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Henry Frederick Baker FRS (3 July 1866 — 17 March 1956) was a British mathematician,
working mainly in algebraic geometry, but also remembered for contributions to partial
differential equations (related to what would become known as solitons), and Lie groups.
(http://en.wikipedia.org/wiki/H. F. Baker)

John Edward Campbell (27 May 1862, Lisburn, Ireland — 1 October 1924, Oxford,
Oxfordshire, England) was a mathematician, best known for his contribution to the Baker-
Campbell-Hausdorff formula.

(http://en.wikipedia.org/wiki/John Edward Campbell)

Felix Hausdorff (November 8, 1868 — January 26, 1942) was a German mathematician
who is considered to be one of the founders of modern topology and who contributed



significantly to set theory, descriptive set theory, measure theory, function theory and
functional analysis
(http://en.wikipedia.org/wiki/Felix_Hausdorff)

Here we collect the commutation relations (in particular, Baker-Campbell-Hausdorff
theorem) which will be useful for the discussion on the creation and annihilation operators
of simple harmonics, coherent states, squeezed state, and squeezed coherent states.

I. Creation and annihilation operators for the simple harmonics
ar: creation operator
a: annihilation operator

=a'a, number operator

S>

aln>=+nin-1>,

a |n>=~n+l|n+1>,

nln>=nin>,

1
n>=—(@")" 0>,
| m( )"
[n,a]=-a,
[i,a"]=a"



2 Commutation relations (I)
Without any proof we use the following relations,

0
oa’

[d, f(@)=—2f(a*). (@', f @)= £ (a).

where f'is an arbitrary function.
((Example))
[a.a"]=1,
[d,(a")*]=2a",
[a.(a")’]1=3(a")*,

[a,(@")"1=n@H" ",

and
[@*,(a)']1=-2a,
[a",@y1=-3(a)’,
[a",(a)'1=-n(a)"

3. Commutation relations (II)

In general, we have the formula for the commutation relations.
At AAdt 0 AAdt
[Cl ,f(Cl,Cl )]:_%f(asa ),

0
oa”

4, f(@,a")]=— f(a.a").

((Proof)) Walls and Milburn

We assume that

fa,a)= fila @y
r,s



la, f(a,a")]= Z[ aany]

Z @4 (@) ]
Z WHla,a")a"y +a'la,@"y']
Z @ 1.(G) ]
Z @g 5@y

= A+f(A a’)

and
[&+,f(&,&+)]=2[ aran]
Z (a) at ’\r ]
—fo? ' a'\@") +a'la’,@']
Z (a) at ’\r )s
_ Z @, Arl
-2 /@)
Here we use the following formula for the commutators,
[4,BC)=[A4,BIC+B[A4,C],
where 4, B ,and ¢ are non-commuting operators.

((Proof))



A A A A AA

[4,BC|= ABC-BCA
= ABC—BAC+BAC-BCA
=[4,BIC+B[4,C]
4. Commutation relations (I1I)

[(@)%,(a")*]=2(a"a+aa") =2(2a"a+1),

~ A A A

((Proof)) We use the formula; [121, éé] = [;1, f?]C +B[A,C]

(@)@ V]=[(@),a')a" +a"[(ay.a']
=-[a".(a1a" —a'[a" (@)’]

=2aa" +2d"a

[(a°),(a)*]=-2(a"a+aa") =-2Qa"a+1),

[@>,a")1=2(a"fa+2ala*f +2a%aa*.
((Proof))

[a°,(a")’]=[a",(a")a’]
:[d2,(&+)2]d+ +(d+)2[d2,d+]

=G0 +a*a)at +2(a)ata

=2(a*yYa+2a(a*y +2a*aa*

In general.
[a?,n]= pa”, [a™7,n]=-pa™” (Messiah, p.460).
[n,a"]=—-pa”, (@, n]=-pa’".

((Proof))



[6”,7]=a"a"a—a*aa”
= (@Pa" —a'a")a
= [a*,a"1a
= p&p

[a7,nl=a""a"a—a"aa™

=—a'[a,a"]

=-p@a)’

5. Commutation relation(I): Baker-Hausdorff lemma
Here we show that the operator

£ (x) = exp(xA) Bexp(-xA)

can be expanded as
~n A A X A A XD A A A X A A s A
f(x)=exp(xA)Bexp(—xA) =B+ F[A’ B]+ E[A’ [4,B]]+ §[A’ [4,[4,B]]]+...

(1

where x is a real variable. We can prove this by using a Taylor expansion of f(x) as

SO =70+3 f(l)(0)+ f(z)(0)+ f(3)(0)+

with
'(x) = Aexp(Ax) B exp(~Ax) — exp(Ax) Bexp(—Ax) A = [4, f ()],
() =[4, ()],
Y@ =[4, /P @]

In general,

FOx)=[4, f" )]

From these relations we have

f(x=0)=8,



£1(0)=[4, f(0)]=[4,B],
£"(0)=[4, £'(0)]=[A4,[4, B]],
FO0) =[4, fP0)] =[4,[4,[4, B,

FP0)=[4, fO0)] =[A[4,[4,[4,B1],

Therefore, we get
A X A A XD A A a XA A A A Xt oA A A A A
f(x) =B +F[AaB] +E[A5[AaB]] +§[A5[A5[AaB]]] +Z[A5[A5[A5[AaB]]]] toes
This is known as the Baker- Hausdorff lemma. When
[4,[4,B]]=0,
we get the simple formula
f(x)=B+x[A4,B].
6. Commutation relation (II)

If the commutator of two operators 4 and B commutes with each of them ( 4
and B )

One has an identity
exp(121+/§) = exp(;l)exp(é) exp(—%[/],é]). 2)

This is known as the Baker-Campbell-Hausdorff theorem.
((Proof by Glauber))

Roy J. Glauber (A. Messiah, Quantum Mechanics p.422)



We start with

S (x)=expld)exphB).
Taking a derivative of f{x) with respect to x, we get

V) _ dexp(xd)exp(xB) + exp(xd)B exp(xB)
X

d.
= (121 + exp(x;l)é exp(—x;l)) exp(x;l) exp(xé)
= [121 + exp(x;l)é exp(—x;l)] f(x)

or

dj;(X) = exp(xA) exp(xB) B + A exp(xA) exp(xB)
x

= exp(xfl) exp(xl?)[l? + exp(—xl?)fl exp(xl?)]
= f(x)[B + exp(-xB) A exp(xB)]

We note the commutation relations which is derived above. If
[4,[4,B]]1=0, and [B,[4,B]]=0,
then we have
A+ exp(x;l)é exp(—x;l) —A+B+ [121, Z§]x
B+ exp(—xl?)fl exp(xl?) =A+B+ [zzl,é]x
Using this relation, we get

L) (G4 B+[A, 8101 (0= (A4 B[4 BT,
X

with f (x=0)=i.The operators A+ B and [A4,B] commute,
[A+B,[4,B]]=[4,[4, B]]+[B,[4,B]]=0.

The function f(x) and A+B+[A,B]x commutes. Then they can be considered as
quantities of ordinary algebra,



J.%dfzj.(2+é+[2,l§]x)dx,
or

b

In(f) = (21+B)x+x—22[2, B]
or
£(x) =exp(Ax) exp(Bx) = exp[(A+ B)x +x—22[24, B)).

When x =1,

exp(A)exp(B) = exp(4+ B + %[21,/?;]) ,

or
exp[(A+B) = exp(—%[ 1. BD) exp(A) exp(B)

where

A

[4,[4,B]]=0, [B,[4,811=0
In general case, we have

exp(A)exp(B) = exp[(4 + B) +%[21,£}]+ %[21,[21,@]] +%[é,[é,21]] +..]

7. Commutation relation (III):
In general, we have

2 3
exp(xA)B exp(—xA) = B +%[A, B] +%[A, [4,B]] +%[A, [4,[4,B]]]+...
If the operators satisfy the relation (£ constant),
[A.[4,B7= B,

then we get



2 3
X

4
exp(xA)Bexp(—xA) = B + % [4,B]+ % BB+ B A, B]+ % BB +..

3!
=B(1+ (/) + (/B +..)
2! 4|
1 g8 (wB)
+\/E[A’B]{ T + 3l +..}
:écosh(x\/F)Jrﬁ[ﬁ,l;’]sinh(x\/ﬁ)

or

1

exp(xA) B exp(—xA) = Bcosh(x\/ ) + N [4, Bsinh(x,/f3).

where
[A,[A,B]]=pB.
Suppose that =0, [A4,[A4,B]]=0. Then we get

exp(xA)Bexp(-xA) = B + x[4, B],

3)

since
sinh(x\/z )
lim—————F=x
S—0 \/ﬁ
8. Example-1: Displacement operator ﬁa
Suppose that

A=-ci"+a'a,  B=a,
where ¢ is a complex number.
[4,B]=[-0d" +a’a,4]=—ald*,d]=al.

In other words,

10



A A

[4,[4,B]]=0, [B,[4,B]]1=0.
Then we use the above formula,

exp(za)lg' exp(—fi) =B+ [12[, l§'] ,
or

exp(—ad* +a'd)aexp(ad* —a'd)=a+al,
or

DD, =al+a,

a

where ﬁa is called the displacement operator,

A

D, =exp(ad’ —a’a).

Note that

DD _=1. (Unitary operator).

9. Properties of D,
Using the above theorem, we can derive the following formula.

exp(ad”)exp(—a a) =exp(ad” —o a+ %|a|2)
1 2 At * A
= exp(5|a| )exp(aa™ —a a)

We use the above theorem,

A % A

A=aa", B=-a'a,
[4,B]=[ed" ~a'd]=|a| [4,6"]1=]e| 1,
with

11



[A,[4,B]]=[B,[4,B]]=0.

Then we have
exp(A + B) = exp(A4) exp(B) exp(—%[zgl, B)).

Thus we get

A

D, =exp(ad" —a’d) = exp(—%|a|2)exp(ad*)exp(—a*d) ,
where
[d,exp(aa”)] = aexp(aa’),

[a",exp(aa),]=—-aexp(aa) .

10. Examnple-2: Squeezed state
We define the operator

) 1 * 1 2
S =exp(=¢d’——g"),
. p(2§ e )

where {'is a complex number,
G =se

A

For any operator 4 and B, it is known that

2 3
exp(xd)Bexp(-xA) = B +%[A,B] +%[A,[A,l§’]] +%[A,[A,[A,l§’]]] +o

Suppose that
~ 1 * 1 2 A
A=—¢'a’*-—gq"", B=a
2g 2g
Then we get

12



A I vy 1 200 1 . .02 ot
[4.B1=[7¢ a’——ga al=_cla,a" =i,

2
with
[a,67]=24", [G",4%]=-24.
We also get
[A.[4,B]]=[4.c0"]
1 *¥n2 1 A2 Ay
=¢l=¢ca ——=ca" ,a
g[zg X ]
_ *l[&‘F a"Z]
13 Sl
2 A
:|g a
AN e D A2 A 20 A 2 ay
[A4,[ 4[4, BI1=[4[s] al=|s[ [4.a] = gls a".
Then
"N\ D ~ X )C2 2 )c3 2 x4
exp(xA)Bexp(—xA):a+l—!ga +2—!|g| a+§g|g a +T!|g

2 4
= &(1+%|g|2 +%|g|4 +..)a

< Mg @
NEAT 3

5

5]

=a cosh(|g| xX)+=a" sinh(|g| X)

When x = -1, we have

exp(—ﬁ)é exp(zgl) =a cosh(—|g|) 4o g sinh(—|g|)

6]

= Gcosh(|g]) - = a" sinh(|g])

6]

We note that

N I oy 1T 20 &
exp(4) =expl_¢ a’ —55a"1=56),

13

5
‘a +Z—!|g|5 +..

ya*

4

A

a...



exp(—A) = exp[- ( ga’ ——ga =8"(),
which leads to the relation

§g+d§g = cosh(]) —é&* sinh(|g])
= dcosh(s)—e’a* sinh(s)

The Hermitian conjugate of this expression is

+ A+ A+ —ig A e
S . =a cosh(s)—easinh(s).

Note that
cosh(s) = ¢ te =1+is2 +ls4+...
2! 4!
sinh(s):e‘ —¢ =S+ls3+iss+...
3! 5!
((Proof))

We can give a proof for the above equation when ¢'is a real number.
G(s)=S."aS. .
We take a derivative of G(¢) with respect to &

; S’ . ... dS
46e) _ 2 s 45 a L
dc de ° ° dc

541 .
=-S5, —( —a’ )aS +Sga (a —a’ )Sg

=S$.'la, (a -a)18,
| PSR JPA
=—5Sg [a,a” ]S,

=-8.7a'S. =-G"(¢)

Similarly,

14



dG(g)  »
. G(s).

From these two equations, we get the second order differential equation

with the boundary condition

dG(s)

Glg=0)=a, dc le=0=

The solution of this differential equation is
A l . At 1 . Aty - n At s
G(s) 25(0 —a’)e* +E(a +a")e* =acoshg—a"sinhc.

Similarly
G*(¢)=a" cosh¢ —dsinhc .

11. Example-3: squeezed coherent state
The squeezed state is obtained by first squeezing the vacuum state and then displacing
it.

|a,6)=D,5.

0),

where

= G cosh(s) — ¢4 sinh(s) + ol
where
S."aS, = acosh(s)—e'a* sinh(s),
D, aD,=a+al.

15



Similarly we get
S'D,a"D,S.=8"(a'1+ad")S.
=a" cosh(s)—e?asinh(s)+ a1

where

12. Weyl commutator (from Englert)

We found interesting topics related to the Baker-Hausdorff theorem in a book written
by Englert;
B-G. Englert, Lectures on Quantum Mechanics Vol.2 Simple Systems (World Scientific,
20006)

(a) Weyl commutator
We start with the operator

d=expEL p )ex (p )
The matrix element;

<x|21|p>=<x|exp<ﬂ>exp<ﬂ>|p>

- Japrfa |exp< >|p>< "|exp<%>|x"><x"|p>

—Idp"jdx”exp( )e p( <x|p”><p"|x”><x”|p>

p 'x' ip X" zp 'x ip"x"  ipx
L [ ap[dx"ex ;
e 72)3/ZI p"f " exp( n v T )

or
IR p"(x+xY 0w . ip'=p"tp)x"
<x A p>— RYESE .[ex [—h ldp .[dx exp[ - ]
__ 1 XX s
= )" [expl ldp"6(p'=p"+ p)
_ i(p+pHx+x')
= any P h :

16



where

J.dxuexp[l(p —-pP +p)x ]: 272'5[19 —-pP +p]
h h
=27ho[p'-p"+ pl
Using the transformation function

_ 1 ipx
(xlp)= QPG

we get

_ ixp'+x'p+x'p")
<)C|p> —exp[ h ]

Next, we introduce a new operator,
A ip'x ix'p
B =exp(——)exp(——
p( - )exp( 5 )
The matrix element:

A

(x|B|p) (x| GXP(%) exp(%ﬂ p)

(x[p) (x|p)
i(p'x+px')]
i

=exp[
Thus, we have the relation

(x| 4 =exp(ip'x') |5lp)

(x| p) h {xlp)

leading to

B= exp(— P hx )24

or

17



in'x' ix'p in'x
exp(p Y exp(’ p)—exp(— ph )exp( hp)exp(ph )

This is Hermann K.H. Weyl’s commutation relation for the basic unitary operators
associated with x and p.

Here we use the formula
[x,explig(p)] =—hg'(p)]explig(p)],
[p,explif (x)]=Af '(x)]exp[if (X)],

which are equivalent to

x—hg'(p) = exp[—ig(p)]xexplig(p)],
—hf"'(%) = exp[if (X)] p exp[—if (X)] -
We consider the relation

(PEXDy ol 5+ ) (p'#0)
h hop

expli

Using the commutation relation, we get

f+ p= 2 ng'(p) = expl-ig ()R explig ()],

&S]

where

'(P)_—g, g(P)——FP ,

'“c>

Thus, we obtain

R xv R ) xv on ) xv s
X+— p=€xp|i X EeXPp|—1 .
p,p pl 2hp,p Jxexp[ 2hp,p ]

Using this, we have

18



expli 2Ly~ expli L (4]
h p'
=e —e xexp(—i
xpl[i Xp(lzh - p? )R exp(— 2 ,p Ml
=eXP[eXp(i p )i —X)eXp( i 2 ,f?z)]
This relation can be derived as follows. We put, for convenience
.ﬁz R .ﬁz
A =exp(i , A" =exp(—i ,
| = exp( 2hp,) | p( 2hp,)
with
"211‘21171 = ‘21171 A1 =1
(p'x+x' ~ X~
expli L) —exp 4,2 )
_Z—[A i )A gl
=4 Z—(z LRSS
= 4 exp(i 7)14171
.pz p x.ﬁz
—eXP(l )eXp(l )eXP( i——)
2hp'
Thus, we get
(p'x+x'p) x'p x'p
eXp[l—]=eXP(l )[e P(l—)exp( i———)
h 2hp
.p'x .
exp(—i exp(i 2
p( 5 )] p( 5 )
Here we note that
' 1 A2 v 2 [
.P A xX'p A . P X
exp(i— x)exp(—i ex z— =expi{— exp(i L exp(—i—
Xp(lh)p( 2h,) p(= ) p{ 2h,[ p(i )p p( h)]}

where

19



eXP(l—)eXP( l2h ,)eXp( l—)—GXP(l—)Z—_( l2h ,)” p*" exp(— l—)
=;E[expa"h )(— ’;h ,)exp(z hxn"
_ ﬂ p'x
= exp[exp(i —)(- l2h ,) xp(—iL )]
— exp{——- " ™ exp(i 'A>p exp(— z—)] |
and
R [ h ] [
[, exp(—i%)] - 7(—%) exp(—i%)
(i P
=—p'exp(—i 5 )
or
L (i Py = 5 o
exp(i 5 ) D exp(—i h) p-p'l
Thus we have
expli P P = expli 5 expi- 1 fewp(i - Dpexa(-i P expi -
= expli ,ﬁ)exp{——,(f)—p'if}exp(i—fc)
p h
= exp{i 2 ,[p ~(p-p'ly ]}exp(l—)
= exp(—i p2'h )exp(i ph )exp(i - )
or
expli LT PNy ey (i 2 )exp(zp exp(i 'x)

h

13. The use of Baker-Housdorff lemma
In order to prove the previous result, we use the Baker-Hausdorff lemma.
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A

If the commutator of two operators A4 and B commutes with each of them (zgl
and lg’)

[4,[4,B]]1=0,

A

[B,[4,B]]=0.

One has an identity
exp(A + B) = exp(A4) exp(B) exp(—%[zgl, B)). Q)

This is known as the Baker-Campbell-Hausdorff theorem.

Using this lemma, we get

exp(arp + f3) = exp(a p) exp(B3) exp(% ihap),

exp(f3 +a p) = exp( ) exp(ap) exp(—%ihaﬂ) ,
leading to
exp(ap) exp(B3) exp(% ihaf) = exp(3) exp(@ ) GXP(—%ihaﬂ) ,

or
exp(a p) exp(fx) exp(—a p) = exp(—ihaff) exp(SX) ,
or

exp(fx) exp(a p) exp(=fX) = exp(ihaff) exp(a p).

When a:&,and ,B:E,
h h

(1)

ix'p ip'x ix'p ix'p' ip'x
e e exp(——5)=e e :
Xp(h)Xp(h)Xp( h) Xp(h)Xp(h)

21



(i)

in'x ix'p in'x ix'p' ix'p
exp(ph )exp( hp )exp(—p?)=exp(— hp )exp( hp ).

(iii)

ix'p+p'x ix'p' ix'p in'x
GXP[(pr)]:ew(— 2 exp™ yexp )

h
ix'p' ip'x ix'p

=€ e e
xp( o ) exp( - ) exp( > )
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