
X2—(1-x)=22-1 g 130(32)

752

gL _1<130(32)>

2N T2
0 =~ 23.85°

1 .0 0
120. (a) A= Ebh (b) A = 100 sin 2 cos >

0 0
A= 2 sin— —
cosg=i = h = IOcosg 50( gmZCOS 2)

2 10
A = 50sin 0
0 1/2)b 1 0
sin*=u:>*b=105in* When 0 = 7/2,sin § = 1 = the area
2 10 2 2 . .
is a maximum.
0 0 0 0 . T
A =10sin=10cos— = A = 100 sin = cos — A = 50 sin — = 50(1) = 50 square feet
2 2 2 2 2
[% 1
121. sin- = —
sin T,
L0 L0 1
(a) sm2 =1 (b) sm2 =15
0 . 0 (1
5 = arcsin 1 5 = arcsin 15
6 _ (1
5T 0= 2arcsm(4'5)
0= 0 =~ 0.4482
S .60 1
(C) ﬁ: 1 (d) Smizﬁ
S = 760 miles per hour 6 . ( 1 )
— = arcsin| —
S 2
760+ (1
6 = 2 arcsin i
S = 3420 miles per hour
X ., 0 1 —cos 6 o o
122. 5 = 2rsin 5 =2r s 123. False. Foru < 0, 124. False. If 90° < u < 180°,
sin 2u = —sin(—2u) % is in the first quadrant and

=r(1 — cos 0) 2

So, x = 2r(1 — cos 6). ~2sin(—u) cos(~u) o /1 — cosu
—2(—sin u) cos u sy = 2

= 2 sin u coS u.
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125. (a) y = 4sin§ + cos x

4

/N

0 27
0

Maximum: (1, 3)

(b)

ZCosf—SianO
2

126. f(x) = cos2x — 2sinx
(@ 2

/’_‘\_./'\

Ov 2w

-3

Maximum points: (3.6652, 1.5), (5.7596, 1.5)
Minimum points: (1.5708, —3), (4.7124, 1)
(b) —2cosx(2sinx + 1) =0

1 + cosx —2cosx =0 or 2sinx+1=0
21 £ —— | = sinx
2 1
cosx =0 sinx = ——
4(1 + cosx) — iy
2 7 3w Tm 1l
X =, X ="
2(1 + cosx) =1 — cos?x 272 6’ 6
2x + +1=
cosat zeost 1 =0 T~ 15708 T~ 36652
(cosx + 1)? = 2
_ 3 11
cosx = —1 2T~ 47124 =T ~ 5759
2 2
X = 1

127. f(x) = sin*x + cos* x

(a) sin*x + cos*x = (sin? x)?> + (cos?x)?

_ (1 — cos Zx)z . (1 + cos 2x>2
2 2

1
= Z[(l — cos 2x)2 + (1 + cos 2x)?]

1
= Z(l — 2cos2x + cos?2x + 1 + 2 cos 2x + cos? 2x)

1
= 1(2 + 2 cos? 2x)

_ i[z N 2(1 + cozs 2(2x))]

1
= 1(3 + cos 4x)
(b) sin* x + cos* x = (sin? x)? + cos* x
= (1 — cos?x)? + cos*x

1 — 2cos?x + cos*x + cos* x

=2cos*x — 2cos2x + 1

(c) sin*x + cos*x = sin* x + 2 sin? x cos?x + cos* x — 2 sin? x cos? x
= (sin?x + cos?x)? — 2 sin®x cos® x
=1 — 2sin®>xcos’x

(d 1 — 2sin2xcos?x =1 — (2 sin x cos x)(sin x cos x)

. 1.
1 — (sin 2x) 5 sin 2x

1
1 — —sin? 2x
2

(e) No, it does not mean that one of you is wrong. There is often more than one way to rewrite

a trigonometric expression.
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128. (a) 2

AN AW
ViV

-2
(b) The graph appears to be that of sin 2x.

(c) 2sin x[Z cosz<%> - 1] = 2sinxcos x

sin 2x

130. (a) y

~
G2
N

—t—
-6 —4 7
s 24

(]
(-4,-3) T

) d= /(=4 -6 + (-3 — 10
J(=107 + (- 132

= V100 + 169 = /269

o (—4+6 =3+10\ (7
(©) Mldp01nt‘< o 2 )—(1,2>

132. (a) y

(c) Midpoint:

<é+ (-1) 3+ (—3)) _ (—5 —2> _ (,1 ;5)
2 ’ 2 272 312

129. (a) ¥
6+
14T
31 \“\\(5,2)
24 ~e
L
Do 125 a s
Ly
24
b)d= V(=1 =572+ 4 —-2)2=J/(-672+ (2)?
= /40 = 210
(c) Midpoint: <5+7M, u) =(2,3)
2 2
131. (a) v
34
23
2+ ,
1«»,’/
103)
B I
4 2 5 1)\ 16
= —=0) +(>—-32) =/ =+
® 4 \/(3 0> (z 2) \/9 4
/52 2J13
9 3
41 5
oo [(0+32+32)_ (23
(©) Mldpomt.( SR ><3, 2)

133. (a) Complement: 90° — 55° = 35°
Supplement: 180° — 55° = 125°
(b) Complement: Not possible. 162° > 90°
Supplement: 180° — 162° = 18°
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T T 4
t - — =

134. (a) The supplement is 180° — 109° = 71°. 135. (a) Complemen 2 18" 9

There is no complement.

Supplement:  — & = U7
(b) The supplement is 180° — 78° = 102°. uppiement: T e T g
The complement is 90° — 78° = 12°. T 9w _ow
(b) Complement: 2720 - 20
Supplement: — 9*” = 1w
upplement: 7 — 2 = =1
136. (a) The supplement is 77 — 0.95 = 2.19. 137. Let x = profit for September,

- then x + 0.16x = profit for October.
The complement is - — 0.95 = 0.62.

2 x + (x + 0.16x) = 507,600
(b) The supplement is 77 — 2.76 = 0.38. 2.16x = 507,600
There is no complement. x = 235,000

x + 0.16x = 272,600
Profit for September: $235,000
Profit for October: $272,600

138. Let x = number of gallons of 100% concentrate. 139. Second base d? = 90% + 90?
0.30(55 — x) + 1.00x = 0.50(55) = 16,200
16.50 — 0.30x + x = 27.50 d = /16,200
0.70x = 11 =902
x =~ 15.7 gallons =~ 127 feet
Home plate
Review Exercises for Chapter 5
1. ! = secx 2. _1 =cscx 3. ! = cos X
cos x sin x sec x
4. L cotx 5. z?rfx:cotx 6. V1 + tan’>x = /sec?x = [sec x|
an x x
7. sinx=%, cosx=% 8. tan0=§,secﬂ=%
tan x = sinx _ % _3 0 is in Quadrant 1.
cosx % 4
5 cos § = 1 _ 3 _ 3/13
cotx = L _4 sec /13 13
anx 3 \/79 \/T 213
i = - 2 = —_——_—= —_— = —
o x — 15 sin # = /1 — cos 1 % T 3
cosx 4 pe v 3
esex = 1 _5 sin 0 2
sinx 3 ! 3
cotf = tan 6 - 2
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_ V2 1 T _ P V]
9. sm(2 x)— B = cosx = 5= 2 10. csc<2 0>—se00—9,sm9— 9
. 2 6 is in Quadrant I.
sinx = ———
2
cos O = ! = 1
L secf 9
tan x = sin x =72 = -1
cosx 1 45
V2 tan9=sme=i=4ﬁ
| cos 6 1
cotx = = -1 9
tan x
1 csc 6 = ! 9 = 79\6
secx = cosx V2 sinf 4.5 20
! cot 6 = ! = b = ﬁ
escx == 2 tan® 4.5 20
sin 0
1 . tan 0 cos 0 1
11. = = sin? i _ —
cox + 1 cscix oA 12 1 —cos>@ sin?6  sin Ocos O
= csc fsec 6
2
13. tan? x(csc2x — 1) = tan? x(cot? x) = tan? x(tanz - 14. cot? x(sin®x) = Zifz; sin?x = cos? x
sin<7T 0) cot<7T )
- = ——u
15. 2 = Cés 0 = cot 6 16. 2 Ztanu tan u sec u
sin 6 sin 6 cos u cos u
17. cos® x + cos? x cot?> x = cos? x(1 + cot? x) = cos? x(csc? x) 18. tan® O csc? 0 — tan® O = tan? O(csc? O — 1)
— cos? ( ) _cos’x cot? =tan2fcot? f = 1
\sin? x sin? x .
19. (tanx + 1)2cos x = (tan®x + 2tanx + 1) cos x

= (sec? x + 2 tan x) cos x

sin x

sec2xcosx + 2 cosx = secx + 2sinx
CoS X

1 1

1 _ :(cscﬂ—l)—(csc0+1)
“csch+ 1 csch—1

(csc @+ 1)(csc 6 — 1)

20. (secx — tan x)? = sec?x — 2 sec x tan x + tan2x

=1 + tan®?x — 2 sec x tanx + tan®x

-2
=1 —2secxtanx + 2 tan®x Coese?f— 1
=2
cot? 0
= —2tan? 0

2 2 o
COs* X COs~ X 1 + sinx 1 1 CoS X
2. > = . A - ) 23. csc?x —cscxcotx = ——— — ( - )( - >
1 —sinx (1 —sinx) (1 + sinx) sin x sin x/\ sin x
_ cos?>x(1 + sinx) 1 —cosx
1 — sin’x sin?x

1 + sinx
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24.

26.

28.

30.

32.

34.

36.

1 V/sin x
——(cos x) = —
sin x sin x

s COS X -
=\/smx( - >=\/smxc0tx
sin x

(cos x)

sin~!"/2x cos x =

sec? x cot x — cot x = cot x(sec2x — 1) = cot x tan? x

1 2
= tan“ x = tan x
tan x

cot(% - x) = tan x by the Cofunction Identity

1 1 1

tanxcsc xsinx 1 . " tanx
(tan x)| —— |(sin x)
sin x

= cotx

cos? x sin? x = cos x cos? x sin® x

cos x(1 — sin? x) sin% x

= cos x(sin% x — sin*x)

(sin? x — sin*x) cos x

4cos =1+ 2cos b

2cos =1

1
cos@—2

0=g+2n77 or 5?77+2n7-r

1

Esecxf 1=0

1
Esecx=1
secx =2
cos !
X ==
2

5
x=7l+2n7'r or ?77-9-2}’177

27.

29.

31.

33.

35.

37.

. cos x(tan®>x + 1) = cos x sec? x

= sec? x
sec x

= Ssecx

( N 'rr> T . o
cos| x + —| = cos x cos — — sin x sin —
2 2 2

(cos x)(0) — (sin x)(1)

—sin x

1 _ 1
tan Ocsc 6 sin 0 . 1
cos § sin 6

sin® x cos? x = sin* x cos? x sin x
= (1 — cos? x)? cos? x sin x
= (1 — 2 cos?x + cos*x) cos? x sin x

= (cos?x — 2 cos* x + cos® x) sin x

sinx = /3 — sinx

sinx = ——
2

T 27
xX=—+2mn,— + 2mwn

3 3
33 tanu = 3
tanu—L
V3
u:g-i-nw
3csc?lx =4
4
2, =
csc? x 3
sinx:i§

T 27 dar S
=+ =+ —+ =+
X 3 27n, 3 27n, 3 27rn, 3 2mn

These can be combined as:

T 2
xX=—+nm or x=— +nmw
3 3
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38. 4tan®u — 1 = tan’u 39. 2cos?x —cosx =1
3tan’u — 1 =0 2cos?x —cosx — 1 =0
) 1 (2cosx + 1)(cosx — 1) =0
tan u=§
2cosx+1=0 cosx —1=0
1 V3
— g =42 1
tan u i\/g * 3 cosx = —3 cosx =1
u="T4 nw or 5£+n77 _2m 4w _
6 6 xf?,? x=0

40. 2 sin®>x — 3 sinx
2sin?x — 3sinx + 1
(2sinx — 1)(sinx — 1)

2sinx — 1 =0 or
sinx*1
2

5w
"6

X =

ENE

42,

sin?x + 2cosx = 2

=-1

=0
=0
sinx —1=0
sinx = 1
x—ﬂ
2

1 —cos?x + 2cosx =2

0 =cos?x —2cosx + 1

0 = (cosx — 1)?
cosx —1=0
cosx =1
x=0

41.

43.

cos?x + sinx =1
1 —sin?x+sinx—1=0

—sinx(sinx — 1) =0

sinx =0 sinx — 1 =0
x=0,7 sinx = 1
x_ﬂ

2

2sin2x — V/2=0

[S

in2x =
SIn 2Zx )

2x=ﬂ+ 2'n-n,3£+27'rn

4 4
x=Ty n3 +

] 77,8 mn
= T 3w 9w 1w

88787 8

44. J3tan3x =0 45. cos 4x(cosx — 1) =0
tan 3x = 0 cosdx =0 cosx —1=0
3 =0, m 2m 3m, 4, S 4x:iT+27rn,3iT+27rn cosx =1
2 2
T2 _4mSm
ENERENE x—z—i-zniﬂ-%-zn =0
8 278 2
_ o737 57 Tm 97 1w Bw 157
TTYE 8 8 8 8 8 8 8
46. 3 csc?5x = —4 47. sin?x —2sinx =0 48. 2 cos’x + 3cosx =0
4 i inx —2) = 2cosx + 3) =
csc? Sx = -2 sinx(sinx —2) =0 cosx(2cosx +3) =0
sinx =0 sinx —2=0 cosx =0 or 2cosx+3=0
cscdx = =+ 4 x=0,m No solution x:f?ﬂ' 2cosx = —3
3 2’2
No real solution cosx = _3

No solution
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49.

50.

52.

tan?  + tan 0 — 12 = 0
(tan 0 + 4)(tan 6 — 3) = 0
tanf +4 =0 tan — 3 =0
0 = arctan(—4) + nm

0 = arctan(—4) + , arctan(—4) + 2, arctan 3, arctan 3 + 7

sec?x + 6tanx +4 =0
1 +tan>x + 6tanx + 4 =0
tan>x + 6tanx + 5 =0
(tanx + 5)(tanx + 1) = 0
tanx + 5 =0 or tanx + 1 =0
tanx = —5 tanx = —1
37 7
x = arctan(—5) + = x= 777,7#
x = arctan(—5) + 27
sin(345°) = sin(300° + 45°)
= sin 300° cos 45° + cos 300° sin 45°
_ V3 V21 2
2 2 2 2
2 2
:%(—\/5+ 1) :%(1 - 3)
c0s(345°) = cos(300° + 45°)
= cos 300° cos 45° — sin 300° sin 45°
1 V2 (_ﬁ)ﬁ
2 2 2 /)2
=20+ v3)
tan(345°) = tan(300° + 45°)

_ _tan300° + tan 45° -/3+1 1-3
1 — tan 300° tan 45°

T+ B0 1- 3
4-2/3

Ty T

6 = arctan 3 + n

51.

53.

sin 285° = sin(315° — 30°)
= sin 315° cos 30° — cos 315° sin 30°

(=65)- (7))

-5+
cos 285° = cos(315° — 30°)
= co0s 315° cos 30° + sin 315° sin 30°
_ (ﬁ)(ﬁ) N (_£)<1>
2 2 2 2
=£(\/§— 1)
4
o o anoy _ tan315° — tan 30°
tan 285° = tan(315° — 30°) = |+ tan 315° tan 30°
V3
“v-(5) s
== =—2- 3
e 02
3
sinzsfﬁ = sin<&+ I) = sinllicos z + cos ﬁsin z
12 6 4 6 4 6 4
o 1)(V2 ﬁ)(ﬁ) 2
_( 2><2>+(2 2 )=V
00525777 = cos(lli + E) = cos 1177’-cos T_ sinllisin z
12 6 4 6 4 6 4
-(F)05) - (3)) =8
_<2 2 2 2_4(\@“)
117 T
m%mmﬁw+ﬂ_m“6+m4
12 6 4 1 - tan“ltanlr
6 4
()



516 Chapter 5 Analytic Trigonometry

54, si (&) g (M_z) OS<1&T> :COS<M_2)
M) T e T g O\ 12 6 4
= in T s T U ™ =c0slllcosﬂ+sinllis'nﬂ
= Sin 6 COS4 COS 6 51n4 6 4 6 1 4
_ 1 V2 32 :ﬁ.£+(_l>£
2 2 2 2 2 2 2) 2
2 2
L1+ 3) = () -2

t n(&> = tan(M - E)
M 6 4
T

tan Hm tan —
6 4

o

1 + tathan*
6 4

B
3 _—V3-33+3
1+<—‘§§>(1) 3-V3 3+ 3

=—(12-g6\/§)=_2_\/§

55. sin 60° cos 45° — cos 60° sin 45° = sin(60° — 45°) = sin 15°

56. cos 45° cos 120° — sin 45° sin 120° = cos(45° + 120°) = cos 165°

tan 25° + tan 10° tan 68° — tan 115°
T = = 25° + 10° 3 = o _ °) — —47°
S o an0r ) T+ tan 68 n 1150 @N(687 ~ 1157) = tan(=47)
= tan 35°
4
3 13
4 \" 12
_ﬁ X A—N
_5 :

Figures for Exercises 59-64

()2
59. sin(u + v) = sinu cos v + cos u sin v 60. tan(u + v) = tanu +any _ !

) <§>(_i> . <_£><£) 1 — tan u tan v | - (\3ﬁ><152>
4\ 13 4 AL3 15+ 127 36 + 57 _ 960 + 5077

3 T36-5,/7 36+5/7 1121

Il

|
i
)
+
~
3
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61. cos(u — v) = cosucosv + sin usin v

-(=9)5) - G

1
= 5(5ﬁ +36)

63. cos(u + v) = cos ucosv — sin u sin v

-(=9)5) - GIE)

1
= S—Z(Sﬁ — 36)

65 +E> - T inxsin?
- cos|x + 5 C0s X cos - — sinx sin—
= cos x(0) — sin x(1)

= —sinx

67. cot(% - x) = tan x by the cofunction identity.

69. cos 3x = cos(2x + x)
= cos 2x cos x — sin 2x sin x
= (cos?x — sin?x) cos x — (2 sin x cos x) sin x
= cos®x — sin?x cosx — 2 sin?x cos x
= cos®x — 3 sin®x cos x
= cos’x — 3(1 — cos?x) cos x
= cos’x — 3 cosx + 3cos’x

=4 cos’x — 3 cos x

. T . T\
71. sm<x + 4) s1n<x 4) =

LT
2cosxsin— =1

4
_V2
COoS x )
y= T
44

62. sin(u — v) = sinu cos v — cos u sin v

-3 (&)
_ -5+ 1207 12J7-15
52 52

tany —tanvy <_%> - (_%)

64. tan(u — v) =

1+tanutanv_ 3 12
1+|——F=)—-——
-5)I-%)

_—15+12V7 36 -5V7
36 +5/7 36-5/7
_ —960 + 5077
1121

66 in( —347)= in 3m_ S iinﬁ
. sin{ x > S xcos2 COS X >

= sin x(0) — cos x(—1)

= COS x

68. sin(7 — x) = sin 7 cos x — cos 77 sin X
=0-cosx — (—1)sinx

= sinx

sin(a + B) _ sin acos B + cos asin B
" cos acos B cos a cos B

sin « cos B
cos a cos

cos a sin 3
cos a cos 3

_ sina sin 3

cos « cos B

tan « + tan 3
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72. cos(x + 6) - cos( 76T) =
(cos cosE — sin x sin E) - (cos cosf + sin x sin E)
X 6 X 6 X X 6
) = =1
smxsm 6
. 1\
ZSIHX(Z) =1
sinx = —1
x=3T
2
73. sin(x + E) — sin(x — I) =3
2 2
2cosxsing= \/§
COos x = T
_m 1w
76 6
3 37
. +=] - -] =
74 cos(x 1 ) cos<x 1 ) 0

<cos cos3l—sin sin31>—(cos cos3 + sin x sin 37T>=0
TSy ey TSy STy

—2 sin x sin 2% =
sin x sin 1 0

(2
=2 smx<2> =0

2sinx =0
sinx = 0
x=0, 7
L4 3w _ 2 e L
75. sinu = 5,71'<u< > 76. cosu = 5,2<u<7'r:>smu—ﬁand
-3
cosu:—\/l—sinzu:? tanu=—%
sinu 4 1 2 4
t = = 1 = 1 = —_ = —=
an u cosu 3 sin 2u = 2 sin u cos u 2<ﬁ>( ﬁ) 5
. . 4 3 24 2 \2 1 \?
- —of =) =2) = £ oy —sinZy = ——) - ) =
sin 2u = 2 sin u cos u 2( 5)( 5) 25 cos 2u = cos? u — sin2u <ﬁ> <5>
3\? 4\? 7 1
et (3 () - -3
cos 2u = cos” u — sin’ u 5 5 2 o > tan u ) 2 5 :;lz_ﬂ
4 T antu 12 3 3
4 R
2 tan u 3 24

tan 2u = 1 — tan2u <4>2 T
=13
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1 —cos2x 1 — (1 —2sin’x)

1+cos2x 1+ (2cosx®—1)

77. sin 4x = 2 sin 2x cos 2x 78.

= 2[2 sin x cos x(cos? x — sin? x)]

_ 2sin’x
= 4 sin x cos x(2 cos>x — 1) 2 cos? x
= 8 cos®xsinx — 4 cos x sin x = tan? x
2
4
,ZW ﬁuﬂuﬂuﬂ “\Uﬂuﬂuﬂu .
—2m 27
-2
1
1 — cos 4x
in% 2x 2 1 — cos 4x 1 + cos 6x
79. tan? 2x =~ = = . cos? 3x = — 82X
9. tan”2x cos?2x 1 +cosdx 1+ cosdx 80. cos® 3x 2
2
in? in* 1 — cos?2
81. sin® x tan® x = sin® x(smizx) = szx 82. cos?xtan?x = sin? x = ——208 £¥
COS* x cos” x 2
(1 — cos 2x>2 1 — 2 cos 2x + cos? 2x
_ 2 _ 4
1 + cos 2x 1 + cos 2x
2 2
+
1 —2cos2x + Lzosélx
- 2(1 + cos 2x)
_ 2 —4cos2x + 1+ cosdx
4(1 + cos 2x)
_ 3 — 4 cos 2x + cos 4x
4(1 + cos 2x)
— o} +
83. sin(—759) = — /LT cos 10T _ _ N2+ 3
2 2
= f%\/z +3
o /1 +cos150° _J2- V3
cos(—75°) = — = = 5
1
=5V2- V3
Lo (3
1 — cos 150° 2
— oy — __([— 7" "¥v" | — —_ +
tan(—75%) ( NI ) T 2+ V3)
2

=-2-.3
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84. sin 15° = sin(3g ) = W _
1+
cos 15° = cos(300) \/m _ F _ lm
2 2 ) >
3

NG

3O°>:1—c0530°_1_ 2

2

tan 15° = tan( sn30° I =2-/3

. . 3 4 -
87. Given sinu = 5 0O<ucx< g = cosu = 5 andgls in Quadrant I.

Sin<u>:\/l—cosu:\/l—4/5: 1 _J10
2 2 2 1010
(u)_\/l+cosu_\/1+4/5_ 9 _3J/10
N\2 2 2 1010

tan<z> _l—cosu_1—-45_ 1
2 sin u 3/5 3
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5 3
88. tanu—g,w<u<7
sin u =;5
V89
-8
cosu =

i \/1 — (—8/./39) /89 +8 _ /894889
2 2 2V 89 178
cos U [Jl+cosu _ 1+ (-8//89) V89 -8 _ 89 — 8./89
2 2 2 2./89 178
_ =8
u 1 —cosu V89 V89 +8 —8— /89
tan — = — = = =
2 sin u =5 =5 5
V89
89. Given cos u = —%,g <u<mT= sinu= 3 5 andfls in Quadrant 1.
1 —cosu _ 1 - 2/7) 14
sm J— =/
14 ‘/ 14
Cos(u) _ \/1 +cosu _ \/1 + (-1 _ /5 _J0
2 2 2 14 14
tan(g) _l-cosu_1-(=2/7) __9/7 _ 3 35
2 sin u 3V5/7 3J5/17 V5005
ki V35
90. secu = —6 <u<7r, sinu = —=——- cosu=——
6 6
Smi [1—cosu _ [1+ (1/6) 7 V21
12 6
gt — /1+cosu: /1—(1/6): 5 JI5
2 2 2 12 6
tangzlfcosu_lJr(l/6) 7.6 _ 7 _N3¥B
2 sin u J35/6 6 /35 J35 5
an = sin(u/2) _ V21/6 _ V21 V35
2 cos(u/2) J15/6 J15 5
1 + cos 10x 10x sin 6x
91. — / 5 = —‘cos | = — |cos 5x] 92. T T cos Gr — tan3x
03, cos Tsin ™ = Usin™ — sinol| = Lsin ™
- COSTSIN" = 5 SINn = SINUH = 5 Sin 94. 6 sin 15° sin 45° = 6( )[cos(lSO — 45°) — cos(15° + 45°)]

95. cos 56 cos 360 = 3[cos 20 + cos 86]

= 3[cos(—30°) — cos 60°]
= 3(cos 30° — cos 60°)

96. 4 sin 3a cos 2a = 4( )[91n(3a + 2a) + sin(3a — 2a)]

= 2(sin S + sin a)
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— 30 + 20 36 — 260
97. sin40—sin29=2cos<40;20> Sin(402 20) 98. cos30+cos20:2005< > )cos( >
= 2cos 30sin 6 5 56 6
= 2C0S—COS =
2 2
T T . LT
99. cos(x + g) - cos(x - g) = —2sinx sin 6
T T T T
+ 2+ (x— = +=) = {x—=
100 ( +E>_ < _17):2 (x 4> (x 4> i <x 4) <x 4> — 2 cos x sin =
- sin|x + sinfx = cos 2 sin 2 X 1
101 _ L, in 20
. r=3% S
range = 100 feet

v, = 80 feet per second

Loy sinng =
r = 35(80)7sin 26 = 100

sin 20 = 0.5
260 = 30°
0 = 15°or s

12

102. Volume V of the trough will be the area A of the isosceles triangle times the length [ of the trough.

V=A-1
(a) A 1bh
a = -
2
% h %
cossz.5:>th.5cos2
b
7] 2 b 0
in—=— — = 0.5sin—
sm2 05 = 2 sm2

Not drawn to scale

0 0
A =0.5sin70.5cos ~
sin 2 cos >

6 0
= (0.5)?sin Scos>

0 0
= 0.25 sin > cos 5 square meters

<
Il

6 6
(0.25)(4) sin 508 cubic meters

. 0 .
= sin E COS 5 cubic meters

(b) V—singcosg—l(Z singcosg>—lsin 6 cubic meters
2°%2 72 2%2) 72 !

. . T
Volume is maximum when 6 = Py

)
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103. y = 1.5sin 8 — 0.5 cos 8¢

2

J10
2

105. Amplitude = feet

T T 0 7 0. .
107. False. If2 < 6 < 1, then 1 < > < 2 andzls in

Quadrant 1.

cosg >0

109. True. 4 sin(—x)cos(—x) = 4(—sin x)cos x

= —4sinxcosx = —2(2 sin x cos x)

= —2sin2x

110. True. It can be verified using a product-to-sum identity.

4sin45°cos 15° = 4 « %[Sin 60° + sin 30°]

=2[£+%]=\/§+1

112. No. For an equation to be an identity, the equation must
be true for all real numbers. sin § = % has an infinite

number of solutions but is not an identity.

104. y = 1.5sin 8¢ — 0.5 cos 8t = %(3 sin 8¢ — 1 cos 8t)

Using the identity
asin BO + b cos B = /a> + b*sin(BO + C),

b
C = arctan—,a > 0
a

(Exercise 83, Section 5.4), we have

y= %m sin(St + arctan(-%))

V10 . 1
= 2 sin| 8¢ — arctan 3))

106. Frequency = i = %cycles per second

8

108. False. The correct identity is

sin(x + y) = sin x cos y + cos x sin y.

1 1
111. Reciprocal Identities: sin 6 = csc 0 = —

csc 6 sin 6

1 1
COSB_secO Sec0_0050

1 1
tan 0 " cot 0 COtO_tanB
. - in 0 0

Quotient Identities: tan 6 = S cot O = Cf)s
cos 6 sin 0

Pythagorean Identities: sin? § + cos? 0 = 1
1 + tan? 6 = sec? 6

1 + cot?> = csc? 0

113. asinx —b =0

. b
sinx = —
a

b . .
, then [—| > 1 and there is no solution
a

If b] > |a

since |sin x| < 1 for all x.
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114. S = 6hs + és2

2 sin 6

<\/§_COSO>, 0° < 0 < 90°

where h = 2.4 inches, s = 0.75 inch, and 6 is the given angle.

(a) For a surface area of 12 square inches,

_ 3 N V3 —cos 9\
§ = 624)0.75) + 5(0.75) (Sin ; ) =12
=108 + 0.84375<ﬁ — co8 0) =12
sin 6
0.84375(‘/g — o8 9) =12
sin 6

Using the solve function of a graphing calculator gives

0 = 49.91479° or 6= 59.86118".

115. The graph of y, is a vertical shift of the graph of y,
one unit upward so y, =y, + 1.

117. y= J/x + 3 + 4cosx 11

Zeros: x = —1.8431, 2.1758,
3.9903, 8.8935, 9.8820 /

vl

Problem Solving for Chapter 5

1. (a) Since sin? 0 + cos> = 1 and cos>§ = 1 — sin®>0:

cos @ ==x1 — sin? 0

tan 0 sin 6 sin 6
an 0 = ==+
cos 0 V1 —sin? 6
1 V1 — sin? 6
cot f = =+ -
tan 6 sin 6
0 1 1
sec 6 = =+
cos 0 V1 — sin? 0
1
cos ) =—
sin 6

—CONTINUED—

(b) Using a graphing calculator yields the following graph:

20

-

(0.9553, 11.99)

L |3
0 1
0

Using the minimum function yields

0 = 0.9553 radians or 6 = 54.73466°.

116. y, = cos 3x

: = (2sin x?
o5 x ¥, = (2sinx)
If the graph of y, is reflected in the x-axis and then
shifted upward by one unit, it coincides with the
graph of y,. Therefore,

COS3Y _ (5 Ginx)? + 1.
cos X
So,y, = 1=y,
1 ) . TX 7
Ly =2--x2+ -
118. y =2 >~ 3 sin )

Approximate roots:

K
—3.1395, —2.0000, / k

—0.4378, 2.0000

1
y=2—5x2+351n%x

We also have the following relationships:

Y
cos 0 = sm<2 0)

tan 6 = %‘9
sm(i - 0)
sin(% - 9)

cotf = sin 6

sec 0 = +
s1n<§ - 0)

1
ose 6= sin 6
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1. —CONTINUED—

(b) sin 6§ = /1 — cos* 0 We also have the following relationships:
sin 6 V1 —cos? 6 T
tan 0 = =+ sin @ = cos|{— — 6
cos 0 cos 6 2
1 1 cos[(m/2) — 6]
g = -4 L tad SV P |
esc 0 sin@ 1 —cos?@ tan 0 cos 0
0 ! csc 6 N
sec O = =
cos 6 cos[(m/2) — 6]
cot ) = L _, cos 6 sec 6 = !
tan 0 /1 — cos® 0 cos 6
cot § = __cosf
cos[(m/2) — 6]
2n + 1)m 2nm + 12n + 1 1
2. cos[%] = COS(T> 3. sin[%] = sin[g(nm—r + 77)]
= cos(n + E) T
& 2 = sin(ZmT + *)
6
T . .
= COS N7 cCos— — Sin nrsin—_ o1
2 2 —n =L
6 2
= (=1)(0) — (0)(1
(*1)(0) — (0)(1) . .[(12n+1)w] Lo
_ sin| ————— | = — for all integers n.
=0 us, 3 ) ora egers n
2n + 1
Thus, COS[%} = 0 for all integers n.
1
4. pl0) = (o) + 30p,(t) + p3(0) + ps(0) + 30p(0)]
(@) p,(1) = sin(52471) 14
P
1. Py D3 Ps P
pan) = Esm(10487rt) ~0.003 m W 0.003
1.
ps(0) = gsm(1572m) T4

ps(t) = ésin(2620m)

pe) = ésin(3144m)
The graph of

p) = ﬁ[sin(5247ﬁ) + 15 sin(104871) + %sin(1572m) + é sin(26207t) + 5 sin(31447rt)}

yields the graph shown in the text and to the right.

—CONTINUED—
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4. —CONTINUED—

(b) Function Period

1210 5;—4”# = ﬁ ~ 0.0038
O 0247;77 = 5& ~ 0.0019
() 1527; = % ~ 0.0013
s 5 6227(T)7T = ﬁ ~ 0.0008
Pelt) 31247;77 15172 0.0006

The graph of p appears to be periodic with a period

of 555 = 0.0038.

(C) 1.4  Max

0 0.00382

/
-1.4 Min

Over one cycle, 0 < t < Téza we have four #-intercepts:
t = 0,t=0.00096, t = 0.00191, and ¢ = 0.00285

(d) The absolute maximum value of p over one cycle is
p = 1.1952, and the absolute minimum value of p
over one cycle is p = —1.1952.

5. From the figure, it appears that u + v = w. Assume that u, v, and w are all in Quadrant I. From the figure:

s 1
tanu = — = —
3s 3
. s 1
any = — = —
YT 2
s
tanw = — =1
K
tan u + tan v
tan(u +v) = ———
1 —tanutanv
_ 1/3 4+ 1/2
1= (1/3)(1/2)
_ 5/6
1= (1/6)
=1 =tanw.

Thus, tan(z + v) = tan w. Because u, v, and w are all in Quadrant I, we have

arctan[tan(u + v)] = arctan[tan wlu + v = w.

16

6. y=——F5—5—
Y Vo2 cos? 6

x* + (tan O)x + h,

Let iy = 0 and take half of the horizontal distance:

1

L
2<32 Vo2 sin 20) a1 (2 sin @ cos 6) =

32

Substitute this expression for x in the model.

16 sin 6

== Vo> sin O cos 6

1
T T 2052 0 +
Y vp2cos” 6 <32v0 sin  cos 0) (cos 9)(32 o’ sin 6 cos 0>

1 1
e 2 sin” 6 "'5"0 sin? 6

1
=i % sin® 0
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10.

The hypotenuse of the larger right triangle is:
sin?@ + (1 + cos 0)2 = /sin?@ + 1 + 2 cos O + cos?

IR ~ V2 + Zcosh

) = /2(1 + cos 6)
cos 6

sin O

. (9) sin 6 sin 0 V1 — cos 6
sin( = | = = .

2 2(1 + cos 0) 2(1 + cos ) 1 —cos#

:sin6\/1—00s0:sinex/l—cos(?= 1 —cos 6
V2(1 — cos?6) V25sin 6

2
(0) 1 + cos 6 V(1 + cos 6)? 1 + cos 6
cos| = = =/
2 2(1 + cos 0) 2(1 + cos ) 2

<0> sin 0
tan{ -

2 1+ cos6
_0.6Wsin(6 + 90°) o [’ﬂ(l + 0.2)]
F = T sn1e 9. Seward: D = 12.2 — 6.4 cos T6
. i ° + i ° + 0.
(a) F = 0.6W(sin 6 cos ,90 S cos 6sin 90°) New Orleans: D =122 — 1.9 cos[iﬂ- (t+0 2)]
sin 12 182.6
_ 0.6W[(sin 6)(0) + (cos 6)(1)] (a) 20
sin 12°
_ 0.6W cos 6
sin 12°
0 365
0
(b) Lety, = 0.6(1.85) coos x 550 |
sin 12 (b) The graphs intersect when ¢ = 91 and when ¢ = 274.
These values correspond to April 1 and October 1, the
spring equinox and the fall equinox.
0 o % (c) Seward has the greater variation in the number of day-

light hours. This is determined by the amplitudes, 6.4

(¢) The force is maximum (533.88 pounds) when 6 = 0°. and 1.9.

The force is minimum (0 pounds) when 6 = 90°. o
(d) Period: m = 365.2 days

d =35 — 28 cos 677721 when ¢ = 0 corresponds to 12:00 A.M.

7,
6.2
These r-values correspond to 6:12 A.M. and 6:36 P.M.

(a) The high tides occur when cos = —1. Solving yields t = 6.2 or t = 18.6.

The low tide occurs when cos 6Lr2t = 1. Solving yields t = 0 and # = 12.4 which corresponds to 12:00 A.M.
and 12:24 p.M.
(b) The water depth is never 3.5 feet. At low tide the depth is d = 35 — 28 = 7 feet.

(c) 7
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11. (a) Lety, = sinxandy, = 0.5.

2

%zﬂ

-2

o

sin x = 0.5 on the interval [%’ Sl]

(c) Lety, = tanxand y, = sinx.

2

o
n
B

-2

tan x < sin x on the intervals (727 77) and <327T, 277).

[0 «
sin( = + =
§1n<2 2)

sin—
2

sin<g> cos(g) + COS<Q> sin(g)
_ 2 2 2 2
sin(g)
2
cos(g> + c0t<g> sin(g>
2 2 2
o o 0\ . 5
For a = 60°, n = cos 30° + cot 5 sin 30

V31 (9)
n= ) +2cot2.

12. (a) n =

13. (a) sin(u + v + w) = sin[(u + v) + w]

= sin(u + v) cosw + cos(u + v) sinw

(b) tan(u + v + w)

tan[(u + v) + w]

tan(u + v) + tanw
1 — tan(u + v) tan w

[tanu+tanv

]-i—tanw
1 — tanutanv

(b) Lety, = cosxandy, = —0.5.

(d)

2

-2

=

2 4
cos x < —0.5 on the interval [?ﬂ- 777]

>

Lety, = cosx and y, = sin x.

2

-2

o

cos x > sin x on the intervals [0, ZTT] and [ 57777 277].

(b) For glass, n = 1.50.

J3 o1 (0)
50 = == + —cot| =
1.50 > 2cot >
V3\ (9)
2(1.50 > —cot2
L
3-V3 2
0=2tan"< ! )
3-/3
0 = 76.52°

= [sin u cos v + cos u sin v] cos w + [cos u cos v — sin u sin v] sin w

= sinu coS v Ccosw ~+ coSusinvcosw + C€oSucosvsinw — sinu sin v sin w

(I — tan u tan v)

tan # + tan v (1 — tan u tan v)
l—|———————|tanw

1 —tanutanvy

tanu + tanv + (1 — tanu tan v) tan w

- (I —tanutanv) — (tanu + tanv)tanw

_ tanu + tanv + tanw — tan u tan vy tan w

"l —tanutanv — tan utan w — tan v tan w
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14. (a) cos(36) = cos(20 + 6)

= cos 26 cosf — sin 20 sin 6

(1 — 2sin%6) cos § — (2 sin O cos 6) sin 6

cos @ — 4sin%6cos 0

cos O(1 — 4 sin2 )

15. hy = 3.75sin 733t + 7.5

4
h, = 3.75 sin 733(z + ?”) +75

2
(b) The period for &, and h, is % ~ 0.0086.

27
0 2m
733

3

The graphs intersect twice per cycle.

1
There are 277_/7733

(b) cos(46)

cos(20 + 26)

cos 260 cos 260 — sin 260 sin 26
cos?26 — sin®26

(1 — sin226) — sin%26

1 — 2sin%26

1 — 2(2sin 6 cos 6)?

1 — 85sin® 6 cos? 6

~ 116.66 cycles in the interval [0, 1], so the graphs intersect approximately 233.3 times.
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Chapter 5  Practice Test

2 2
. . . . . sec” x + cscx
1. Find the value of the other five trigonometric functions, 2. Simplify —————5—.
. 4 csc x(1 + tan? x)
given tan x = 17, sec x < 0.

3. Rewrite as a single logarithm and simplify 4. True or false:
In|tan 6] — In|cot 6].
5-)-a
cos| — — x| =
2 * csc x
5. Factor and simplify: sin* x + (sin? x) cos? x 6. Multiply and simplify: (cscx + 1)(cscx — 1)
7. Rationalize the denominator and simplify: 8. Verify:
cos? x 1 + cos 60 sin 0
T ; =2csc 6
1 —sinx sin 0 1+ cos 6
9. Verify: 10. Use the sum or difference formulas to determine:
tan*x + 2tan>x + 1 = sec*x (a) sin 105° (b) tan 15°
1 + tan 0
11. Simplify: (sin 42°) cos 38° — (cos 42°) sin 38° 12. Verify tan(G + 3) =27
4 1 —tan 6
13. Write sin(arcsin x — arccos x) as an algebraic 14. Use the double-angle formulas to determine:
CXPIESSION 1l - (a) cos 120° (b) tan 300°
15. Use the half-angle formulas to determine: 16. Given sin = 4/5, 6 lies in Quadrant 11, find cos(6/2).
(a) sin 22.5° (b) tan -~
12
17. Use the power-reducing identities to write (sin? x) cos? x 18. Rewrite as a sum: 6(sin 56) cos 26.

in terms of the first power of cosine.

. . . .. sin 9x + sin 5x
19. Rewrite as a product: sin(x + ) + sin(x — ). 20. Verify ————— = —cot 2x.
cos 9x — cos Sx

21. Verify: 22. Find all solutions in the interval [0, 27):
(cos u) sin v = [sin(u + v) — sin(u — v)]. 4sinx =1

23. Find all solutions in the interval [0, 27): 24. Find all solutions in the interval [0, 27):
tan26+(\/§—1)tan0—\/§=0 sin 2x = cos x

25. Use the quadratic formula to find all solutions in the interval [0, 27):

tan?x — 6tanx + 4 =0



