Mechanics of Materials

Chapter 4
Shear and Moment In Beams




4.1 Introduction

(1 The term beam refers to a slender bar that carries transverse
loading; that is, the applied force are perpendicular to the bar.

] In a beam, the internal force system consist of a shear force and
a bending moment acting on the cross section of the bar. The
shear force and the bending moment usually vary continuously
along the length of the beam.

A The internal forces give rise to two kinds of stresses on a
transverse section of a beam: (1) normal stress that is caused by
bending moment and (2) shear stress due to the shear force.

1 Knowing the distribution of the shear force and the bending
moment 1n a beam 1s essential for the computation of stresses

and deformations. Which will be investigated in subsequent
chapters.




4.2 Supports and Loads
Beams are classified according to their supports. A simply

supported beam, shown in Fig. 4.1 (a). The pin support
prevents displacement of the end of the beams, but not its
rotation. The term roller support refers to a pin connection that
1s free to move parallel to the axis of the beam; this type of
support suppresses only the transverse displacement.
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(a) Simply supported beam
Figure 4.1 (a) Statically determinate beams.




A cantilever beam is built into a rigid support at one end, with the
other end being free, as shown in Fig.4.1(b). The built-in support
prevents displacements as well as rotations of the end of the beam.

L An overhanging beam, illustrated in Fig.4.1(c), is supported by a
pin and a roller support, with one or both ends of the beam
extending beyond the supports.

O The three types of beams are statically determinate because the
support reactions can be found from the equilibrium equations.
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(c) Overhanging beam
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Figure 4.1 Statically determinate beams E[<[> ]

(b) Cantilever beam




A concentrated load, such as P in Fig. 4.1(a). In contrast a
distributed load is applied over a finite area. If the distributed
load acts on a very narrow area, the load may be approximated by
a line load.

The intensity w of this loading is expressed as force per unit
length (Ib/ft, N/m, etc.) The load distribution may be uniform, as
shown 1n Fig.4.1(b), or 1t may vary with distance along the beam,
as in Fig.4.1(¢c).

The weight of the beam is an example of distributed loading, but
its magnitude is usually small compared to the loads applied to
the beam.
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(c) Overhanging beam

(a) Simply supported beam JE—




Figure 4.2 shows other types of beams. These beams are
oversupported in the sense that each beam has at least one more
reaction than is necessary for support. Such beams are statically
Indeterminate; the presence of these redundant supports
requires the use of additional equations obtained by considering
the deformation of the beam. The analysis of statically
indeterminate beams will be discussed in Chapter 7.
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(b) Fixed or restrained beam

(a) Propped cantilever beam

Figure 4.2 Statically indeterminate beams




4.3 Shear- Moment Equations and Shear-Moment Diagrams

(] The determination of the internal force system acting at a given
section of a beam : draw a free-body diagram that expose these
forces and then compute the forces using equilibrium equations.

( The goal of the beam analysis — determine the shear force V and
the bending moment M at every cross section of the beam.

1 To derive the expressions for V and M in terms of the distance x
measured along the beam. By plotting these expressions to scale,
obtain the shear force and bending moment diagrams for the
beam.

 The shear force and bending moment diagrams are convenient
visual references to the internal forces in a beam; in particular,
they 1dentify the maximum values of V and M.




a. Sign conventions
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Figure 4.3 Sign conventions for external loads; shear force,

and bending moment. _..-




b. Procedure for determining shear force and bending moment
diagrams

+ Compute the support reactions from the free-body diagram
(FBD) of the entire beam.

+ Divide the beam into segment so that the loading within each
segment 1s continuous. Thus, the end-points of the segments are
discontinuities of loading, including concentrated loads and
couples.

B Perform the following steps for each segment of the beam:

* Introduce an imaginary cutting plane within the segment, located
at a distance x from the left end of the beam, that cuts the beam
into two parts.

* Draw a FBD for the part of the beam lying either to the left or to
the right of the cutting plane, whichever 1s more convenient. At
the cut section, show V and M acting in their positive directions.




* Determine the expressions for V and M from the equilibrium
equations obtainable from the FBD. These expressions, which
are usually functions of x, are the shear force and bending
moment equations for the segment.

= Plot the expressions for V and M for the segment. It is visually
desirable to draw the V-diagram below the FBD of the entire
beam, and then draw the M- diagram below the V-diagram.

1 The bending moment and shear force diagrams of the beam are
composites of the V and M diagrams of the segments. These
diagrams are usually discontinuous, or have discontinuous
slopes. At the end-points of the segments due to discontinuities
in loading.




Sample Problem 4.1

The simply supported beam in Fig. (a) carries two concentrated
loads. (1) Derive the expressions for the shear force and the bending
moment for each segment of the beam. (2) Sketch the shear force
and bending moment diagrams. Neglect the weight of the beam.
Note that the support reactions at A and D have been computed and
are shown in Fig. (a).

Solution
J 14 kN 28 kN
Part 1
~<~— 72 m 3m 2 1m—>
| | | The determination of
A Y B | I C, D the expressions for V
. ' ' | % and M for each of the
d) @ @ three beam segments
(AB,BC, and CD) 1s
R,=18 kN Rp=24 kN

explained below.

(a)




Segment AB (0<x<2m)

YF,=0+1 18-V =0
V=+18 kN Answer
XM=0+0 -18&+M=0
M=+18x kN m Answer
14 kN 28 kN
V
M M 3m 2 m—>
A B D
s E
X —
18 kN Y 24 kN

(b) FBDs




Segment AB (2<x<5m)

ZFy=0+T 18-14-V =0
V =+18-14 = +4 kN Answer
XM =0+0 -18x + 14(x-2) + M =0

M= +18x-14(x-2) =4x+28 kKN- m  Answer

14 kN 28 kN

2m—*

ofie g B
P C

24kN‘

(c) FBDs




Segment CD b m<x<7m)
YF,=0+1 18-14—28-V =0
V =+18-14-28 = -24 kN Answer
XM=0+0O - 18x+ 14(x-2)+28(x-5)+M =0
M =+18x-14(x-2) — (x-5) = -24x+168 KN- m Answer
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‘18kN 24 kN

d) FBDs




Part 2

Y 14 kN 28 kN
}—— 2m —l—— 3m —l— 2m —‘ The V-diagram reveals that
A B 3 D the largest shear force in
" the beam is -24 kN :
T ‘ segment CD
18 kN 24 kN

(The M-diagram reveals

|
V (kN) % i that the maximum bending
i | moment 1s +48 kN-m : the
i ‘ * 28-kN load at C.
i (f) ,4 =dNote that at each
] | e concentrated force the V-

diagram “jumps” by an

|
|
I
I amount equal to the force.
|
|
|

There is a discontinuity in
x  the slope of the M-diagram

® at each concentrated force.

Shear force and bending moment diagrams




Sample problem 4.2

The simply supported beam in Fig. (a) 1s loaded by the clockwise
couple C, at B. (1) Derive the shear and bending moment
equations. And (2) draw the shear force and bending moment
diagrams. Neglect the weight of the beam. The support reactions A
and C have been computed, and their values are shown 1n Fig. (a).

Solution ¥
Part 1

Due to the presence AT ll
of the couple C, We A= i
must analyze 3.
I
|
|

=
E, L
Fl

® C C?)

G

"

B

=
L

Ch B “_J.r_.
segments AB and BC &, =— y 1
|

(a) i
separately. |




Segment AB (0<x<3L/4)

SF, =0+ T -20 v =g i '
y L ©® 40O
o | = ! L
V :_TO Answer jﬂ_ i - E |
—0 — G E i * i
D My=0+ 5 —=x+M=0 724 ) » e
| | ' l
__G, : A
M=="T"%X" Answer : '@ -
Segment BC (3L/4<x <L) G - -
- C, B LY Vv I
ZFy—O+T—T—V—O | {m i |
C l. Ef ._! : "
V=20 " ' G !
3 Answer | : (l\ 'D
C o
DM =0+ Z2x-C,+M =0 |- X '
L LY Vv

CO
M==T"%+Co Answer




From the V-diagram,

the shear force 1s the
5 same for all cross

sections of the

|
|
|
|
|
|
|
|
|
e i beam. The M-
|
|
|
|
|
|
|

L | - |
) I diagram shows jump
M ‘ I of magnitude C, at
| i the point of
0 T et ) application of the
couple.
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Shear force and bending moment diagrams




Sample Problem 4.3

The cantilever beam in
Fig.(a) carries a triangular
load. The intensity of
which varies from zero at
the left end to 360 Ib/ft at
the right end. In addition, a
1000-1b upward vertical
load acts at the free end of
the beam. (1) Derive the
shear force and bending
moment equations. And
(2) draw the shear force
and bending moment
diagrams. Neglect the
weight of the beam.

4
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1000 1b

Solution

Note that the triangular load has been
replaced by is resultant, which 1s the
force 0.5 (12) (360) =2160 Ib (area
under the loading diagram) acting at
the centroid of the loading diagram.




, 8 fi ——] |
LR 21601h__— 360 Ib/f
IP

(d Because the loading !
1S continuous, the i My = 3360 Ib - ft

beam does not have 4 L | -
to be divided mnto 1000 1b | .' ]Ehﬁ | Ry= 11601
segment. | with, N |
: -y l"—{'ﬂl — w= 30x Ib/ft :
Qw/x =360/12, or AR e |
| M |
w = 30x 1b/ft. A = D I
1000 Eh‘ TV |
Part 1 (9 |
ZFy=O+T 1000 - 15x2-V =0
V=1000-15x% 1b Answer
XM.=0+0O -1000x + 15x2 (x/3) + M =0
M = 1000x - 5x3 Ib- ft Answer
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s 2160 b
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- /F
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Mp=33601b - fi
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Ak Hi.
- 12 fi -
1000 1 | s 1 Rg=1160 b
V (Ib) 8 |
1000 s |
|
| X

M (Ib = f1)

Part 2

The location of the
section where the
shear force 1s zero is
found from

V=1000—15x>=0

X=8.165 ft

d—M =1000—15x* =0
dx

Xx=28.165 ft .

the maximum bending
moment 1S

M =1000(8.165) -

max

5(8.165)% = 5443 1b- ft




4.4 Area Method for Drawing Shear- Moment Diagrams

[ Useful relationships between the loading, shear force, and
bending moment can be derived from the equilibrium
equations.

 These relationships enable us to plot the shear force diagram
directly from the load diagram, and then construct the bending
moment diagram from the shear force diagram. This technique,
called the area method, allows us to draw the shear force and
bending moment diagrams without having to derive the
equations for V and M.

U First consider beam subjected to distributed loading and then
discuss concentrated forces and couples.




w(x) 4.4 Figures (a) Simply
supported beam
:‘l\ﬂ_, carrying distributed

| — loading; (b) free-
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body diagram of an
Infinitesimal beam
segment.

a. Distributed loading

Consider the beam in Fig. 4.4 (a) that 1s
subjected to a the distributed load w (X)
1s assumed to be a continuous function.
The free-body diagram of an
infinitesimal element of the beam,
loaded at the distance X from the left
end, 1s shown in Fig. 4.4 (b)




I
. e . : w dx
The force equation of equilibrium 1s y

T
ZFy=O+T V—wdk—( V+dV)=0 V‘ § 2
M M + dM
From which we get g‘\
dVv ' _J "
W=—— (4.1)
dx
pem—— V+dV
The moment equation of equilibrium yields o)
XM,=0+CO -M-Vdx+ (M +dM) + wdx(dx/2) =0
After canceling M and dividing by dx, we get
dM wd dM 4.2
-V + + / =0 V=—r7o (4.2)
dx 2 dx

Equations (4.1) and (4.2) are called the differential equations of

equilibrium for beams. A<




The following five theorems relating the load, the shear force,
and the bending moment diagrams follow from these
equations.

1. The load intensity W at any section of a beam 1s equal to the
negative of the slope of the shear force diagram at the section.

Proof — follows directly from Eq. (4.1). W = .
X

2. The shear force V at any section is equal to the slope of the
bending moment diagram at that section.
v — dM

Proof — follows directly from Eq. (4.2). ~odx




y
3. The difference between the A/H\F
shear forces at two sections ofa 1! y

wx)

beam 1s equal to the negative of L
the area under the load diagram %

. XB
between those two sections. |
I
|

Proof —integrating Eq. (4.1) Al ,Fm/ .
between sections A and B in MAC ! "5};(
Fig. 4.5, we obtain !
Vs
dV xB dV xB
W=—— — — = —
dx IXA dx ix = Ve =V, VX
V,—V, =—area of w-diagram] ,B
V, =V, —area of w -diagram] ,B (4.3)

Note that the signs in Eq. (4.3) are correct only if Xg >X,.




4. The difference between the
bending moments at two sections
of a beam 1s equal to the area of
the shear force diagram between
these two sections.

Proof —integrating Eq. (4.2)
between sections A and B 1n ( see C
Fig. 4.5),

dM x8 dM XB
V=—n M M -
~ || dx =M, -M, =[ Vdx

XA dx XA

Mg —M, = area of V-diagram],® Q.E.D
Mg=M, + area of V-diagram] ,® (4.4)

The signs 1n Eq. (4.4) are correct only 1f X5 > X,.




5. If the load W diagram is a polynomial of degree n, then shear
force V diagram 1s polynomial of degree ( n +1), and the
bending moment M diagram 1s polynomial of degree ( n +2).

Proof — followings directly from the integration of Eqs. (4.1)

and (4.2).
dx dx
1 Consider the beam segment shown in Fig. 4.6 (a), which is 2 m
long and 1s subjected to a uniformly distributed load w =300 N
/m. Figure 4.6 (a) shows the shear force and the bending

moment at the left end are V,= +1000 N and M, = +3000 N- m.

R e e
1000 B 1, Area = + 600 N F;

A, = BN - r:C |
1




M,

= B PN - m
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| B N Pdiam
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M | 1
W= 4+ 300 N [oonst ) w (M} i o M N |
A 2 m T
1000
Ly = & 1000 M {ghven) Firp :
| i i
A £
QLR g
e L
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A )
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Fcliagram |s a stralght e : e —— i " e
A 2m £

Figure 4.6 (a) Free-body diagram of a beam segment carrying

uniform loading;
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K
Lal
Ay = + 2000 N +m (glven) ASTH - I“:'I“"'H'IT
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Figure 4.6(b) constructing shear force and bending moment
diagrams for the beam segment. [&[<][>]>]




PA
d_)( [—
y ] AI : Figure 4.7 Free-body diagram

V - e s ;
/ ) of an infinitesimal
My M, :
- beam element carrying
C' 3 "9_"‘ a concentrated force P,
Ca and a concentrated
Vi couple C,.
«— x—>

b. Concentrated forces and couples.

 The force equilibrium equation
2F, =0+ A Vy-Py-V,r=0 | V"=V, Py (49)

Equation (4.5) indicates that a positive concentrated force
causes a negative jump discontinuity in the shear force diagram
at A (a concentrated couple does not affect the shear force

diagram) EEISC




The moment equilibrium equation yields

s . +d _dx
Y>M,=0+0 Mg =M, =Ch =V ===V == =0
P, _
40& M; =M, +C,
2
Y

Thus, a positive concentrated
. Y couple causes a positive jump
5}--9—* in the bending moment

Cy diagram.

Vi

-« (Ix—>

Figure 4.7 Free-body diagram of an infinitesimal beam
element carrying a concentrated force P, and a
concentrated couple C,.




C. Summary

The area method 1s useful only if the area under the load and shear
force diagrams can be easily computed.

W= 4 4.1
dx ( . )
Vil (4.2)

dx

Vg =V, —area of w-diagram] B (4.3)
Mg = Ma+ area of w-diagram] " (4.4)
Vy =V, -P, (4.5)
MX:M;\-I-CA (46)
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Procedure for the Area Method

Compute the support reactions force the free-body diagrams
(FBD) of the entire beam.

Draw the load diagram of the beam (which 1s essentially a
FBD) showing the values of the loads, including the support
reactions. Use the sign conventions in Fig. 4.3 to determine
the correct sign of each load.

Working from left to right, construct the V-and M-diagram
for each segment of the beam using Egs. (4.1)-(4.6).

When reach the right end of the beam, check to see whether
the computed values of V-and M are consistent with the end
conditions. If they are not, you made an error in the
computations.




Sample Problem 4.4

The simply supported beam in Fig. (a) supports 30-kN concentrated
force at B and a 40-kN-m couple at D. Sketch the shear force and
beading moment diagrams by the area method. Neglect the weight
of the beam.

y B = 30 kN
<~ 4 m Sm

A [o} X
_ Q)
(a)




Solution
Load Diagram

The load diagram for the beam 1s shown in Fig. (b). The reactions
at A and E are found from equilibrium analysis. Indicating its sign
as established by the sign conventions in Fig. 4.3.

Cp=40kN - m (+)

B ’N -
Alo Do | = A

-~
4 m—r—3Im—r—3m

Ry=14kN (-) Ri=16 kN (-)

rﬁ 30 kN (+)

(b)




Shear Force Diagram y i
Cp=40 kN -m (+)
There are concentrated forces at B ,N p
A,B, noting that V, - = 0 because % Do =4
no load is applied to the left of A s—spegE i 3 m—l
I I
V, :VA_—RA:O—(—14):(+14kN Ry=14 kN () : | Rp=16kN ()
Plot point. | I ® |
Vg~ =V, - area of W-diagram] ,B | : | |
' £ | | |
=14-0=14kN  Plotpoint. ® @ _ ®: : :
: I I
Because w =-dV/dx = 0 between | +56 KN+ m i i
Aand B’ UI —43kN-n1I—4EkN-m i
Connect (a) and (b) with ! | ! 16
: © 1 o
! |

a horizontal straight line | (© I
I |

Vo =V, —P, =14—(+30)=—16kN  Plot point. (¢c)

V.~ =V * -area of W-diagram] ,F=-16-0 = -16 kN Plot point. (d)
Because w =—dV/dx = 0 between B and E

Connect (© and @ with a horizontal line

VEJr :VE_ — RE :_16_(_16):() Check / hiii




Bending Moment Diagram NS @)l

14

®The applied couple 1s cause a [ +30kN-m
jump 1n the bending moment L |
diagram at D. © @ K

®The areas are either positive
or negative, depending on the -
sign of the shear force in Fig. "™ 18\
(¢).M, = 0 (there 18 no couple ) i e )

applied at A). point (¢) © v ®

(d)

Mg = M, + area of V-diagram],B = 0 + (+56) = 56 kN- m , point (f)

The shear force bewteen A and B is constant and positive. The
slope of the M-diagram between these two sections iIs also constant
and positive. ( recall that V =dM/dx = 0 ), connect (¢) and (f) with
straight line.

My = Mg + area of V-diagram]gP = 56 + (-48) = 8 kN- m, point (g)




The slope of the V diagram
between B and D is negative and Cp=40KkN+m (+)
constant, the M-diagram has a L T N—7EF .,

constant, negative slope in this . _,L_ - ji ; '"AI

segment, ), connect (f) and (g)

l.l‘{”_- 3[_] kN {'I‘}

) . . Ry=14k
with straight line. |

My =My + Cg I I
=8 +(+40) =48 kN: m V() | I

Ry=16 kN (-)
|

(b)

I
|
|
I
I
Point (h), note that Mg = O (these 14 © ® |
: : +56 kN + m |
1s no couple applied at E). 0 ; ¥
|
I
|
|
|

Mg = Mg + area of V-diagram] * SR e S
=48 + (-48) =0 Check /

1© @

The shear force between D and E - ©

IS negative and constant, which = I@

I
I
means that the slope of the M - kN-m) . o, I
diagram for this segment is also I/\I\
constant and negative, connect (h) 0§ . o
and (1) with straight line. (d




Sample Problem 4.5

The overhanging beam in Fig. (a) carries two uniformly distributed
loads and a concentrated load Using the area method. Draw the
shear force and bending moment diagrams for the beam.

it rC“mU :;0 Ib/ft
il mmmm,_x




400 Ib/ft (+) f; = 400 1b (+)

Load Diagram
| | | | ”""] aﬂmmﬁ (+)
HHH Theload
e— 2 fi ~‘

x  diagram for the

‘ , | D E b ..
“-J cam 1S glVen
1 ft -1 fi 2 1 ln Flg (b)

(1)

@ Cs761b-10)| required to
320 | | 400 9
@I : | @ \! @ construct the

| L1520 () | s sc}hu
| i | i Shear Force
I i c
| I — | | Diagram
: -I:JITEEI Ib - fit) | | :
| 4 | i The steps
| I
I
I

| (flf}l [

(800 Ib - fi F\ ! HR shear force
| G 2“'3 Ib- fi) (+4001b - ft) . R

| @. 480 |(F) diagram in Fig.
|

| e | (c) are now

[ I SR s .

| E 2L il detailed.
|

! ! l




m.

400 Ibift (+) Pe= 400 1b (+) i
[[]] Lo o o Bending
RERERERENR omen
A= ' |——+  Diagram
3 L g o
~— 2 fu 1 I"LI jd fr 2 fi —1 The SlOpe Of
: Rp= 1520 1b () Ry =880 Ib () the M-
:l L (L) : | diagram 1s
L G| ] E discontinuo
! A E ! : - us at j and
| e | :
| i
1

x (f)

AF (Ib - Fi)
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